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Vol. Rigidity
cut (Vcut) � = 0 � = 0.01 � = 0.1 � = 1 � = 100

�S⇥/�B|Q
�S⇥/�B|cl

0.02 1.28(5) 1.24(3) 1.28(3) 1.36(3) 1.13(1)
0.03 1.51(2) 1.45(3) 1.37(4) 1.35(2) 1.10(1)
0.04 1.51(4) 1.45(4) 1.39(3) 1.29(3) 1.10(1)
0.05 1.43(4) 1.44(3) 1.39(3) 1.27(1) 1.08(1)
None 1.07(1) 1.13(1) 1.18(1) 1.14(1) 1.06(1)

��m⇥|cl
��m⇥|Q

0.02 0.48(7) 0.49(7) 0.50(7) 0.77(2) 0.95(1)
0.03 0.56(4) 0.57(5) 0.60(4) 0.87(1) 0.98(1)
0.04 0.62(3) 0.69(3) 0.71(2) 0.93(1) 1.00(1)
0.05 0.80(1) 0.80(1) 0.81(1) 0.96(1) 1.01(1)
None 1.32(2) 1.31(2) 1.25(2) 1.10(2) 1.03(1)

�S⇥/�B⇥|Q
�S⇥/�B⇥|cl

0.02 14(2) 13(1) 11(1) 3.1(1) 1.44(2)
0.03 8.6(5) 7.7(4) 5.6(3) 2.4(1) 1.30(2)
0.04 5.3(2) 4.9(2) 3.9(1) 2.00(4) 1.19(2)
0.05 3.6(1) 3.5(1) 3.1(1) 1.75(4) 1.14(2)
None 0.67(1) 0.74(1) 0.89(1) 1.01(2) 1.00(1)

TABLE I. The improvement found in various measurements
performed using the Q-jet procedure compared to the classical
pruning result, for a range of values of the rigidity parameter
(�) and subject to a set of volatility cuts (V � Vcut). The
first set of rows exhibit the discovery potential ⇤S⌅/⇥B, while
the second shows the average jet mass fluctuation ⇥⇤m⌅. The
last set of rows shows the change in the signal to background
ratio S/B. In all cases results greater than unity indicate im-
provement over the classical pruning procedure (see the text
for further discussion). For all quantities, the approximate
statistical uncertainty for the last digit is shown in parenthe-
sis.

and similar numbers would arise for any value above
NQ-jet � 50. The indicated ratios to the classical results
should be independent of ⌃NJ⌥ and we have determined
the values and their uncertainties by fitting to results
for ⌃NJ⌥ = 5, 10, 15, 20. These approximate statistical
uncertainties are shown in parenthesis and apply to the
last digit. We perform 104 repetitions of the pseudo-
experiment and expect at most O(1%) statistical e⇥ects
from this procedure.

The first set of rows in Table I display measurements
of the discovery potential ⌃S⌥/⇥B compared to the re-
sults with classical pruning. Since this quantity scales as 
L, the square of the number in the Table can be in-

terpreted as an e⇥ective luminosity improvement due to
employing the Q-jet procedure. For example, for � = 0.1
(with no volatility cut) the number 1.18 means an e⇥ec-
tive increase in the luminosity by (1.18)2 � 1 = 0.39 or
39%. Larger � values confine the range of trees and yield
results very near the classical pruning results. Smaller
� values (with a much broader range of trees) tend to
degrade (decrease) the discovery measure.

The second set of rows exhibit the average jet mass
fluctuation ⇥⌃m⌥|cl/⇥⌃m⌥|Q (note classical over Q-jets
here). Values greater than unity mean that the mass
can be measured more precisely with the Q-jet proce-
dure for the same luminosity, or the same precision can
be obtained with a smaller luminosity, compared to the
classical case. For this quantity (with no volatility cut)
there is continuing improvement as � decreases and the
range of trees probed grows. The third set of rows show
the usual signal to background ratio, S/B, for pruned
Q-jets compared to classical pruning. For this quantity
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repetitions of the pseudo-experiment and expect at most
O(1%) statistical e⇥ects from this procedure.

The first set of rows in Table I display measurements
of the discovery potential ⌅S⇧/⇥B compared to the re-
sults with classical pruning. Since this quantity scales as⌃
L, the square of the number in the Table can be in-

terpreted as an e⇥ective luminosity improvement due to
employing the Qjet procedure. For example, for � = 0.1
(with no volatility cut) the number 1.18 means an e⇥ec-
tive increase in the luminosity by (1.18)2 � 1 = 0.39 or
39%. Larger � values confine the range of trees and yield
results very near the classical pruning results. Smaller
� values (with a much broader range of trees) tend to
degrade (decrease) the discovery measure.

The second set of rows exhibit the average jet mass
fluctuation ⇥⌅m⇧|cl/⇥⌅m⇧|Q (note classical over Qjets
here). Values greater than unity mean that the mass
can be measured more precisely with the Qjet proce-
dure for the same luminosity, or the same precision can
be obtained with a smaller luminosity, compared to the
classical case. For this quantity (with no volatility cut)
there is continuing improvement as � decreases and the
range of trees probed grows. The third set of rows show
the usual signal to background ratio, S/B, for pruned
Qjets compared to classical pruning. For this quantity
(and again no volatility cut) the best case occurs for large
� with all trees being essentially the classical tree. Note
that the fact that we get sensible results for � = 0 (with
no weighting of the trees) is testament to the amount of
physics contained in the act of pruning, which often gives
the right mass even for IR sensitive clusterings.
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FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e�ciencies
(fraction in the mass bin) obtained for various �’s obtainable
from a cut on volatility and compared to the classical pruning
result.

While the discussion above certainly suggests that us-
ing Qjets is helpful statistically by reducing fluctuations,
we can use the single-jet pruned mass distributions that
arise from the NQjet di⇥erent prunings more directly. We
introduce the volatility of a jet, defined as

V = �/⌅m⇧ , (4)

where � ⇥
�

⌅m2⇧ � ⌅m⇧2 and ⌅m⇧ are the RMS devia-
tion and the mean of the pruned jet mass distribution for
a single jet.
The distribution of volatility for signal and background

Qjets with � = 0.01 is shown in the upper panel of Fig. 2.
On simple physical grounds one expects that signal jets,
i.e., jets that contain an intrinsic mass scale, will ex-
hibit a lower volatility than QCD jets with no intrin-
sic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on
volatility, V ⇤ Vcut, leads to the signal and background
e⇤ciencies, compared to the classical results, shown in
the bottom panel of Fig. 2. The numerical values are
defined as in the Table, i.e., e⇤ciency refers to the frac-
tion of the Qjets that yield a pruned mass in the mass
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FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e�ciencies
(fraction in the mass bin) obtained for various �’s obtainable
from a cut on volatility and compared to the classical pruning
result.
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(and again no volatility cut) the best case occurs for large
� with all trees being essentially the classical tree. Note
that the fact that we get sensible results for � = 0 (with
no weighting of the trees) is testament to the amount of
physics contained in the act of pruning, which often gives
the right mass even for IR sensitive clusterings.
While the discussion above certainly suggests that us-

ing Q-jets is helpful statistically by reducing fluctuations,
we can use the single-jet pruned mass distributions that
arise from theNQ-jet di⇥erent prunings more directly. We
introduce the volatility of a jet, defined as

V = �/⌃m⌥ , (4)

where � ⇥
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⌃m2⌥ � ⌃m⌥2 and ⌃m⌥ are the RMS devia-

tion and the mean of the pruned jet mass distribution for
a single jet.
The distribution of volatility for signal and background

Q-jets with � = 0.01 is shown in the upper panel of
Fig. 2. On simple physical grounds one expects that sig-
nal jets, i.e., jets that contain an intrinsic mass scale,
will exhibit a lower volatility than QCD jets with no in-
trinsic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on
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repetitions of the pseudo-experiment and expect at most
O(1%) statistical e⇥ects from this procedure.

The first set of rows in Table I display measurements
of the discovery potential ⌅S⇧/⇥B compared to the re-
sults with classical pruning. Since this quantity scales as⌃
L, the square of the number in the Table can be in-

terpreted as an e⇥ective luminosity improvement due to
employing the Qjet procedure. For example, for � = 0.1
(with no volatility cut) the number 1.18 means an e⇥ec-
tive increase in the luminosity by (1.18)2 � 1 = 0.39 or
39%. Larger � values confine the range of trees and yield
results very near the classical pruning results. Smaller
� values (with a much broader range of trees) tend to
degrade (decrease) the discovery measure.

The second set of rows exhibit the average jet mass
fluctuation ⇥⌅m⇧|cl/⇥⌅m⇧|Q (note classical over Qjets
here). Values greater than unity mean that the mass
can be measured more precisely with the Qjet proce-
dure for the same luminosity, or the same precision can
be obtained with a smaller luminosity, compared to the
classical case. For this quantity (with no volatility cut)
there is continuing improvement as � decreases and the
range of trees probed grows. The third set of rows show
the usual signal to background ratio, S/B, for pruned
Qjets compared to classical pruning. For this quantity
(and again no volatility cut) the best case occurs for large
� with all trees being essentially the classical tree. Note
that the fact that we get sensible results for � = 0 (with
no weighting of the trees) is testament to the amount of
physics contained in the act of pruning, which often gives
the right mass even for IR sensitive clusterings.
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FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e�ciencies
(fraction in the mass bin) obtained for various �’s obtainable
from a cut on volatility and compared to the classical pruning
result.

While the discussion above certainly suggests that us-
ing Qjets is helpful statistically by reducing fluctuations,
we can use the single-jet pruned mass distributions that
arise from the NQjet di⇥erent prunings more directly. We
introduce the volatility of a jet, defined as

V = �/⌅m⇧ , (4)

where � ⇥
�

⌅m2⇧ � ⌅m⇧2 and ⌅m⇧ are the RMS devia-
tion and the mean of the pruned jet mass distribution for
a single jet.
The distribution of volatility for signal and background

Qjets with � = 0.01 is shown in the upper panel of Fig. 2.
On simple physical grounds one expects that signal jets,
i.e., jets that contain an intrinsic mass scale, will ex-
hibit a lower volatility than QCD jets with no intrin-
sic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on
volatility, V ⇤ Vcut, leads to the signal and background
e⇤ciencies, compared to the classical results, shown in
the bottom panel of Fig. 2. The numerical values are
defined as in the Table, i.e., e⇤ciency refers to the frac-
tion of the Qjets that yield a pruned mass in the mass
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Vol. Rigidity
cut (Vcut) � = 0 � = 0.01 � = 0.1 � = 1 � = 100

�S⇥/�B|Q
�S⇥/�B|cl

0.02 1.28(5) 1.24(3) 1.28(3) 1.36(3) 1.13(1)
0.03 1.51(2) 1.45(3) 1.37(4) 1.35(2) 1.10(1)
0.04 1.51(4) 1.45(4) 1.39(3) 1.29(3) 1.10(1)
0.05 1.43(4) 1.44(3) 1.39(3) 1.27(1) 1.08(1)
None 1.07(1) 1.13(1) 1.18(1) 1.14(1) 1.06(1)

��m⇥|cl
��m⇥|Q

0.02 0.48(7) 0.49(7) 0.50(7) 0.77(2) 0.95(1)
0.03 0.56(4) 0.57(5) 0.60(4) 0.87(1) 0.98(1)
0.04 0.62(3) 0.69(3) 0.71(2) 0.93(1) 1.00(1)
0.05 0.80(1) 0.80(1) 0.81(1) 0.96(1) 1.01(1)
None 1.32(2) 1.31(2) 1.25(2) 1.10(2) 1.03(1)

�S⇥/�B⇥|Q
�S⇥/�B⇥|cl

0.02 14(2) 13(1) 11(1) 3.1(1) 1.44(2)
0.03 8.6(5) 7.7(4) 5.6(3) 2.4(1) 1.30(2)
0.04 5.3(2) 4.9(2) 3.9(1) 2.00(4) 1.19(2)
0.05 3.6(1) 3.5(1) 3.1(1) 1.75(4) 1.14(2)
None 0.67(1) 0.74(1) 0.89(1) 1.01(2) 1.00(1)

TABLE I. The improvement found in various measurements
performed using the Qjet procedure compared to the classical
pruning result, for a range of values of the rigidity parameter
(�) and subject to a set of volatility cuts (V � Vcut). The
first set of rows exhibit the discovery potential ⇥S⇤/⇥B, while
the second shows the average jet mass fluctuation ⇥⇥m⇤. The
last set of rows shows the change in the signal to background
ratio S/B. In all cases results greater than unity indicate im-
provement over the classical pruning procedure (see the text
for further discussion). For all quantities, the approximate
statistical uncertainty for the last digit is shown in parenthe-
sis.

repetitions of the pseudo-experiment and expect at most
O(1%) statistical e⇥ects from this procedure.

