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Some data on it - and i -correlations

( B.ILAbelev et al.(STAR collab.)., Pion Interferometry in Au+Au and Cu+Cu
Collisions at VsNN=62.4 and 200 Gev, PR C80: 024905 (2009) )
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@es (the “trend”) a@

1) Monoton. increasing with m- (not constant =
2) Concavity upwards;

L 3) Saturation by constant < 1 (=1 for true Bosons)



http://arxiv.org/find/nucl-ex/1/au:+Abelev_B/0/1/0/all/0/1
http://arxiv.org/find/nucl-ex/1/au:+Abelev_B/0/1/0/all/0/1

OUR GOAL:

® use deformed oscillators(DOs)(=deformed bosons),
develop corresp. version of deformed Bose gas —
— and try to model the above “trend”
® we examine a number of variants of DOs
from two very different classes:

-- Fibonacci oscillators, -- quasi-Fibonacci oscillators,
with property of en.levels: with property of en. levels:

En+1:@En t @En-l En+1:@E + @En-l

Typical: p,g-oscillators, Typical: p-oscillator, STD-oscill.

forwhm@ 0+, @ PG for which(A,34(n,1), ,o(n u)

with defini

A.G., l.LKachurik, A.Rebesh, J. Phys. A, 2010
A.G., A.Rebesh, J. Phys. A, 2010



Why deformed g-oscillators, and (ideal) g-Bose gas models?

- (a) finite proper volume of particles;
« (b) substructure of particles; Important also in

o (C) memory effects; other contexts

- (d) particle-particle, or particle-medium interactions
(i.e, non-ideal pion or Bose gas);

* (e) non-Gaussian (effects of) sources;
* (f) fireball -- short-lived, highly non-equilibrium, complicated system.

If we use 2-parameter say g,p-deformed Bose gas model, then:
1) It gives formulae for 1-param. versions (AC,BM,TD,...) as special cases;
2) d,p-Bose gas model accounts jointly for any two independent reasons (to
g-deform) from the above list.

[ About items (b) & (d) --- on next slide}




Deformed oscillators of “Fibonacci class”

--- g,p-oscillator:
AAT— i ATA =6 N [N, Al =6 A]
qX - 'pX

AIAi = [Nillgp [Xgp =

(g,p-bracket)

--- g-oscillators: 1)if p=1 - AC (Arik-Coon) type,

aal — q ala =1
2) if p=qg-1- BM (Bied.-Macfarlane) type
b’ — qb'b =g N
3) 1If p=q - ITD (Tamm-Dancoff) type,
AAT — gATA = ¢V

and many others in this class: 4)...), e.qg., If p =exp (Y2(g-1))
(A.G., A.Rebesh, Mod.Phys.Lett.A 2008).




Some deformed oscillators (given by deform. struct. functions)

NB! important role of the structure
function (SF) of deformation -- ...

Biedenharn-Macfarlane model
(pBM _¢=q" EBM 1 (qnﬂ—q_(nﬂ) 1 qn—q_ﬂ)
n q—q~* 2 q—q~* q—q~*
(p,q)-oscillator model
(pa)_ "=p" rpa) _ 1 (q”* g EI_P_)
(/Qﬂ- q—p n 2 q—p + q=p
;L—oscfl!ator
L n ;Ii n n+1
¥n = 1+un En 2 (1-|-.HT1 | l"‘ﬂ(”‘l‘l))
”1 - Ef =1 —n+1) Symmetric Tamm-
PsTD\ a4 T4 ) Dancoff g-oscill.




