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Why would we be interested in this?
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Signal QCD Background

Full details available here:
 http://arxiv.org/abs/1405.5008

http://arxiv.org/abs/1405.5008
http://arxiv.org/abs/1405.5008


What Are Wavelets?
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Mathematical tool 
developed in the 
1980s and 90s

Grew out of short-time 
Fourier Transforms, i.e. 

windowed by a Gaussian 
(Morlet & Grossman,1980)  

Modern, discrete and 
orthogonal wavelet basis 
developed in large part by 
Ingrid Debauchies (~1988)

Many applications in a 
wide range of subjects. 
Deep relevance to the 
way the natural world 

appears to work.



Mathematical Definition
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Signal

Arbitrary scale (limit of 
resolution is a good choice)

Coefficient Wavelet function

Index m identifies the physical scale of the 
coefficient (c.f. wavelength for Fourier)

Index n identifies the location (translation) of 
the contribution

The wavelet bases are re-scalings and 
translations of a (scale-less) mother wavelet

 mn (�) =
p

2m (2m�� n)
Wavelet coefficients have both scale, and 
translation (FT has only scale)



Demonstration of the Haar Wavelet
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The Haar wavelet is the simplest 
wavelet, consisting of a step 
function that takes the difference 
between adjacent points

After taking the difference, the two 
points are averaged, and the output 
is a re-scaled version of the signal Re-apply the 

wavelet to the re-
scaled signal
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(More generally, a high-pass and low-pass filter)



Daubechies Wavelet Basis
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The Daubechies family of wavelets 
are usually more useful - encodes 
high frequency features better

Derived  recursively by 
inverse transforming 

{1,0,0,...N}

The “well known” 
Daubechies 4 wavelet

And the re-scaling 
function



Multi-Resolution Analysis
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Wavelets are an example of multi-resolution 
analysis

Your brain processes 
vision like this - 

analysing contrast 
changes over the local 

background (This is the same 
image, but when 
seen from afar 
your brain uses 
the large-scale 
structure, up 
close it prioritises 
the fine detail)

Already we can see how this 
is pretty similar to ideas like 
pile-up/UE removal and  
substructure, which aim to 
separate wide-scale structure 
(pile up) from local features 
(sub-structure)



Use of Wavelets
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The cochlea inside your ear is arranged such that it 
performs a wavelet transform on sound.  Attempts to 
“sonify” LHC data were doing wavelet analysis!

Astronomers use 
these techniques 
for image 
analysis, 
extraction of fine 
details like 
Einstein rings.

Wavelets used to 
decompose the 

CMBR

The Stock market 
is (allegedly) 

fractal, and 
subject to wavelet 

analysis

FTSE 100

Wavelets can be 
used as the basis 
of a compression 
algorithm, 
including JPEG 
2000



Self-Similarity
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Benoît B.* Mandlebrot: 
“Clouds are not spheres, mountains are not cones, coastlines 
are not circles, and bark is not smooth, nor does lightning 
travel in a straight line.”
*The B. stands for “Benoît B. Mandlebrot”

He could also have added 
“…and jets are not 

partons!”
SHERPA: An event generator for the LHC

T. Gleisberg, S. Höche, F. Krauss, A. Schälicke, S. S. and J. Winter, JHEP 0402:056,2004

In its current version SHERPA includes:

the ME generator AMEGIC++
(providing the ME’s for hard processes and
decays in the SM, MSSM and the ADD model)

the parton shower module APACIC++
(containing a virtuality ordered initial
and final state parton shower)

combination of ME’s and PS’s á la CKKW
an interface to the Pythia string
fragmentation and hadron decays
next release will contain a simple hard UE model
(see talk by S. Höche)

Sherpa is the framework responsible for the initialization of
the different phases and for steering the event generation

Steffen Schumann HERA/LHC Workshop, CERN, 11.-13. October 2004 – p.2

~
Complex structures 
from simple rules

Scale invariance manifests itself in QCD 
showers, where there is a 1->2 splitting 
kernel (at LO), repeatedly applied at 
different scales (angle, pT, Q).  The output 
at one scale is the input at the next scale.