The first set of rows in Table I display measurements
of the discovery potential ⌅S⇧/⇥B compared to the re-
sults with classical pruning. Since this quantity scales as⌃
L, the square of the number in the Table can be in-

terpreted as an e⇥ective luminosity improvement due to
employing the Qjet procedure. For example, for � = 0.1
(with no volatility cut) the number 1.18 means an e⇥ec-
tive increase in the luminosity by (1.18)2 � 1 = 0.39 or
39%. Larger � values confine the range of trees and yield
results very near the classical pruning results. Smaller
� values (with a much broader range of trees) tend to
degrade (decrease) the discovery measure.

The second set of rows exhibit the average jet mass
fluctuation ⇥⌅m⇧|cl/⇥⌅m⇧|Q (note classical over Qjets
here). Values greater than unity mean that the mass
can be measured more precisely with the Qjet proce-
dure for the same luminosity, or the same precision can
be obtained with a smaller luminosity, compared to the
classical case. For this quantity (with no volatility cut)
there is continuing improvement as � decreases and the
range of trees probed grows. The third set of rows show
the usual signal to background ratio, S/B, for pruned
Qjets compared to classical pruning. For this quantity
(and again no volatility cut) the best case occurs for large
� with all trees being essentially the classical tree. Note
that the fact that we get sensible results for � = 0 (with
no weighting of the trees) is testament to the amount of
physics contained in the act of pruning, which often gives
the right mass even for IR sensitive clusterings.
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FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e�ciencies
(fraction in the mass bin) obtained for various �’s obtainable
from a cut on volatility and compared to the classical pruning
result.

While the discussion above certainly suggests that us-
ing Qjets is helpful statistically by reducing fluctuations,
we can use the single-jet pruned mass distributions that
arise from the NQjet di⇥erent prunings more directly. We
introduce the volatility of a jet, defined as

V = �/⌅m⇧ , (4)

where � ⇥
�

⌅m2⇧ � ⌅m⇧2 and ⌅m⇧ are the RMS devia-
tion and the mean of the pruned jet mass distribution for
a single jet.
The distribution of volatility for signal and background

Qjets with � = 0.01 is shown in the upper panel of Fig. 2.
On simple physical grounds one expects that signal jets,
i.e., jets that contain an intrinsic mass scale, will ex-
hibit a lower volatility than QCD jets with no intrin-
sic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on
volatility, V ⇤ Vcut, leads to the signal and background
e⇤ciencies, compared to the classical results, shown in
the bottom panel of Fig. 2. The numerical values are
defined as in the Table, i.e., e⇤ciency refers to the frac-
tion of the Qjets that yield a pruned mass in the mass

FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e⇤ciencies
(fraction in the mass bin) obtained for various �’s obtainable
from a cut on volatility and compared to the classical pruning
result.

(and again no volatility cut) the best case occurs for large
� with all trees being essentially the classical tree. Note
that the fact that we get sensible results for � = 0 (with
no weighting of the trees) is testament to the amount of
physics contained in the act of pruning, which often gives
the right mass even for IR sensitive clusterings.
While the discussion above certainly suggests that us-

ing Q-jets is helpful statistically by reducing fluctuations,
we can use the single-jet pruned mass distributions that
arise from theNQ-jet di⇥erent prunings more directly. We
introduce the volatility of a jet, defined as

V = �/⌃m⌥ , (4)

where � ⇥
�
⌃m2⌥ � ⌃m⌥2 and ⌃m⌥ are the RMS devia-

tion and the mean of the pruned jet mass distribution for
a single jet.
The distribution of volatility for signal and background

Q-jets with � = 0.01 is shown in the upper panel of
Fig. 2. On simple physical grounds one expects that sig-
nal jets, i.e., jets that contain an intrinsic mass scale,
will exhibit a lower volatility than QCD jets with no in-
trinsic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on
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Vol. Rigidity
cut (Vcut) � = 0 � = 0.01 � = 0.1 � = 1 � = 100

�S⇥/�B|Q
�S⇥/�B|cl

0.02 1.28(5) 1.24(3) 1.28(3) 1.36(3) 1.13(1)
0.03 1.51(2) 1.45(3) 1.37(4) 1.35(2) 1.10(1)
0.04 1.51(4) 1.45(4) 1.39(3) 1.29(3) 1.10(1)
0.05 1.43(4) 1.44(3) 1.39(3) 1.27(1) 1.08(1)
None 1.07(1) 1.13(1) 1.18(1) 1.14(1) 1.06(1)

��m⇥|cl
��m⇥|Q

0.02 0.48(7) 0.49(7) 0.50(7) 0.77(2) 0.95(1)
0.03 0.56(4) 0.57(5) 0.60(4) 0.87(1) 0.98(1)
0.04 0.62(3) 0.69(3) 0.71(2) 0.93(1) 1.00(1)
0.05 0.80(1) 0.80(1) 0.81(1) 0.96(1) 1.01(1)
None 1.32(2) 1.31(2) 1.25(2) 1.10(2) 1.03(1)

�S⇥/�B⇥|Q
�S⇥/�B⇥|cl

0.02 14(2) 13(1) 11(1) 3.1(1) 1.44(2)
0.03 8.6(5) 7.7(4) 5.6(3) 2.4(1) 1.30(2)
0.04 5.3(2) 4.9(2) 3.9(1) 2.00(4) 1.19(2)
0.05 3.6(1) 3.5(1) 3.1(1) 1.75(4) 1.14(2)
None 0.67(1) 0.74(1) 0.89(1) 1.01(2) 1.00(1)

TABLE I. The improvement found in various measurements
performed using the Q-jet procedure compared to the classical
pruning result, for a range of values of the rigidity parameter
(�) and subject to a set of volatility cuts (V � Vcut). The
first set of rows exhibit the discovery potential ⇤S⌅/⇥B, while
the second shows the average jet mass fluctuation ⇥⇤m⌅. The
last set of rows shows the change in the signal to background
ratio S/B. In all cases results greater than unity indicate im-
provement over the classical pruning procedure (see the text
for further discussion). For all quantities, the approximate
statistical uncertainty for the last digit is shown in parenthe-
sis.

and similar numbers would arise for any value above
NQ-jet � 50. The indicated ratios to the classical results
should be independent of ⌃NJ⌥ and we have determined
the values and their uncertainties by fitting to results
for ⌃NJ⌥ = 5, 10, 15, 20. These approximate statistical
uncertainties are shown in parenthesis and apply to the
last digit. We perform 104 repetitions of the pseudo-
experiment and expect at most O(1%) statistical e⇥ects
from this procedure.

The first set of rows in Table I display measurements
of the discovery potential ⌃S⌥/⇥B compared to the re-
sults with classical pruning. Since this quantity scales as 
L, the square of the number in the Table can be in-

terpreted as an e⇥ective luminosity improvement due to
employing the Q-jet procedure. For example, for � = 0.1
(with no volatility cut) the number 1.18 means an e⇥ec-
tive increase in the luminosity by (1.18)2 � 1 = 0.39 or
39%. Larger � values confine the range of trees and yield
results very near the classical pruning results. Smaller
� values (with a much broader range of trees) tend to
degrade (decrease) the discovery measure.

The second set of rows exhibit the average jet mass
fluctuation ⇥⌃m⌥|cl/⇥⌃m⌥|Q (note classical over Q-jets
here). Values greater than unity mean that the mass
can be measured more precisely with the Q-jet proce-
dure for the same luminosity, or the same precision can
be obtained with a smaller luminosity, compared to the
classical case. For this quantity (with no volatility cut)
there is continuing improvement as � decreases and the
range of trees probed grows. The third set of rows show
the usual signal to background ratio, S/B, for pruned
Q-jets compared to classical pruning. For this quantity
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0.04 0.62(3) 0.69(3) 0.71(2) 0.93(1) 1.00(1)
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0.02 14(2) 13(1) 11(1) 3.1(1) 1.44(2)
0.03 8.6(5) 7.7(4) 5.6(3) 2.4(1) 1.30(2)
0.04 5.3(2) 4.9(2) 3.9(1) 2.00(4) 1.19(2)
0.05 3.6(1) 3.5(1) 3.1(1) 1.75(4) 1.14(2)
None 0.67(1) 0.74(1) 0.89(1) 1.01(2) 1.00(1)

TABLE I. The improvement found in various measurements
performed using the Qjet procedure compared to the classical
pruning result, for a range of values of the rigidity parameter
(�) and subject to a set of volatility cuts (V � Vcut). The
first set of rows exhibit the discovery potential ⇥S⇤/⇥B, while
the second shows the average jet mass fluctuation ⇥⇥m⇤. The
last set of rows shows the change in the signal to background
ratio S/B. In all cases results greater than unity indicate im-
provement over the classical pruning procedure (see the text
for further discussion). For all quantities, the approximate
statistical uncertainty for the last digit is shown in parenthe-
sis.

repetitions of the pseudo-experiment and expect at most
O(1%) statistical e⇥ects from this procedure.

The first set of rows in Table I display measurements
of the discovery potential ⌅S⇧/⇥B compared to the re-
sults with classical pruning. Since this quantity scales as⌃
L, the square of the number in the Table can be in-

terpreted as an e⇥ective luminosity improvement due to
employing the Qjet procedure. For example, for � = 0.1
(with no volatility cut) the number 1.18 means an e⇥ec-
tive increase in the luminosity by (1.18)2 � 1 = 0.39 or
39%. Larger � values confine the range of trees and yield
results very near the classical pruning results. Smaller
� values (with a much broader range of trees) tend to
degrade (decrease) the discovery measure.