Deformed oscillators of “quasi-Fibonacci” class

--- g-oscillator: structuref -n

aa -aa gp (N+1)- N+1 ~——(u-bracket)
1+y (N +1 +yN

--- (U;p.a)-oscillators: 1) U-AC type, 2) u-BM type,
3) H‘Etype,

_ [N]p,q _ p" —q"
1+uN  (p—q)d+ uN)

(A.G., I.LKachurik,A.Rebesh, J.Ph. A 2010)

(p"—q")

(ﬂ_ + l)ujn—l—l _qﬂ-l—l)

Flpa) — 1 (”

mn 2(p o q)

14 pn

1+ p(n+1)

|




(b)=>-|QUASIBOSONS VS deformed oscillators:

As known (e.g., Avancini & Krein, J.Ph.A 1995), the algebra of
guasiboson (composite boson) operators, build from
constituent’s fermionic operators a,at,b,bt, indeed modifies:

" AL =Y otalbl, A=) @ ba,

[Tie [TEl

then: [Aa, —1T_.r] = [’iﬂ_,.-_i.
where Ga= YT (Z‘ iVal,a, + Y OED, hy)

L i’

and IS easily made using deformed oscillator!

(d) ==> Account of interparticle interactions — by deformation,
then: non-ideal Bose gas <« ideal deformed Bose gas
(e.g., A. Scarfone, N. Swamy, J.Ph.A 2008);




4ﬂ43] = —eA, 5 = 0 s a# 3
:J'?\?—E}? "4'{'_]:] — 4:[1 [}"?—E'.]:? Ac}] — = 4{1
Ay Al =1— €A, = (N, +1) = 6(N,)

% ak,] = ‘5kk’( (Ne+1) = 0(Ny)),  ax. aw| =0,
_f\’kﬂL@wﬂL Ny, | = =0y ay..

(struc.func. Gavrilik &
Mishchenko, J.Ph.A 2011)



The concept of structure function of deformation

aal = (N +1).

For the ordinary quantum oscillator: a'a=N, aa' =N+1. J

Commutation relation for operators a, a:
aa’ —ala= (N +1) - o(N).
In the g-analog of Fock space:

_ _ (aj)n N n) — A N —
al0) =0, |n) = 0), Nn)=nln), (N)n) =e(n)n

o(N)!

where o(N)!=@(N)-o(N =1)-...-¢(1), ©0) =1.




DBGM able to account for compositeness of particles

and their interactions (jointly)
1) Compositeness:

o deformation structure function ¢;(N) = (14 ¢fi)N — ¢fiN? with

e deformation parameter [i= % m € N (m is positive integer);
the matrix: DB By = (F/2)B0. [/2=1-0(2)/2
(struc.func. Gavrilik & Mishchenko, J.Ph.A 2011)
L _gN
2) Interactions: goq(n) — [i\' ]q = l_q'q

(e.g., A. Scarfone, N. Swamy, J.Ph.A 2008)

3) Both compositeness ﬂﬁkq(f\?) =; ([;"\-TJQ) = (1;|_ﬁ)[*.’\:’]q—mﬁ7]2

& interactions: | H 1

Virial expns. of EOS
& virial coeffs. obtained

Gavrilik & Mishchenko, Ukr. J.Ph. 2013




n-Particle correlations in ,p-Bose gas model.

ldeal gas of g,p-bosons: thermal averages, one-particle distribution:

(eP¥ — 1)

(AT4) =

(% —p) (P —q)
(q.p-Bose)

H = Zwi Ni(qp)v
)

(AC type g-Bose)

W; = \/’1’17,2—|—k,&2

1 1
ePw — ¢ efw — 1"

Bose

1-particle distribution

2-particle distribution

fg) = 1
(CL CL) eﬁw_q

AC type g-Bose

efw_1

BM g-Bose| (bTb)

R (e

Bw_
O.p-Bose —> (ATA) = (eﬁw(_ep)(e(liz;_q)

12 2\ (1+q)
(at0%) = g (P

2,2\ _ (gt
O7%) = et
AP 42) = ko) (1)

— (ePw—g2)(ePw—pq)(ePw—p?)