The second set of rows exhibit the average jet mass
fluctuation ⇥⌅m⇧|cl/⇥⌅m⇧|Q (note classical over Qjets
here). Values greater than unity mean that the mass
can be measured more precisely with the Qjet proce-
dure for the same luminosity, or the same precision can
be obtained with a smaller luminosity, compared to the
classical case. For this quantity (with no volatility cut)
there is continuing improvement as � decreases and the
range of trees probed grows. The third set of rows show
the usual signal to background ratio, S/B, for pruned
Qjets compared to classical pruning. For this quantity
(and again no volatility cut) the best case occurs for large
� with all trees being essentially the classical tree. Note
that the fact that we get sensible results for � = 0 (with
no weighting of the trees) is testament to the amount of
physics contained in the act of pruning, which often gives
the right mass even for IR sensitive clusterings.
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FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e�ciencies
(fraction in the mass bin) obtained for various �’s obtainable
from a cut on volatility and compared to the classical pruning
result.

While the discussion above certainly suggests that us-
ing Qjets is helpful statistically by reducing fluctuations,
we can use the single-jet pruned mass distributions that
arise from the NQjet di⇥erent prunings more directly. We
introduce the volatility of a jet, defined as

V = �/⌅m⇧ , (4)

where � ⇥
�

⌅m2⇧ � ⌅m⇧2 and ⌅m⇧ are the RMS devia-
tion and the mean of the pruned jet mass distribution for
a single jet.
The distribution of volatility for signal and background

Qjets with � = 0.01 is shown in the upper panel of Fig. 2.
On simple physical grounds one expects that signal jets,
i.e., jets that contain an intrinsic mass scale, will ex-
hibit a lower volatility than QCD jets with no intrin-
sic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on
volatility, V ⇤ Vcut, leads to the signal and background
e⇤ciencies, compared to the classical results, shown in
the bottom panel of Fig. 2. The numerical values are
defined as in the Table, i.e., e⇤ciency refers to the frac-
tion of the Qjets that yield a pruned mass in the mass
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0.03 1.51(2) 1.45(3) 1.37(4) 1.35(2) 1.10(1)
0.04 1.51(4) 1.45(4) 1.39(3) 1.29(3) 1.10(1)
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None 1.32(2) 1.31(2) 1.25(2) 1.10(2) 1.03(1)

�S⇥/�B⇥|Q
�S⇥/�B⇥|cl

0.02 14(2) 13(1) 11(1) 3.1(1) 1.44(2)
0.03 8.6(5) 7.7(4) 5.6(3) 2.4(1) 1.30(2)
0.04 5.3(2) 4.9(2) 3.9(1) 2.00(4) 1.19(2)
0.05 3.6(1) 3.5(1) 3.1(1) 1.75(4) 1.14(2)
None 0.67(1) 0.74(1) 0.89(1) 1.01(2) 1.00(1)

TABLE I. The improvement found in various measurements
performed using the Qjet procedure compared to the classical
pruning result, for a range of values of the rigidity parameter
(�) and subject to a set of volatility cuts (V � Vcut). The
first set of rows exhibit the discovery potential ⇥S⇤/⇥B, while
the second shows the average jet mass fluctuation ⇥⇥m⇤. The
last set of rows shows the change in the signal to background
ratio S/B. In all cases results greater than unity indicate im-
provement over the classical pruning procedure (see the text
for further discussion). For all quantities, the approximate
statistical uncertainty for the last digit is shown in parenthe-
sis.

repetitions of the pseudo-experiment and expect at most
O(1%) statistical e⇥ects from this procedure.

The first set of rows in Table I display measurements
of the discovery potential ⌅S⇧/⇥B compared to the re-
sults with classical pruning. Since this quantity scales as⌃
L, the square of the number in the Table can be in-

terpreted as an e⇥ective luminosity improvement due to
employing the Qjet procedure. For example, for � = 0.1
(with no volatility cut) the number 1.18 means an e⇥ec-
tive increase in the luminosity by (1.18)2 � 1 = 0.39 or
39%. Larger � values confine the range of trees and yield
results very near the classical pruning results. Smaller
� values (with a much broader range of trees) tend to
degrade (decrease) the discovery measure.

The second set of rows exhibit the average jet mass
fluctuation ⇥⌅m⇧|cl/⇥⌅m⇧|Q (note classical over Qjets
here). Values greater than unity mean that the mass
can be measured more precisely with the Qjet proce-
dure for the same luminosity, or the same precision can
be obtained with a smaller luminosity, compared to the
classical case. For this quantity (with no volatility cut)
there is continuing improvement as � decreases and the
range of trees probed grows. The third set of rows show
the usual signal to background ratio, S/B, for pruned
Qjets compared to classical pruning. For this quantity
(and again no volatility cut) the best case occurs for large
� with all trees being essentially the classical tree. Note
that the fact that we get sensible results for � = 0 (with
no weighting of the trees) is testament to the amount of
physics contained in the act of pruning, which often gives
the right mass even for IR sensitive clusterings.
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FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e�ciencies
(fraction in the mass bin) obtained for various �’s obtainable
from a cut on volatility and compared to the classical pruning
result.

While the discussion above certainly suggests that us-
ing Qjets is helpful statistically by reducing fluctuations,
we can use the single-jet pruned mass distributions that
arise from the NQjet di⇥erent prunings more directly. We
introduce the volatility of a jet, defined as

V = �/⌅m⇧ , (4)

where � ⇥
�

⌅m2⇧ � ⌅m⇧2 and ⌅m⇧ are the RMS devia-
tion and the mean of the pruned jet mass distribution for
a single jet.
The distribution of volatility for signal and background

Qjets with � = 0.01 is shown in the upper panel of Fig. 2.
On simple physical grounds one expects that signal jets,
i.e., jets that contain an intrinsic mass scale, will ex-
hibit a lower volatility than QCD jets with no intrin-
sic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on
volatility, V ⇤ Vcut, leads to the signal and background
e⇤ciencies, compared to the classical results, shown in
the bottom panel of Fig. 2. The numerical values are
defined as in the Table, i.e., e⇤ciency refers to the frac-
tion of the Qjets that yield a pruned mass in the mass

FIG. 2. Upper: the distribution of volatility for signal
(boosted W -jets) and background (QCD jets) using a rigidity
� = 0.01. Lower: the background versus signal e⇤ciencies
(fraction in the mass bin) obtained for various �’s obtainable
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The distribution of volatility for signal and background

Q-jets with � = 0.01 is shown in the upper panel of
Fig. 2. On simple physical grounds one expects that sig-
nal jets, i.e., jets that contain an intrinsic mass scale,
will exhibit a lower volatility than QCD jets with no in-
trinsic mass scale. This expectation is confirmed by our
simulations, as can be seen in the figure. Cutting on

❖ different for different algorithms :!

!

!

!

❖ Variation larger for QCD jets (no real mJ scale)!

! ⇒ “Volatility”:

Q-Dists

Ellis, AH, Krohn, Roy, Schwartz 1201.1914

http://arxiv.org/abs/1201.1914


Results from Last Year Comparing to N-subjettiness Comparative Performance
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• Now, compare the full ROC
curve for both variables

• See generally similar
performance

• At high e�ciency, volatility is
a little stronger

• At low e�ciency,
N-subjettiness is a little
stronger

• Next step: a combination,
exploiting the strengths of each
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❖ compare to standard candle (N-subjettiness):

Comparing to N-subjettiness Correlations
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• How does volatility compare with existing W -tagging techniques, i.e.
N-subjettiness?

• See some correlation, but especially in dijets, not very strong
• Suggests a powerful potential combination of the variables

• More information on N-subjettiness in backup
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❖ BOOST2013 working groups: understand correlations

ATLAS-CONF-2013-087

Thaler, Tilburg 1011.2268

http://cds.cern.ch/record/1572981?ln=en
http://arxiv.org/abs/1011.2268


Why are Q-Jets different?
❖ 2 reasons:!

1. NOT deterministic: probabilistic assignments!

2. NOT energy-flow variable (event/jet shape): fundamentally iterative!

! ! (depends on clustering, not just particle 4-momenta)!

!

!

!

❖ Can we understand differences analytically?

E-flow

all observables

Qjets?



Q-Jet Volatility Calculation (?)
❖ non-trivial mass Q-dists require at least O(10) particles!

! ⇒ need O(α10) calculation….!

!

!

!

❖ also not well-suited for resummation in SCET!

❖ both related to fact that Q-jets is recursive/iterative….

⇨ ⇨
Jet Mass

Su
m

 O
ve

r T
re

es m1
m2



What can we Calculate?
❖ energy-flow (non-iterative) easier!

❖ are probabilistic observables possible/sensible?!

❖ if calculable, what is effect on Non-Global Logs? 
(important in general, but esp. substructure)

➡ define Q-thrust (then on to Q-(sub)jettiness)



Q-Thrust
❖ cluster L, R with some probability: !

!

!

!

!

❖ disentangle Q-Jets/N-subjettiness (un)correlation???!

1. non-deterministic (like traditional Q-Jets)!

2. but now energy-flow/shape var 

Thrust Axis!
(classical)
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Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.
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Q-Thrust
❖ probability conservation:!

!

❖ IR safety:!

!

❖ symmetry (not needed):!

!
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PL(0) = PR(⇡) = 1

Thrust Axis!
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m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
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Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.

2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.

⌧R
✓

⇡/20

PL(✓)

PL(✓) = ⇥(✓ < ⇡/2)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0



Q-Thrust
❖ Examples:

⇡

Thrust Axis!
(classical)

⌧L

2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2
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[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
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2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.

⌧R
✓

⇡/20

PL(✓)

PL(✓) =
1 + cos ✓

2

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

PL(✓) = ⇥(✓ < ⇡/2)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0



Q-Thrust
❖ Examples:

⇡

Thrust Axis!
(classical)

⌧L

2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.

2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.

⌧R
✓

⇡/20

PL(✓)

PL(✓) = ⇥(✓ < R) +
1

2
⇥(R < ✓ < ⇡ �R)

{R

“double step function”R ⇡ �R
0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.2

0.4

0.6

0.8

1.0
PL(✓) =

1 + cos ✓

2

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

PL(✓) = ⇥(✓ < ⇡/2)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0



Q-Thrust

❖ must use clustering!!

❖ IR safety requires (in collinear limit):

❖ before splitting: ❖ after splitting: 

2

R
efs.
[5,
19,
20]
stu
d
ied
N
G
L
s
of
⇤
/Q
in
cross
section
s

vetoin
g
rad
iation
w
ith
total
en
ergy
greater

th
an
⇤
in
an
-

gu
lar
region
s
ou
tsid
e
of
fou
n
d
jets.
T
h
ou
gh
a
h
ard
scale

Q
ap
p
ears
in
th
ese
ratios,
w
e
fou
n
d
in
[21] th
at
th
e
N
G
L
s

still
arise
from
con
sid
erin
g
b
oth
scales
in
th
e
ratio
to
b
e

soft
an
d
later
takin
g
on
e
of
th
em
to
Q
in
an
in
clu
sive

lim
it.

In
[21]
w
e
m
ad
e
p
rogress

in
u
n
d
erstan
d
in
g
th
e
ori-

gin
of
N
G
L
s
in
e↵
ective
fi
eld
th
eory.
W
e
con
sid
ered
th
e

factorized
d
ijet
invariant

m
ass
d
istrib
u
tion
�
(m
1,m
2)
in

e
+
e
�
collision

s
p
rod
u
cin
g
b
ack-to-b

ack
jets,
an
d
calcu
-

lated
to
O
(↵
2 s),
as
also
in
[22],
th
e
h
em
isp
h
ere
soft
fu
n
c-

tion
S
(k
L
, k
R
).
T
h
ese
calcu
lation
s
clarifi
ed
th
e
origin
of

N
G
L
s
in
an
E
F
T
fram
ew
ork
as
th
e
d
ep
en
d
en
ce
of
a
soft

fu
n
ction
on
ratios
of
m
u
ltip
le
soft
scales,

an
d
revealed

n
ew
su
b
lead
in
g
(sin
gle)
N
G
L
s
an
d
n
on
-logarith

m
ic
n
on
-

glob
al
fu
n
ction
s.

T
h
ese
N
G
L
s
are
organ
ized
into
a
m
u
ltip
licative

factor

enterin
g
th
e
total
cross
section
,
w
ith
th
e
lead
in
g
N
G
L
s

takin
g
th
e
gen
eric
form

S
N
G
(µ
1/µ
2)
=
1�

↵
2 s

(2⇡
)
2
C
F
C
A
S
2
ln
2
µ
1

µ
2

+
· · ·
.

(2)

H
ere
µ
1
,2
are
th
e
scales
at
w
h
ich
soft
rad
iation
is
p
rob
ed

in
d
i↵
erent
sh
arp
ly-d
ivid
ed
region
s.
F
or
th
e
h
em
isp
h
ere

m
ass
d
istrib
u
tion
µ
1
,2
=
m
2 1

,2/Q
an
d
S
2

=
⇡
2 /3.

F
or

th
e
⇢
R

d
istrib
u
tion
,
µ
1

=
Q
⇢
R

w
h
ile
µ
2

=
Q
d
u
e
to

total
in
clu
sivity
in
on
e
h
em
isp
h
ere.
T
h
e
coe�
cient
S
2

is
a
geom
etric
m
easu
re
of
th
e
region
into
w
h
ich
th
e
tw
o

soft
glu
on
s
contrib
u
tin
g
to
a
N
G
L
can
go.
T
h
e
fact
th
at

it
varies
w
ith
th
e
size
of
th
is
region
is
d
u
e
to
th
e
N
G
L

arisin
g
from
a
p
u
rely
soft
d
ivergen
ce
of
Q
C
D
. T
ech
n
iqu
es

to
resu
m
N
G
L
s
u
sin
g
nu
m
erical
fi
ts
in
th
e
large-N

C

lim
it

of Q
C
D
w
ere
introd
u
ced
by
[4], b
u
t
an
alytic
resu
m
m
ation

of
N
G
L
s
in
real-w
orld
Q
C
D
rem
ain
s
an
op
en
p
rob
lem
.

In
th
is
w
ork
w
e
seek
to
exten
d
th
e
intu
ition
gain
ed
in

[21]
by
stu
d
yin
g
a
m
ore
exclu
sive
set
of
cross
section
s.

W
e
stu
d
y
n
on
-glob
al
p
rop
erties
of
an
exclu
sive
jet
cross

section
�
(m
1,m
2,⇤
),
w
h
ere
th
e
invariant

m
asses
m
1
an
d

m
2
of
tw
o
jets
of
size
R
p
rod
u
ced
in
an
e
+
e
�
collision

at
center-of-m

ass
en
ergy
Q
are
m
easu
red
,
w
ith
a
veto
⇤

on
th
e
en
ergy
of
ad
d
ition
al
jets.
W
e
con
sid
er
fi
n
d
in
g
th
e

jets
u
sin
g
variou
s
algorith

m
s—
con
e,
anti-k

T
,
C
am
b
rid
ge-

A
ach
en
,
an
d
k
T

[23–28].
W
e
w
ill
fi
n
d
th
at
N
G
L
s
of

th
e
ratio
of
th
e
jet
veto
an
d
th
e
jet
m
asses
⇤
/m
1
,2

are
p
resent,

in
ad
d
ition
to
N
G
L
s
of
th
e
ratio
of
m
asses

m
1/m
2.
W
e
calcu
late
th
e
coe�
cients
on
ly
of
lead
in
g
d
ou
-

b
le
N
G
L
s
↵
2 s
ln
2 (µ

1/µ
2)
in
th
is
p
ap
er.
T
h
e
relevant

scales

for
th
is
ob
servab
le
are
sh
ow
n
in
F
ig.
1
for
a
p
articu
lar
h
i-

erarchy
of
m
1
,2
an
d
⇤
,
h
ow
ever
ou
r
resu
lts
are
valid
for

any
ch
oice
su
ch
th
at
Q
�
m
1
,2
�
m
2 1

,2/Q
,
⇤
.

In
[21],
w
e
d
iscovered

th
at
at O
(↵
2 s)
N
G
L
s
of
tw
o
soft

scales
µ
1
,2
can
b
e
con
stru
cted
from
sep
arate
p
ieces
d
e-

p
en
d
ent
on
th
e
ratio
of
th
e
factorization

scale
µ
to
on
e

p
hysical

scale
at
a
tim
e.
N
am
ely,
th
e
region

of
p
h
ase

sp
ace
w
h
ere
on
e
of
th
e
soft
glu
on
s
enters
th
e
region
sen
-

sitive
to
th
e
scale
µ
1

an
d
th
e
oth
er
enters
th
e
region

sen
sitive
to
µ
2
gen
erates
th
e
d
ou
b
le
log
↵
2 s
ln
2 µ
2 /(µ

1µ
2),

H
ard scale

Left jet scale

R
ight jet scale

Soft scales

µ
H

=
Q

µ
L S
=
m
2 1/Q

µ
o
u
t

S

=
⇤

µ
R S

=
m
2 2/Q

µ
L J
=
m
1

µ
R J

=
m
2

F
IG
.
1:
T
h
e
relevant
scales
in
th
e
exclu
sive
jet
m
ass
cross

section
w
ith
an
en
ergy
veto,
⇤
ou
tsid
e
of
th
e
jets
is
sh
ow
n

for
a
p
articu
lar
ch
oice
of
th
e
h
ierarchy
m
2 2⌧
⇤
Q
⌧
m
2 1
th
at

gives
rise
to
large
n
on
-glob
al
logs.
O
u
r
resu
lts
ap
p
ly
to
any

ch
oice
of
m
1
,2
an
d
⇤
th
at
satisfi
es
Q
�
m
1
,2�
m
2 1

,2/Q
,
⇤
,

w
h
ich
m
aintain
s
th
e
sep
aration
b
etw
een
h
ard
,
jet
an
d
soft

scales.

w
h
ile
th
e
region
s
w
h
ere
soft
glu
on
s
enter
on
ly
region
1
or

on
ly
region
2
gen
erate
↵
2 s
ln
2 (µ

/µ
1)
an
d
↵
2 s
ln
2 (µ

/µ
2).
In

[21]
w
e
d
erived
from
R
G
invarian

ce
of
th
e
cross
section

an
d
IR
safety
of
th
e
soft
fu
n
ction
th
at
th
e
coe�
cients

of
th
ese
logs
are
con
strain
ed
so
th
at
th
e
µ
-d
ep
en
d
en
ce

can
cels,
b
u
t
an
N
G
L
↵
2 s
ln
2 (µ

1/µ
2)
is
left
over.
A
n
alo-

gou
sly
for
�
(m
1,m
2,⇤
),
th
e
th
ree
soft
p
h
ase
sp
ace
re-

gion
s
th
at
give
rise
to
th
e
N
G
L
s
at
O
(↵
2 s)
are
sh
ow
n

in
F
ig.
2.
E
ach
con
fi
gu
ration
contrib
u
tes
logarith

m
s
of

µ
over
a
sin
gle
scale,
th
e
“in
-ou
t”
region
s
contrib
u
tin
g

logs
↵
2 s
ln
2 µ
2 /(⇤

m
1
,2),
an
d
th
e
“in
-in
”
region
contrib
u
t-

in
g
logs
↵
2 s
ln
2 µ
2 /(m

1m
2).
T
h
ese
com
b
in
e
w
ith
sin
gle-

region
contrib
u
tion
s
to
give
N
G
L
s
of
⇤
/m
1
,2
w
ith
coe�
-

cients
f
O
L
,O
R

an
d
of
m
1/m
2
w
ith
coe�
cient
f
L
R
.
T
h
ese

coe�
cients
give
th
e
geom
etric
factor
S
2
in
E
q.
(2).
IR

safety
an
d
R
G
invarian

ce
w
ill
allow
u
s
to
d
erive
ad
d
i-

tion
al
stron
g
relation

s
am
on
g
th
ese
d
i↵
erent
coe�
cients.

2

R
efs.

[5,
19,

20]
stu

d
ied

N
G
L
s
of
⇤
/Q

in
cross

section
s

vetoin
g
rad

iation
w
ith

total
en
ergy

greater
th
an

⇤
in
an
-

gu
lar

region
s
ou
tsid

e
of
fou

n
d
jets.

T
h
ou
gh

a
h
ard

scale

Q
ap
p
ears

in
th
ese

ratios,
w
e
fou

n
d
in
[21]th

at
th
e
N
G
L
s

still
arise

from
con

sid
erin

g
b
oth

scales
in
th
e
ratio

to
b
e

soft
an
d
later

takin
g
on
e
of
th
em

to
Q
in

an
in
clu

sive

lim
it.

In
[21]

w
e
m
ad
e
p
rogress

in
u
n
d
erstan

d
in
g
th
e
ori-

gin
of
N
G
L
s
in
e↵
ective

fi
eld

th
eory.

W
e
con

sid
ered

th
e

factorized
d
ijet

invariant
m
ass

d
istrib

u
tion

�
(m
1,m

2)
in

e
+
e�

collision
s
p
rod

u
cin

g
b
ack-to-b

ack
jets,

an
d
calcu

-

lated
to
O
(↵

2 s),
as
also

in
[22],

th
e
h
em

isp
h
ere

soft
fu
n
c-

tion
S
(k
L
,k
R
).
T
h
ese

calcu
lation

s
clarifi

ed
th
e
origin

of

N
G
L
s
in
an

E
F
T
fram

ew
ork

as
th
e
d
ep
en
d
en
ce
of
a
soft

fu
n
ction

on
ratios

of
m
u
ltip

le
soft

scales,
an
d
revealed

n
ew

su
b
lead

in
g
(sin

gle)
N
G
L
s
an
d
n
on
-logarith

m
ic
n
on
-

glob
al
fu
n
ction

s.

T
h
ese

N
G
L
s
are

organ
ized

into
a
m
u
ltip

licative
factor

enterin
g
th
e
total

cross
section

,
w
ith

th
e
lead

in
g
N
G
L
s

takin
g
th
e
gen

eric
form

S
N
G
(µ
1/µ

2)
=
1�

↵
2 s

(2⇡
)2C

F
C
A
S
2
ln

2
µ
1 µ

2
+
···

.

(2)

H
ere

µ
1
,2

are
th
e
scales

at
w
h
ich

soft
rad

iation
is
p
rob

ed

in
d
i↵
erent

sh
arp

ly-d
ivid

ed
region

s.
F
or
th
e
h
em

isp
h
ere

m
ass

d
istrib

u
tion

µ
1
,2

=
m

2 1
,2/Q

an
d
S
2

=
⇡

2 /3.
F
or

th
e
⇢
R

d
istrib

u
tion

,
µ
1

=
Q
⇢
R

w
h
ile

µ
2

=
Q

d
u
e
to

total
in
clu

sivity
in

on
e
h
em

isp
h
ere.