Intercepts of 2-particle correl. Functions
& their asymptotics

Intercept(\(2) = %ig? D Asmpt. fw— oo of A(2)
M= =0 =
G = e i =1 i =200
o120 \
)‘t(l,zp) = (eﬁw_(fffﬁ)ffﬁqz}f)e);w(iq}é);w_pz) -1 Ag?p), o=(tq) -1 \ . Q)
\6\“‘\)93»

NB: Asymptotics (Bw— =) of intercepts is given
solely by the deformation parameter(s)_g or g,p




Intercepts of 3-particle correl. functions
& their asymptotics

1343 .
Intercept ((3) = %9 its asympt. Bw— oo

2 eﬁw_ 2
ae = BEURHECIE 01— (149 (1 gt¢?) -

_ i0))
1(3) _ 200(2c0s20-1)(¢24 2086 H41)2 1 o type: gzexp(i®)
BM ™ (efw—1)2(e2Pv—2cos(30)efv4-1) (
— 2c0sA(4cos?9—1)—1
)\(3) — (p+¢) (p2+pg+¢2) (eP¥—p)3(ePv—¢)3 ]

TP (Po—1)2(eP—p3) (P —p?q) (P —pg?) (P —¢3)

- (p+@*+pg+q%)-1

NB: Asymptotics (Bw— =) of intercepts are given
solely by the deformation parameter(s)_ g or d,p




Intercept (maxim.value) of n-particle

correlation function for the p,g-Bose gas model
General formula: L.Adamska, A.Gavrilik, J. Phys. A (2004)

n-part.correl.intercept: [ (%) = -1+ }

(ATA)"
4 )
A = ol (e — p)™(eP¥ — q)" 1
W (e — 1) I (e — grhph) T

\ )
[[m]]qp! — ﬂlﬂqp[p]]qp“'[[m - 1]]qp[[m]]qp :

Asymptotics (Bw— =) of intercept is given by g (Oorq & p):

[ )\((1?,’;9) asympt __ = _1+[n]p! = —1+ H (Z quk r)} 2)
k=1 r=

(1) and (2) are exact expressions!




[M-Bose gas model, exact results:}

N Structure
1+ ,uN function

a‘a =@(N), ¢, (N)
N N
(ata)=([N.)=(5 +,u-N>

(aTaTaa) = (a¥[N]ua) = (a"a[N = 1],) = ([N]u[N — 1]u),

. ‘atataa) [N].[N —1],.)
2 L at ana ) |
N @'- }k( ) H- = - - —1— i £ -l_ ||l-“l—]_.

2 _ [v-1_ (1 i) A . _1~_(l_i A 1 4y
AL _{}; (#—F#E dle ", 1L, u ") . )*f}(e 1, 1}}}::

32
x (X—l e (e b, 1#—13) X-1_1, (1—ef)=X

Here ¢ is Lerch transcedent: ¢ = Zﬂ_ 02 [(n+a)

A. Gavrilik, Yu. Mishchenko, Phys. Lett. A (2012)




| u-Bose gas model, | Intercept A (3):

total
Intercept of three-particle correlation function: A (K) = L2 EIGTEE}TE:' -1

Affi':}:-*’*{}:'l—(ﬁ 3 )ffl(f_'ﬁ,'l,p_ll—(l—i)@(f_'ﬁ,'l,p_l—'l:]—

o2t wops
R T I VT T T AR T
_(;_'}PE-I_EPE}I}(E jfer 1_2}}'(}& 1—,u 1(“& '&,Lp 1]) — 1.

|
Here ® is Lerch transcedent: =)~ 2" /(n+a)"

Exact result for r-th order intercept@

r : -1 —pe ! r) —-pg 1 ,,—
)«Ef(k) = (lﬂ.ﬂ I )Zf—n AE (1) (e, 1. 1 1—[))

. (1 + i 1—e ) AV () B (e 1. ;fl))_r —Lor=23..

A. Gavrilik, Yu. Mishchenko, Phys. Lett. A (2012)



Exact f-las for r-th order correl.intercepts, other DBGM.