T
h
e
coe�

cient
S
2

is
a
geom

etric
m
easu

re
of
th
e
region

into
w
h
ich

th
e
tw
o

soft
glu

on
s
contrib

u
tin
g
to
a
N
G
L
can

go.
T
h
e
fact

th
at

it
varies

w
ith

th
e
size

of
th
is
region

is
d
u
e
to

th
e
N
G
L

arisin
g
from

a
p
u
rely

soft
d
ivergen

ce
of
Q
C
D
.T
ech

n
iqu

es

to
resu

m
N
G
L
s
u
sin
g
nu
m
erical

fi
ts
in
th
e
large-N

C
lim

it

ofQ
C
D
w
ere

introd
u
ced

by
[4],b

u
t
an
alytic

resu
m
m
ation

of
N
G
L
s
in
real-w

orld
Q
C
D
rem

ain
s
an

op
en

p
rob

lem
.

In
th
is
w
ork

w
e
seek

to
exten

d
th
e
intu

ition
gain

ed
in

[21]
by

stu
d
yin

g
a
m
ore

exclu
sive

set
of
cross

section
s.

W
e
stu

d
y
n
on
-glob

al
p
rop

erties
of
an

exclu
sive

jet
cross

section
�
(m
1,m

2,⇤
),
w
h
ere

th
e
invariant

m
asses

m
1

an
d

m
2

of
tw
o
jets

of
size

R
p
rod

u
ced

in
an

e
+
e�

collision

at
center-of-m

ass
en
ergy

Q
are

m
easu

red
,
w
ith

a
veto

⇤

on
th
e
en
ergy

of
ad
d
ition

al
jets.

W
e
con

sid
er
fi
n
d
in
g
th
e

jets
u
sin
g
variou

s
algorith

m
s—

con
e,anti-k

T
,C

am
b
rid
ge-

A
ach

en
,
an
d
k
T

[23–28].
W
e
w
ill

fi
n
d
th
at

N
G
L
s
of

th
e
ratio

of
th
e
jet

veto
an
d
th
e
jet

m
asses

⇤
/m
1
,2

are
p
resent,

in
ad
d
ition

to
N
G
L
s
of
th
e
ratio

of
m
asses

m
1/m

2.
W
e
calcu

late
th
e
coe�

cients
on
ly
oflead

in
g
d
ou
-

b
le
N
G
L
s
↵

2 s
ln

2
(µ
1/µ

2)
in
th
is
p
ap
er.

T
h
e
relevant

scales

for
th
is
ob
servab

le
are

sh
ow
n
in
F
ig.

1
for

a
p
articu

lar
h
i-

erarchy
of
m
1
,2

an
d
⇤
,
h
ow
ever

ou
r
resu

lts
are

valid
for

any
ch
oice

su
ch

th
at
Q
�

m
1
,2�

m
2 1

,2/Q
,
⇤
.

In
[21],

w
e
d
iscovered

th
at
atO

(↵
2 s)
N
G
L
s
of
tw
o
soft

scales
µ
1
,2

can
b
e
con

stru
cted

from
sep

arate
p
ieces

d
e-

p
en
d
ent

on
th
e
ratio

of
th
e
factorization

scale
µ
to

on
e

p
hysical

scale
at

a
tim

e.
N
am

ely,
th
e
region

of
p
h
ase

sp
ace

w
h
ere

on
e
of
th
e
soft

glu
on
s
enters

th
e
region

sen
-

sitive
to

th
e
scale

µ
1

an
d
th
e
oth

er
enters

th
e
region

sen
sitive

to
µ
2

gen
erates

th
e
d
ou
b
le
log

↵
2 s
ln

2
µ

2 /(µ
1µ

2),

H
ard scale

Left jet scale

R
ight jet scale

Soft scalesµ
H

=
Q

µ
L S
=
m

2 1/Q

µ
o
u
t

S

=
⇤

µ
R S
=
m

2 2/Q

µ
L J
=
m
1

µ
R J
=
m
2

F
IG
.
1:
T
h
e
relevant

scales
in
th
e
exclu

sive
jet
m
ass
cross

section
w
ith
an
en
ergy

veto,
⇤
ou
tsid
e
of
th
e
jets

is
sh
ow
n

for
a
p
articu

lar
ch
oice

of
th
e
h
ierarchy

m
2 2⌧
⇤
Q
⌧
m

2 1
th
at

gives
rise

to
large

n
on
-glob

al
logs.

O
u
r
resu
lts
ap
p
ly
to
any

ch
oice

of
m
1
,2
an
d
⇤
th
at
satisfi

es
Q
�
m
1
,2�

m
2 1
,2/Q

,
⇤
,

w
h
ich
m
aintain

s
th
e
sep
aration

b
etw
een

h
ard
,
jet
an
d
soft

scales.

w
h
ile

th
e
region

s
w
h
ere

soft
glu

on
s
enter

on
ly
region

1
or

on
ly
region

2
gen

erate
↵

2 s
ln

2
(µ
/µ
1)

an
d
↵

2 s
ln

2
(µ
/µ
2).

In

[21]
w
e
d
erived

from
R
G
invarian

ce
of
th
e
cross

section

an
d
IR

safety
of
th
e
soft

fu
n
ction

th
at

th
e
coe�

cients

of
th
ese

logs
are

con
strain

ed
so

th
at

th
e
µ
-d
ep
en
d
en
ce

can
cels,

b
u
t
an

N
G
L
↵

2 s
ln

2
(µ
1/µ

2)
is
left

over.
A
n
alo-

gou
sly

for
�
(m
1,m

2,⇤
),
th
e
th
ree

soft
p
h
ase

sp
ace

re-

gion
s
th
at

give
rise

to
th
e
N
G
L
s
at
O
(↵

2 s)
are

sh
ow
n

in
F
ig.

2.
E
ach

con
fi
gu
ration

contrib
u
tes

logarith
m
s
of

µ
over

a
sin
gle

scale,
th
e
“in

-ou
t”

region
s
contrib

u
tin
g

logs
↵

2 s
ln

2
µ

2 /(⇤
m
1
,2),

an
d
th
e
“in

-in
”
region

contrib
u
t-

in
g
logs

↵
2 s
ln

2
µ

2 /(m
1m

2).
T
h
ese

com
b
in
e
w
ith

sin
gle-

region
contrib

u
tion

s
to
give

N
G
L
s
of
⇤
/m
1
,2

w
ith

coe�
-

cients
f
O
L
,O
R

an
d
of
m
1/m

2
w
ith

coe�
cient

f
L
R
.
T
h
ese

coe�
cients

give
th
e
geom

etric
factor

S
2

in
E
q.
(2).

IR

safety
an
d
R
G
invarian

ce
w
ill

allow
u
s
to

d
erive

ad
d
i-

tion
al
stron

g
relation

s
am

on
g
th
ese

d
i↵
erent

coe�
cients.

2

Refs. [5, 19, 20] studied NGLs of ⇤/Q in cross sections
vetoing radiation with total energy greater than ⇤ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.

In [21] we made progress in understanding the ori-
gin of NGLs in e↵ective field theory. We considered the
factorized dijet invariant mass distribution �(m1, m2) in
e+e� collisions producing back-to-back jets, and calcu-
lated to O(↵2

s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.

These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form

SNG(µ1/µ2) = 1 � ↵2
s

(2⇡)2
CF CAS2 ln2 µ1

µ2
+ · · · . (2)

Here µ1,2 are the scales at which soft radiation is probed
in di↵erent sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m2

1,2/Q and S2 = ⇡2/3. For
the ⇢R distribution, µ1 = Q⇢R while µ2 = Q due to
total inclusivity in one hemisphere. The coe�cient S2

is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.

In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section �(m1, m2, ⇤), where the invariant masses m1 and
m2 of two jets of size R produced in an e+e� collision
at center-of-mass energy Q are measured, with a veto ⇤
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses ⇤/m1,2

are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coe�cients only of leading dou-
ble NGLs ↵2

s ln2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and ⇤, however our results are valid for
any choice such that Q � m1,2 � m2

1,2/Q, ⇤.
In [21], we discovered that at O(↵2

s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
pendent on the ratio of the factorization scale µ to one
physical scale at a time. Namely, the region of phase
space where one of the soft gluons enters the region sen-
sitive to the scale µ1 and the other enters the region
sensitive to µ2 generates the double log ↵2

s ln2 µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH = Q

µL
S = m2

1/Q

µout
S = ⇤

µR
S = m2

2/Q

µL
J = m1

µR
J = m2

FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, ⇤ outside of the jets is shown
for a particular choice of the hierarchy m2

2 ⌧ ⇤Q ⌧ m2
1 that

gives rise to large non-global logs. Our results apply to any
choice of m1,2 and ⇤ that satisfies Q � m1,2 � m2

1,2/Q, ⇤,
which maintains the separation between hard, jet and soft
scales.

while the regions where soft gluons enter only region 1 or
only region 2 generate ↵2

s ln2(µ/µ1) and ↵2
s ln2(µ/µ2). In

[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coe�cients
of these logs are constrained so that the µ-dependence
cancels, but an NGL ↵2

s ln2(µ1/µ2) is left over. Analo-
gously for �(m1, m2, ⇤), the three soft phase space re-
gions that give rise to the NGLs at O(↵2

s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs ↵2

s ln2 µ2/(⇤ m1,2), and the “in-in” region contribut-
ing logs ↵2

s ln2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of ⇤/m1,2 with coe�-
cients fOL,OR and of m1/m2 with coe�cient fLR. These
coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.
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❖ factorization (for R ~ 1):

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

R ⇡ �R

d�

d⌧Q
=

Z
d⌧L d⌧R �(⌧Q � � )⌧R⌧L

d�

d⌧Ld⌧Rd⌧L d⌧R

incl. jet fnc. SQ( , )⌧R⌧L = ( O( , ) =⌧L ⌧R

with As, Ās respectively in the fundamental or anti-fundamental representation. The jet
fields �n = W †

n⇠n and �n̄ = W †
n̄⇠n̄ are combinations of collinear quark fields made invariant

under collinear gauge transformations by Wilson lines of collinear gluons [18, 19], where

Wn(x) =
X

perms

exp

�g

1
P̄ n̄ · An,q(x)

�
, (2.11)

where q is the label momentum of the collinear gluon field An, and P̄ is a label momentum
operator which acts as P̄An,q = (n̄ · q)An,q [19]. Recall that, in SCET, collinear momenta
pµ

c = p̃µ + kµ are divided into a large label piece, p̃µ = (n̄ · p̃)nµ/2 + p̃µ
?, and a residual

piece, kµ, where n̄ · p̃ is O(Q), p̃? is O(Q�), and k is O(Q�2). The residual momenta are
the same size as soft momenta, ks, of O(Q�2). Below, however, we will see how the natural
scaling of the collinear modes varies with the choice of observable ⌧a. The integral over x

in Eq. (2.7) enforces that the label momenta of the jet fields in the two-jet operator satisfy
n̄ · p̃n = �n · p̃n̄ = Q and p̃?n = p̃?̄n = 0.
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n (0)�(es � ês)Yn(0)Y n̄(0) |0i , (2.15)

and

Jn(en;µ) =
Z

dl+

2⇡
Jn(en, l+;µ) , Jn̄(en̄;µ) =

Z
dk�

2⇡
Jn̄(en̄, k�;µ) , (2.16)

– 8 –

d�

d⌧Ld⌧Rd⌧L d⌧R
= ( J(⌧L) J(⌧R)⌦ ⌦SQ( , )⌧R⌧LH(Ecm)

❖ NGLs in soft function?