STD (Symmetric Tamm-Dancoff) g-Bose gas model: (g <> g 1)-symmetry,

O i n R
struct. function is: vstp(n) = _r‘g?t ! +q ntl)

Distribution function:

T P el | 1
(a'a) = (p(N)) = e (= j(. + )

9 [ll_qf—rﬁi (1—11_1{‘_1':]2

Two- and three-particle distributions:

| | i q‘l e}+e}'1

[ T2 42! —2r —T

al)a®) == (1 —¢ ][ + - — 4 - ]

(@) 2 | (I—ge P (1—g2e )P (1-e2)
((q )3 1351 _ j'*"ET['l—r‘r'][ [13 . !]’_3 . ;IE[:l-HI_E-l-q—-i], q—3|{1-|-:1'3-|—q4:]]
4 | | [:1—t}3t"_r:]4 (l—tir_gt"_i":]él [:l—tirt"_:“":]él [:1—tir_1:.“_1")4 |

* [-particle dlstrlbutlons (r—2k)r
ir )

FFR Y I R —‘i"T kik+1)—rir4+1)/2
a |"a ) = [1 e Z ( ) (1= sy

From these, r-th order correlation intercepts readily follow !




Thermodynamics: y-Bose gas

- Partition function (u-deformed):  z09(z. T, Vu—exp(:;gg 1(2)+ 8"z ])

) 261 VO
Te asia(1))

« Critical temperature (u-depend.):
Entropy-per-volume versus
deform. parameter y
s
v ok

3.0F

||||||||||||||||||

N L :
Fig. 2: Ratio = (times 5-) versus deformation parameter .

.)‘.3
ke

Dependence of the ratio 'T,_.r'm;"]",_. on the p-parameter

NB: For greater p (stronger deform.)

— higher T.., and lesser entropy!




(deformed) total number of particles:

3

N=N¥W=2pWpz=—;pW Z In(1 — ze7**),
i

Z

Deformed partition function:

In 7 = ( d )_lﬂ*[#?_

“dz




Thermodynamics: pg-Bose gas

T.p9)/ T _versus def. parameters p,g or r,6

0.2

Fig. 3. Left: The ratio ToF'? /T. of the critical temperatures given by Eq. (31) as a function of

the deformation parameters p,q such that 0 < p < 1 and 0 < g < 1. Right: The ratio T.ET"E];“T,:
versus the deformation parameters r and 8, 0 < r < 1, 0 < 8 < 2.

Other thermodyn. functions and relations for p,g-Bose gas
model are available (as we possess the partition function), e.g., —



Virial expansion of EOS & virial coefficients: pg-Bose gas

e {Sra (D)) = - B
(b Wy (Y ((Maa Plaella

_5[213,-:3)(}‘3)3 N (_4[5];&:@ L Rlagag

217/2 1 57/2 211/2

203, PRaBae | ey (M. \ oo
Tt g ) (3) ) (09

Here, Vi(ji). k = 1.2,.... are the virial coefficients
Recall  ap,4(n) = (1+ i) [n], = il[n],)?

that:
. and the respective (4.q)-extension of the
NB: it becomes D (ﬂ,f})

. derivative
possible to change ;

o d 412
even the sign of V2 2D (14 /i) Ed,a il Ed,a



Intercept Ay? of 2-pion correl. function VS momentum Kx,
with asymptotics:

(2 2
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Behaviour of A¥),| py-Bose gas

Intercept AEB) of 3-pion correl. function VS particle momentum K

? 3.6097

/3 .0083 Asymptotics IS given as:
2,4: \ r _|_ TIH
- : t =0.15 s = (! H) Bt - ~ T+ 20)(T 1 3p)

|K| MeVic

A. Gavrilik, A. Rebesh, Eur. Phys. J. A47:55

the asym ptotics of r-function

_ " A — 3P (K —
O K) = O K, K ) = 28 T 73 ) i (u) ‘u AR
J J 7 (2] 372
(’\j (K))

[ (U.Heinz, Q.Zhang, PRC (1997) }




Some DGBMs confronted with exper.data

the first one:

®  STAR negative pion
4 STAR positive pions
¥ Theory 8=28"
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Intercepts in pg-Bose gas model VS exper.data on pion correlations
(NA44 at CERN: I.G.Bearden et al., Phys.Lett. B, 2001)