Non-Global Logs (classical)

Thrust Axis!
(classical)

⌧L

2

Refs.[5,19,20]studiedNGLsof⇤/Qincrosssections
vetoingradiationwithtotalenergygreaterthan⇤inan-
gularregionsoutsideoffoundjets.Thoughahardscale
Qappearsintheseratios,wefoundin[21]thattheNGLs
stillarisefromconsideringbothscalesintheratiotobe
softandlatertakingoneofthemtoQinaninclusive
limit.

In[21]wemadeprogressinunderstandingtheori-
ginofNGLsine↵ectivefieldtheory.Weconsideredthe
factorizeddijetinvariantmassdistribution�(m1,m2)in
e+e�collisionsproducingback-to-backjets,andcalcu-
latedtoO(↵2

s),asalsoin[22],thehemispheresoftfunc-
tionS(kL,kR).Thesecalculationsclarifiedtheoriginof
NGLsinanEFTframeworkasthedependenceofasoft
functiononratiosofmultiplesoftscales,andrevealed
newsubleading(single)NGLsandnon-logarithmicnon-
globalfunctions.

TheseNGLsareorganizedintoamultiplicativefactor
enteringthetotalcrosssection,withtheleadingNGLs
takingthegenericform

SNG(µ1/µ2)=1�↵2
s

(2⇡)2
CFCAS2ln2µ1

µ2
+···.(2)

Hereµ1,2arethescalesatwhichsoftradiationisprobed
indi↵erentsharply-dividedregions.Forthehemisphere
massdistributionµ1,2=m2

1,2/QandS2=⇡2/3.For
the⇢Rdistribution,µ1=Q⇢Rwhileµ2=Qdueto
totalinclusivityinonehemisphere.Thecoe�cientS2

isageometricmeasureoftheregionintowhichthetwo
softgluonscontributingtoaNGLcango.Thefactthat
itvarieswiththesizeofthisregionisduetotheNGL
arisingfromapurelysoftdivergenceofQCD.Techniques
toresumNGLsusingnumericalfitsinthelarge-NClimit
ofQCDwereintroducedby[4],butanalyticresummation
ofNGLsinreal-worldQCDremainsanopenproblem.

Inthisworkweseektoextendtheintuitiongainedin
[21]bystudyingamoreexclusivesetofcrosssections.
Westudynon-globalpropertiesofanexclusivejetcross
section�(m1,m2,⇤),wheretheinvariantmassesm1and
m2oftwojetsofsizeRproducedinane+e�collision
atcenter-of-massenergyQaremeasured,withaveto⇤
ontheenergyofadditionaljets.Weconsiderfindingthe
jetsusingvariousalgorithms—cone,anti-kT,Cambridge-
Aachen,andkT[23–28].WewillfindthatNGLsof
theratioofthejetvetoandthejetmasses⇤/m1,2

arepresent,inadditiontoNGLsoftheratioofmasses
m1/m2.Wecalculatethecoe�cientsonlyofleadingdou-
bleNGLs↵2

sln2(µ1/µ2)inthispaper.Therelevantscales
forthisobservableareshowninFig.1foraparticularhi-
erarchyofm1,2and⇤,howeverourresultsarevalidfor
anychoicesuchthatQ�m1,2�m2

1,2/Q,⇤.
In[21],wediscoveredthatatO(↵2

s)NGLsoftwosoft
scalesµ1,2canbeconstructedfromseparatepiecesde-
pendentontheratioofthefactorizationscaleµtoone
physicalscaleatatime.Namely,theregionofphase
spacewhereoneofthesoftgluonsenterstheregionsen-
sitivetothescaleµ1andtheotherenterstheregion
sensitivetoµ2generatesthedoublelog↵2

sln2µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH=Q

µL
S=m2

1/Q

µout
S=⇤

µR
S=m2

2/Q

µL
J=m1

µR
J=m2

FIG.1:Therelevantscalesintheexclusivejetmasscross
sectionwithanenergyveto,⇤outsideofthejetsisshown
foraparticularchoiceofthehierarchym2

2⌧⇤Q⌧m2
1that

givesrisetolargenon-globallogs.Ourresultsapplytoany
choiceofm1,2and⇤thatsatisfiesQ�m1,2�m2

1,2/Q,⇤,
whichmaintainstheseparationbetweenhard,jetandsoft
scales.

whiletheregionswheresoftgluonsenteronlyregion1or
onlyregion2generate↵2

sln2(µ/µ1)and↵2
sln2(µ/µ2).In

[21]wederivedfromRGinvarianceofthecrosssection
andIRsafetyofthesoftfunctionthatthecoe�cients
oftheselogsareconstrainedsothattheµ-dependence
cancels,butanNGL↵2

sln2(µ1/µ2)isleftover.Analo-
gouslyfor�(m1,m2,⇤),thethreesoftphasespacere-
gionsthatgiverisetotheNGLsatO(↵2

s)areshown
inFig.2.Eachconfigurationcontributeslogarithmsof
µoverasinglescale,the“in-out”regionscontributing
logs↵2

sln2µ2/(⇤m1,2),andthe“in-in”regioncontribut-
inglogs↵2

sln2µ2/(m1m2).Thesecombinewithsingle-
regioncontributionstogiveNGLsof⇤/m1,2withcoe�-
cientsfOL,ORandofm1/m2withcoe�cientfLR.These
coe�cientsgivethegeometricfactorS2inEq.(2).IR
safetyandRGinvariancewillallowustoderiveaddi-
tionalstrongrelationsamongthesedi↵erentcoe�cients.
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Refs. [5, 19, 20] studied NGLs of ⇤/Q in cross sections
vetoing radiation with total energy greater than ⇤ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.

In [21] we made progress in understanding the ori-
gin of NGLs in e↵ective field theory. We considered the
factorized dijet invariant mass distribution �(m1, m2) in
e+e� collisions producing back-to-back jets, and calcu-
lated to O(↵2

s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.

These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form

SNG(µ1/µ2) = 1 � ↵2
s

(2⇡)2
CF CAS2 ln2 µ1

µ2
+ · · · . (2)

Here µ1,2 are the scales at which soft radiation is probed
in di↵erent sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m2

1,2/Q and S2 = ⇡2/3. For
the ⇢R distribution, µ1 = Q⇢R while µ2 = Q due to
total inclusivity in one hemisphere. The coe�cient S2

is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.

In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section �(m1, m2, ⇤), where the invariant masses m1 and
m2 of two jets of size R produced in an e+e� collision
at center-of-mass energy Q are measured, with a veto ⇤
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses ⇤/m1,2

are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coe�cients only of leading dou-
ble NGLs ↵2

s ln2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and ⇤, however our results are valid for
any choice such that Q � m1,2 � m2

1,2/Q, ⇤.
In [21], we discovered that at O(↵2

s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
pendent on the ratio of the factorization scale µ to one
physical scale at a time. Namely, the region of phase
space where one of the soft gluons enters the region sen-
sitive to the scale µ1 and the other enters the region
sensitive to µ2 generates the double log ↵2

s ln2 µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH = Q

µL
S = m2

1/Q

µout
S = ⇤

µR
S = m2

2/Q

µL
J = m1

µR
J = m2

FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, ⇤ outside of the jets is shown
for a particular choice of the hierarchy m2

2 ⌧ ⇤Q ⌧ m2
1 that

gives rise to large non-global logs. Our results apply to any
choice of m1,2 and ⇤ that satisfies Q � m1,2 � m2

1,2/Q, ⇤,
which maintains the separation between hard, jet and soft
scales.

while the regions where soft gluons enter only region 1 or
only region 2 generate ↵2

s ln2(µ/µ1) and ↵2
s ln2(µ/µ2). In

[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coe�cients
of these logs are constrained so that the µ-dependence
cancels, but an NGL ↵2

s ln2(µ1/µ2) is left over. Analo-
gously for �(m1, m2, ⇤), the three soft phase space re-
gions that give rise to the NGLs at O(↵2

s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs ↵2

s ln2 µ2/(⇤ m1,2), and the “in-in” region contribut-
ing logs ↵2

s ln2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of ⇤/m1,2 with coe�-
cients fOL,OR and of m1/m2 with coe�cient fLR. These
coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.
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while the regions where soft gluons enter only region 1 or
only region 2 generate ↵2
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s ln2(µ/µ2). In

[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coe�cients
of these logs are constrained so that the µ-dependence
cancels, but an NGL ↵2

s ln2(µ1/µ2) is left over. Analo-
gously for �(m1, m2, ⇤), the three soft phase space re-
gions that give rise to the NGLs at O(↵2

s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs ↵2

s ln2 µ2/(⇤ m1,2), and the “in-in” region contribut-
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s ln2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of ⇤/m1,2 with coe�-
cients fOL,OR and of m1/m2 with coe�cient fLR. These
coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.
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The coe�cients fOL, fOR, and fLR depend on the jet
algorithm. The ratios are between the scales (iden-
tified in [33, 34]) of soft gluons inside jets µL,R

S =
kL,R/ tan(RL,R/2) and the scale µ⇤

S = 2⇤ of soft glu-
ons outside jets cuto↵ by energy ⇤. Contributions to
these logs come from three regions of phase space, which
we label L for the left jet, R for the right jet, and O for
the out-of-jet region. These regions are shown in Fig. 2.
Each NGL gets a contribution from a pair of these re-
gions, which set the scales in the log. If we consider two
regions A and B, then the phase space contributions can
be divided as:

M({ki}) = MA({ki}) +MB({ki}) +MAB({ki}) , (18)

where each M imposes a set of measurements on the
partons in the final state with momenta ki (cf. Eq. (B2)).
The first term comes from gluons only in region A, the
second from gluons only in region B, and the third from
at least one gluon in both regions.

RG evolution constrains the relative contributions
from each of the terms in Eq. (18). NGLs are indepen-
dent of the renormalization scale µ, but each contribution
from Eq. (18) will have µ-dependence. For instance, the
fOR NGL comes from the sum:

�
⇣↵s

2⇡

⌘2

CF CA fOR(RR, RL) (19)

⇥

2 ln2 µ tan RR/2

kR
+ 2 ln2 µ

2⇤
� ln2 µ2 tan RR/2

2⇤kR

�
.

The last term is especially notable: it only contains con-
tributions with two soft gluons in the final state that
live in separate regions (one in R, one in O), and it
is the only term of the three that depends on multiple
scales. These contributions are simpler to compute than
the other terms, with the added benefit that there are
no global terms with the same color and log structure.
These mixed-scale terms alone determine the coe�cient
of the NGLs, as the others are fixed by RG invariance.
This feature was used in [21] to determine the complete
set of non-global terms in the hemisphere dijet soft func-
tion.

Let us consider the bare contribution to the soft func-
tion from the last term in Eq. (19), following from
Eq. (B4). To order 1/✏2 in the MS scheme, the mixed-
scale term is

SOR
NG =

↵s(µ)2CF CA

(2⇡)2

�
µ2e�E/2

�2✏

�(1 � ✏)2
2fOR(RR, RL)

⇥ ⇤�1�2✏k�1�2✏
R tan2✏ RR

2
. (20)

Similarly, for the NGL depending on both kL and kR,
the mixed scale term following from Eq. (B5) is

SLR
NG =

↵s(µ)2CF CA

(2⇡)2

�
µ2e�E

�2✏

�(1 � ✏)2
2fLR(RL, RR)

⇥ (kLkR)�1�2✏ tan2✏ RL

2
tan2✏ RR

2
. (21)

The 1/✏ poles in these contributions are infrared in origin.
Now, the full soft function is infrared finite. As argued in
[21], this means that the purely “in” and “out” contribu-
tions in Eq. (19) contribute compensating IR divergent
terms that cancel the IR poles in Eqs. (20) and (21). This
also cancels the µ-dependent terms in Eqs. (20) and (21),
preserving RG invariance of the factorized cross section.
After this cancellation, double logs of kL,R/⇤ and kL/kR

survive in the full soft function, and similar double logs
of the other scale ratios survive. These are the NGLs.

The constraints from RG invariance imply relation-
ships between the NGLs in Eq. (17). It is instructive
to break up the contributions to the non-global double
logs in terms of what regions the soft gluons are in. There
are six such regions, and all of the contributions have a
coe�cient �(↵s/2⇡)2CF CA:

fL(RL) ln2 µ tan(RL/2)

kL
,

fR(RR) ln2 µ tan(RR/2)

kR
,

fO(RL, RR) ln2 µ

2⇤
, (22)

�fOL(RL, RR) ln2 µ2 tan(RL/2)

2⇤kL
,

�fOR(RR, RL) ln2 µ2 tan(RR/2)

2⇤kR
,

�fLR(RL, RR) ln2 µ2 tan(RL/2) tan(RR/2)

kLkR
.

Note that the first three coe�cients receive contributions
from purely real diagrams (with both soft gluons in the
final state in the same region) and real-virtual diagrams
(with one soft gluon in the final state and one virtual soft
gluon). There are several properties of these coe�cients:

• fL = fR ,

• fO(RL, RR) = fO(RR, RL) ,

• fLR(RL, RR) = fLR(RR, RL) ,

• fOL(RL, RR) = fOR(RR, RL) ,

• fOL and fOR may not be symmetric in their argu-
ments.

Finally, the statement that the NGLs are determined
purely by RG invariance and the mixed scale logs (fLR,
fOL, and fOR) implies that there are relations between
the coe�cients. Expanding the logs in Eq. (17) and using
Eq. (19),

fL(RL) = 2[fLR(RL, RR) + fOL(RL, RR)] , (23a)

fR(RR) = 2[fLR(RL, RR) + fOR(RR, RL)] , (23b)

fO(RL, RR) = 2[fOL(RL, RR) + fOR(RR, RL)] . (23c)

So far we have not used that RL,R could be di↵erent,
so our proof of Eq. (23) is valid for equal R’s. Now, we
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can use di↵erent RL,R to argue that the RL dependence
cancels between fLR and fOR; similarly, the RR depen-
dence cancels between fLR and fOL. If fOR is known,
then up to a constant fLR can be determined. We have
the additional constraint that as the jet radius shrinks
to zero, the NGL of the two jet scales will also van-
ish: fLR(RL, RR) ! 0 as RL ! 0 or RR ! 0. This
means that only knowing fOR completely determines all
the other coe�cients. We will compute fOR for the anti-
kT algorithm and use it to determine fLR. For the C/A
and kT algorithms we will take RL = RR = R.

IV. NON-GLOBAL LOGS FOR SEVERAL
ALGORITHMS

In this section we derive results for the non-global part
SNG of the soft function in Eq. (7) not predicted by RG.
For each algorithm we first determine the “in-out” NGLs
by calculating fOR, and then determine the “in-in” NGLs
by calculating fLR. After calculating the leading NGLs
for each algorithm, we plot the coe�cients of the logs and
discuss the results.

As shown in Sec. III, the double log terms in SNG can
be determined by the calculation of fOR, the contribution
with one gluon in a jet (in this case the right jet) and one
gluon out of the jets. As is well known, at O(↵2

s) the non-
global double logs arise from soft gluon emission diagrams
with the CF CA color structure, with the amplitude in
Eq. (B3).

From the form of Eqs. (B4) and (B5) one finds that
the coe�cients of the leading NGLs are given generically
by the integral (cf. [20])

fOL,OR,LR = 2

Z 1

�1
d⌘1d⌘2

Z ⇡

0

d�

⇡

cos �

cosh(⌘1 � ⌘2) � cos �

⇥ ⇥alg
OL,OR,LR , (24)

where ⌘1,2 = ln cot(✓1,2/2) are the (pseudo-)rapidities of
gluons 1, 2 with respect to the z axis (the jet 1 axis).
The angular constraints of the jet algorithm are given in
⇥alg, and depend on which coe�cient (OL, OR, or LR)
we are calculating. This integral is a geometric measure
of the size of the region into which the two soft gluons
are allowed to go for a given contribution to the NGL.

We consider two types of jet algorithms, cone and re-
combination. Cone algorithms fit jets to a geometric
shape (the cone), and a jet is found when the momen-
tum in the cone is aligned with its axis. Therefore, the
phase space constraints for particles in a found jet simply
requires them to be within an angle R of the cone axis.
For soft particles in the n jet, for instance, this implies
✓ns < R.

Recombination algorithms build jets by successive 2 !
1 mergings of particles. A pairwise metric dij and a single
particle metric di govern the recombinations. A single
step in the algorithm finds the smallest of all dij and di,
then merges the closest pair if some dij is smallest or

promotes a particle to a jet if some di is the smallest.
This procedure is repeated until all particles are put into
jets. The common recombination algorithms (kT, C/A,
and anti-kT) are part of a class parameterized by a real
number ↵. In terms of ↵, the metrics for e+e� are

dij = 2min(E2↵
i , E2↵

j )(1 � cos ✓ij) ,

di = 2E2↵
i (1 � cos R) . (25)

For both types of algorithms, a veto ⇤ on soft jets is
required for infrared safety of exclusive jet cross sections.

A. Cone or anti-kT algorithms

To leading order in the SCET power counting, the
phase space for soft particles that get combined into
the jets is the same in the cone and anti-kT algorithms
[33, 34], so they will have the same leading NGL (also
pointed out in [28]). We work with fixed cones, but the
results apply to other infrared-safe cone algorithms (e.g.
[27]) in the configurations we consider where there is no
split-merge issue. For generic jet configurations, di↵erent
cone algorithms will have di↵erent NGLs.

1. In-Out NGLs

For these algorithms, the two-particle phase space for
one soft parton to be inside and one outside of a jet is

⇥cone
OR = ✓(⌘R < ⌘1 < 1) ✓(�⌘L < ⌘2 < ⌘R)

+ (1 $ 2) , (26)

where ⌘L,R = ln cot RL,R/2. Interchanging the gluons
simply introduces a factor of 2 into the integral, and so
we will simply work with the first configuration shown in
Eq. (26) and multiply by 2 to account for this symme-
try. With these constraints the in-out NGL coe�cient
fOR(RR, RL) in Eq. (24) is then given by

f cone
OR (RR, RL) =

Z 1

⌘R

d⌘1

Z ⌘R

�⌘L

d⌘2
8

e2(⌘
1

�⌘
2

) � 1
, (27)

The integrand depends only on the di↵erence ⌘1�⌘2, and
can be easily integrated to give

f cone
OR (RR, RL) =

⇡2

3
� 2 Li2

✓
tan2 RL

2
tan2 RR

2

◆
. (28)

In Fig. 3 we plot Eq. (28) for RL = RR ⌘ R. At R = 0,
f cone
OR (R) ! ⇡2/3, and at R ! ⇡/2 (hemisphere jets),

f cone
OR (R) ! 0.
This result is consistent with that of [30] in the limit

R ! 0, who considered the case of measuring only one
jet’s invariant mass and imposing a jet veto outside the
two jets. Adding two copies of the NGL they found in
that case reproduces Eq. (28) (for R ! 0). Eq. (28)
now provides the full R dependence of the coe�cient of

1 in R, 2 outside largest when 1,2 both !
approach boundary

{ {
E < ⇤

2

Refs. [5, 19, 20] studied NGLs of ⇤/Q in cross sections
vetoing radiation with total energy greater than ⇤ in an-
gular regions outside of found jets. Though a hard scale
Q appears in these ratios, we found in [21] that the NGLs
still arise from considering both scales in the ratio to be
soft and later taking one of them to Q in an inclusive
limit.

In [21] we made progress in understanding the ori-
gin of NGLs in e↵ective field theory. We considered the
factorized dijet invariant mass distribution �(m1, m2) in
e+e� collisions producing back-to-back jets, and calcu-
lated to O(↵2

s), as also in [22], the hemisphere soft func-
tion S(kL, kR). These calculations clarified the origin of
NGLs in an EFT framework as the dependence of a soft
function on ratios of multiple soft scales, and revealed
new subleading (single) NGLs and non-logarithmic non-
global functions.

These NGLs are organized into a multiplicative factor
entering the total cross section, with the leading NGLs
taking the generic form

SNG(µ1/µ2) = 1 � ↵2
s

(2⇡)2
CF CAS2 ln2 µ1

µ2
+ · · · . (2)

Here µ1,2 are the scales at which soft radiation is probed
in di↵erent sharply-divided regions. For the hemisphere
mass distribution µ1,2 = m2

1,2/Q and S2 = ⇡2/3. For
the ⇢R distribution, µ1 = Q⇢R while µ2 = Q due to
total inclusivity in one hemisphere. The coe�cient S2

is a geometric measure of the region into which the two
soft gluons contributing to a NGL can go. The fact that
it varies with the size of this region is due to the NGL
arising from a purely soft divergence of QCD. Techniques
to resum NGLs using numerical fits in the large-NC limit
of QCD were introduced by [4], but analytic resummation
of NGLs in real-world QCD remains an open problem.