A2heap| o ions = 0.57+£0.04 (< 1),

ABheap o ions = 1.924£0.12 (< 5)

pure Bose value

section 2 r
(Bw=2.9) 1§

fw | Equating our_f-las for A® & A®)
section 1 ,, — to exper.values gives two surfaces
(Bw=0.78) N

(A.Gavrilik, SIGMA, 2 (2006), paper 74,1-12, [hep-ph/0512357])
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Different DGBMs confronted with exper.data

200 Ge¥Y Cu+Cu _ @]
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compare: centrality (left) << temperature (right)




r®)-function, exper. facts

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

&

e

CERN-PH-EP-2013-201
March 12, 2014

Two- and Three-Pion Quantum Statistics Correlations in Pb-Pb Collisions
at /5y, =2.76 TeV at the CERN Large Hadron Collider

@ 24F _Quartic 0.16<k; ;<0.3 GeVie @E'd.' —Quartic 0.3<k; ;=1.0 GeVie
7 E— --Cuadratic _ E.."::— ---Cuadratic :

2 : T - i+ — - .
1.8 SR .

A/
i (s
L L) IIII
1= -
.
lllll I
o
1
-
l-—
P —
= = —




For solid (dashed) lines T = 120 MeV (T = 180 MeV)

kT N ’ I 3 ’ I | ’ ! 1}
6 value: = (A), 5 (B), T (C),

Characteristic function r®)(K;) made from A & A®)

BM type -Bose gas \

0o

-02

-0.4

_/__,——'_—_
0.6 4
0,4

0,2

K]

= T=120 MeV

= T=170 MeV

||||||||||||||||
i /UU 300 400 00 i} oo 200 Q00

-0,6

S )
02 25 0,8
o -
/4
_4_
28,57 /myy D267 Yy T TN S/
1&0 kDJ' a0 LEJ' 4 LF»I
‘ e p=0.1
u.6 p=0.15
/ u-Bose gas S
’ 0 |K| 200
-0 —— T=120 MeV
T=170 McV




Data vs. Theory (differ. DBGMS)

— 1

—_— ——— e

10— =

L r,¥ as function of Ky

[P 1\
0 EXp.points: rg(3) ~1.85 (resp.=~1.94)
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' ( data: Alice collab., PR C89 (2), 024911 (2014) )
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SUMMARY

DBGMs have many virtues: 1) there exist a plethora of particular models, a rich
theory and many results; 2) diversity of applications (uses), from... to...

3) both correlations (mtercepts) and thermodynamics are studied;

4) able to effectively account for interaction, compositeness of partlcles (and the
both), as well as other non-ideality factors.

5) The explored different models yield explicit K--dependence, and are all in
accord with ’the trend’ (main features) shown by existing data.

We have explicit f-las for 2-, 3-, ..., n-particle correlation intercepts
Ao MK T), 4, M(KT) & r (3)(K T), r,®(KT) (exact in p,g-case, and in
u- case and in STD- -case)

NB: asymptotics are given by deform. parameters directly:
ip’q(n), asymp. — f(p,Q), iq(n), asymp. — f(CI), ﬂ”(n)’ asymp. — g(ﬂ)

Thus, deform. parameter is fixed from high K- data),

And then, the temperature is fixed using low K. bins

Anyhow, we need much more detailed experim. data!



To chose optimal model from DBGMS,
more detailed experim. data is needed, e.g.

* More data on 71T* correl. inters. A®) (for high & low K-)

« Dataon 17" correl. inters. A®) (for high & low K)

* Data on the function r®®(K;) (for high & low K)

THANKS FOR YOUR ATTENTION!



Two-particle momentum correlation function:

RGN
' Py(k1)Py(kg)’
can be rewritten in variables Q = k1 — ko, K = (k1 + ko) /2:

C®) (k. ky) =

2(Q.K) "= ¢ (Q=0.K) =1+ \?(m.K).

A2) _intercept of two-particle correlation function.
If assume that the particle are bosons then \(?) = 1.