In this work we seek to extend the intuition gained in
[21] by studying a more exclusive set of cross sections.
We study non-global properties of an exclusive jet cross
section �(m1, m2, ⇤), where the invariant masses m1 and
m2 of two jets of size R produced in an e+e� collision
at center-of-mass energy Q are measured, with a veto ⇤
on the energy of additional jets. We consider finding the
jets using various algorithms—cone, anti-kT, Cambridge-
Aachen, and kT [23–28]. We will find that NGLs of
the ratio of the jet veto and the jet masses ⇤/m1,2

are present, in addition to NGLs of the ratio of masses
m1/m2. We calculate the coe�cients only of leading dou-
ble NGLs ↵2

s ln2(µ1/µ2) in this paper. The relevant scales
for this observable are shown in Fig. 1 for a particular hi-
erarchy of m1,2 and ⇤, however our results are valid for
any choice such that Q � m1,2 � m2

1,2/Q, ⇤.
In [21], we discovered that at O(↵2

s) NGLs of two soft
scales µ1,2 can be constructed from separate pieces de-
pendent on the ratio of the factorization scale µ to one
physical scale at a time. Namely, the region of phase
space where one of the soft gluons enters the region sen-
sitive to the scale µ1 and the other enters the region
sensitive to µ2 generates the double log ↵2

s ln2 µ2/(µ1µ2),

Hard scale

Left jet scale

Right jet scale

Soft scales

µH = Q

µL
S = m2

1/Q

µout
S = ⇤

µR
S = m2

2/Q

µL
J = m1

µR
J = m2

FIG. 1: The relevant scales in the exclusive jet mass cross
section with an energy veto, ⇤ outside of the jets is shown
for a particular choice of the hierarchy m2

2 ⌧ ⇤Q ⌧ m2
1 that

gives rise to large non-global logs. Our results apply to any
choice of m1,2 and ⇤ that satisfies Q � m1,2 � m2

1,2/Q, ⇤,
which maintains the separation between hard, jet and soft
scales.

while the regions where soft gluons enter only region 1 or
only region 2 generate ↵2

s ln2(µ/µ1) and ↵2
s ln2(µ/µ2). In

[21] we derived from RG invariance of the cross section
and IR safety of the soft function that the coe�cients
of these logs are constrained so that the µ-dependence
cancels, but an NGL ↵2

s ln2(µ1/µ2) is left over. Analo-
gously for �(m1, m2, ⇤), the three soft phase space re-
gions that give rise to the NGLs at O(↵2

s) are shown
in Fig. 2. Each configuration contributes logarithms of
µ over a single scale, the “in-out” regions contributing
logs ↵2

s ln2 µ2/(⇤ m1,2), and the “in-in” region contribut-
ing logs ↵2

s ln2 µ2/(m1m2). These combine with single-
region contributions to give NGLs of ⇤/m1,2 with coe�-
cients fOL,OR and of m1/m2 with coe�cient fLR. These
coe�cients give the geometric factor S2 in Eq. (2). IR
safety and RG invariance will allow us to derive addi-
tional strong relations among these di↵erent coe�cients.

⌘1

⌘2
�⌘

R }kR}
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FIG. 3: “In-Out” NGLs for three algorithms. The co-
e�cient falg

OR(R) (equivalently falg
OL) of the leading NGL

ln2[kR/(⇤ tanR/2)] for the cone/anti-kT algorithms (solid),
the Cambridge-Aachen algorithm (dashed), and the kT algo-
rithm when kR ⌧ ⇤ (also dashed) and when ⇤ ⌧ kR (dotted).
These algorithms recombine soft gluons in successively larger
regions of phase space, reducing the coe�cient of the NGL.

d1n < d12, which simplifies to the same constraint as the
C/A algorithm,

✓1 < ✓12 . (48)

In this region the coe�cient fOR is the same as for the
Cambridge/Aachen algorithm.

In the opposite limit of the NGL scales, ⇤ tan R/2 ⌧
kR,

E2 tan R/2 ⌧ E1(1 � cos ✓1) . (49)

Outside of the power suppressed region of phase space,
d2 < d1n, and the constraint becomes d2 < d12. This is
more restrictive than the C/A case, equivalent to

R < ✓12 . (50)

In this region the coe�cient of the NGL of ⇤/kR can be
written similarly to Eq. (38),

fk
T

OR(R) = f cone
OR (R) � �fk

T

OR(R) , (51)

where �fk
T

OR is given by

�fk
T

OR(R) = 4

Z 1

⌘R

d⌘1

Z ⌘R

�⌘R

d⌘2

Z ⇡

0

d�

⇡

⇥ cos �

cosh(⌘1�⌘2) � cos �
✓(R � ✓12) , (52)

whose � integral can be evaluated to give

�fk
T

OR(R) = 4

Z 1

⌘R

d⌘1

Z ⌘R

log cot[max(⇡�R,✓
1

+R)]

d⌘2 (53)

⇥
(
��0 +

2

tanh(⌘1�⌘2)
tan�1

"
tan(�0/2)

tanh ⌘
1

�⌘
2

2

#)
,
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FIG. 4: “In-In” NGLs for three algorithms. The co-
e�cient falg

LR (R) of the leading NGL ln2(kL/kR) for the
cone/anti-kT algorithms (solid), the Cambridge-Aachen algo-
rithm (dashed), and the kT algorithm in the limit kL ⌧ kR (or
kR ⌧ kL) (dotted). The coe�cients only di↵er for R > ⇡/3,
the smallest angle for which the algorithms can begin to re-
combine soft gluons in separate jets.

where

�0 = cos�1


cos2

R

2
cosh(⌘1�⌘2) � sin2 R

2
cosh(⌘1+⌘2)

�
,

(54)
and ✓1 = 2 cot�1 e⌘

1 . We perform the remaining two
integrals in Eq. (53) numerically and plot the result in
Fig. 3.

2. In-In NGLs

When one soft gluon is inside each of the two jets, we
require

d1n , d2n̄ < d12 . (55)

As with fk
T

OR, we want to consider the limits of a large
NGL, namely kL ⌧ kR and kR ⌧ kL. We can con-
sider these limits simultaneously, taking kR ⌧ kL for
definiteness. At leading power this implies E1 ⌧ E2 and
d1n ⌧ d2n̄, since we can neglect the small angle region
near the jet axes. The constraint therefore becomes

✓1n < ✓12 , (56)

and we have

⇥k
T

LR = ✓(0<✓1 <R) ✓(⇡�R<✓2 < ⇡)✓(✓1 <✓12) . (57)

When kL ⌧ kR, the last constraint changes to ✓2 < ✓12,
but this results in an identical coe�cient. As before, we
can divide the calculation as

fk
T

LR(R) = f cone
LR (R) � �fk

T

LR(R) , (58)

C/A

kT

anti-kT
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❖ anti-kT ➝ only clusters soft when ∆θ ~ E ~ λ2!
⟹ cone and anti-kT don’t have clustering logs

CFCA :
CF2!

(pure clustering) :

anti-kT :!
(soft last)
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FIG. 5: Sum of NGL coe�cients for three algorithms. As de-
rived in Sec. III, the sum fOR + fLR is equal to 1

2
fR, the

contribution to NGLs from gluons just in the R jet. We
plot 1

2
falg
R for the cone/anti-kT (solid), Cambridge-Aachen

(dashed), and kT algorithms when kR ⌧ ⇤ (dot-dashed) and
when ⇤ ⌧ kR (dotted). 1

2
f cone
R is a constant, ⇡2/3.

where

�fk
T

LR(R) = 4

Z 1

⌘R

d⌘1

Z �⌘R

�1
d⌘2

Z ⇡

0

d�

⇡

cos �

cosh(⌘1�⌘2)�cos �

⇥ ✓(✓1 � ✓12) , (59)

where

�fk
T

LR(R) = 4

Z 1

⌘R

d⌘1

Z �⌘R

min(�⌘R,ln sinh ⌘
1

)

d⌘2

⇥
(
� cos�1

�
e�⌘

2 sinh ⌘1

�
(60)

+
2

tanh(⌘1�⌘2)
tan�1

"
coth

✓
⌘1�⌘2

2

◆s
1�e�⌘

2 sinh ⌘1

1+e�⌘
2 sinh ⌘1

#)
.

We perform the remaining integrals numerically and plot
the result in Fig. 4. We also sum the in-out and in-in
coe�cients, fk

T

OR + fk
T

LR = 1
2fk

T

R , and plot it in Fig. 5.

D. Leading NGLs

With the leading NGLs in hand, we can compare
the coe�cients between algorithms and learn about the
structure of the NGLs. These observations confirm and
extend previous studies of clustering e↵ects on NGLs (e.g.
[20, 29, 30]). Our extensive investigation of the algorithm
and R dependence found above makes clearer this con-
nection between clustering algorithms and NGLs and al-
lows us to make more specific statements about the field
theoretic origin and properties of NGLs.

We first build a picture of the NGLs that we can use
to interpret the results for di↵erent algorithms. For all

algorithms, the matrix element contributing to the coef-
ficients fOR, fOL, and fLR is proportional to

cos ��

cosh(�⌘) � cos ��
, (61)

where �� is the azimuthal angle di↵erence and �⌘ is the
pseudorapidity di↵erence between the soft gluons. The
phase space restrictions require the gluons to be in dif-
ferent regions, so that �⌘ > 0. The region �⌘ and ��
near zero provides a collinear enhancement to the NGL
coe�cients, but there is no collinear singularity that sets
the value of the coe�cient. This implies that the NGLs
are soft logarithms. The infrared singularities that are
contained in the distributions

k�1�2✏
L,R and ⇤�1�2✏ (62)

come from the soft region of phase space, when E1,2 ! 0.
The coe�cients of the NGLs receive support over the en-
tire region of phase space, with the dominant contribu-
tion near the jet boundary. Since di↵erent jet algorithms
merge nearby soft gluons in di↵erent ways, the coe�cient
of the in-out NGLs is very di↵erent. We now discuss the
results for each algorithm.

We start with the in-out coe�cient, falg
OR(R) (equiva-

lently falg
OL). In Fig. 3, we plot this coe�cient as a func-

tion of R. The cone and anti-kT coe�cient is significantly
larger than either C/A or kT. This is a manifestation of
the in-out phase space. For the cone and anti-kT algo-
rithms, the soft gluons on either side of the jet boundary
will not recombine together. The soft gluons that are
close to the jet boundary (one in the jet, one out) con-
tribute more to the NGL from a collinear enhancement
in the matrix element (see Eq. (61)). For the C/A and
kT algorithms, soft gluons near the boundary will recom-
bine together and not contribute to fOR. This removes
the region with collinear enhancement and subsequently
reduces the size of the coe�cient. Since the kT algorithm
also weights the pairwise recombination metric by the
minimum energy of the pair, the region of phase space
for soft gluon recombination is larger. This further re-
duces the size of the coe�cient, and for large R it even
changes sign. For each algorithm, it is interesting to see
that the NGL coe�cient is nearly constant over a wide
range of R; for the anti-kT algorithm, the corrections for
small R go as R4.

The behavior of the in-in coe�cient is very di↵erent
from the in-out coe�cient. The in-in coe�cient, falg

LR(R),
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1 Loop Results
❖ jet function = inclusive (up to O(τ/R))!

❖ same γs (soft anom dim) as thrust!

❖ soft function has finite shift:
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 2 Loop Results
❖ after adding clustering, same as thrust γs(2)!

!

!

❖ CF2 (can separate soft clustering)!

❖ S(2)(x, y) = 1/2(S(1)(x,y))2 + clustering!

❖ CFCA (IR safety ⇒ don’t separate clustering effect)!

❖ w/ clustering, all divergences cancel -> left with 
different (finite) NGLs
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 2 Loop Results

clustering size ~    < 1 - a �

“fuzzy” region ~ 1 - a  

clustering region ~     > 1 - a �
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❖ Cancellation of NGLs:



Conclusions and Outlook
❖ Q-thrust: !

❖ non-deterministic but energy-flow variable !

❖ calculable!!

❖ interesting (important?) effect on NGLs!!

❖ generalizes naturally to Q-(sub)jettiness!

❖ Outlook:!

❖ performance & correlations!

❖ many related observables to study, should exhibit same 
generic properties (calculability and NGLs)