Our models for QCD are self-
similar, the same structures repeated 

over and over, on different scales

If the splitting kernel of a QCD shower 
were a wavelet basis function*, then the 
shower evolution  IS a wavelet 
reconstruction
*question for a theorist, can you 
construct a toy shower from wavelets?

With wavelets, we aim to directly interrogate 
the shower evolution!

(Diagram from Sherpa 
webpages at 

sherpa.hepforge.org)
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Wavelets are a natural and 
beautiful basis in which to study 
particle physics...

...but what can we do with them?



Truth MC Samples
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Boosted bosons seems a good candidate to look at 
first, since we know substructure techniques have 
utility there.

2M Pythia 8 AU2-CTEQ6L1 hadronic W events, weighted in pT, min pT 180 GeV (the signal)

10 M Pythia 8 AU2-CTEQ6L1 QCD events, weighted in pT, min pT 180 GeV (the background)

Run Cambridge Aachen R=1.2 jet finder, require jets with pT > 300 GeV, |y| <2

Plot mass of such jets

(LO MC unlikely to get boson kinematics right, but 
we are interested in the shower and decay here, 

therefore it’s an appropriate choice)



Jet Mass
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There is a mass peak, but it’s rubbish - shifted to higher 
mass, wide, poor shape.  The background peak is right on 
top of the W.  Well known to be the case.
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Event Rasterisation
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Input particle vectors

Input rasterised 
event

Rasterised event 
after wavelet 
analysis

Ratio of analysed 
rasterised event to 

input rasterised 
event

Output particle 
vectors after scaling 
momenta by above ratio

Discrete wavelet 
transform operates on, 
effectively, 2D histogram 
(pixel-array).

But truth event is list of 
point-like particles (or 
calo-cells, tracks etc.)

Rasterisation turns the 
list of particles into a 2D 
image/histo, amenable 
to discrete wavelet 
analysis

After wavelet analysis, the input particles are scaled by the ratio of 
pre/post analysis rasterised events



Wavelet De-noise
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Wavelet transform the rasterised (2D array) event using the Daubechies D4 wavelet

Any coefficient with magnitude less than 1 GeV, set it to zero

Invert  the transform on the filtered coefficients.  

This is a classic de-noising technique, 
removing the least significant information 

in the frequency domain.

Take the ratio of the output 2D histo to the input.  Multiply each particle’s 
pT by the ratio of the bin it lies in

Gives set of NxN wavelet coefficients, with N the “resolution” of the 
rasterisation grid (128 in this example)



Versatility 
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Unlike other substructure techniques, we filtered 
the entire event.    

We maximised our use of information from 
the whole event, not just a single jet.

We could run any jet finder, of any radius.  

Unlike traditional substructure filtering, we did not 
subtract any particles - we estimated the soft 

contribution to each particle.  This is in keeping with 
the nature of QCD, in which no individual particle can 

be said to be from soft physics



Wavelet De-noise
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Magnitude of wavelet coefficients 
for signal and background

Coefficients removed during de-
noising not particularly sensitive 
to the 1 GeV threshold

Most removed coefficients lie well 
below the threshold

1 GeV threshold is anyway a rough 
guess based on the scale of non-
perturbative physics - could be 
optimised by studies of soft QCD.

W events are noticeably harder in 
the wavelet domain than QCD 

events



Wavelet De-noise
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Slight difference in y and φ.  
Also slight difference in W and QCD - we shall return to that later...
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Shows angular scale of removed activity.

Note it automagically removes more wide-
angle (=soft) activity!
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Wavelet De-noise

18

It works pretty nicely, but there’s more...



Wide-Angle Vs. Small Angle
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The wavelet separates wide-angle contributions from small angle 
contributions.  These should be well correlated with the shower evolution 
parameter

We can ask what fraction of a jet’s pT or mass comes from wide angle, and 
what fraction from small angle

We can do this for any jet, regardless of R or 
algorithm.

QCD jets will tend to be more gluon-y (=wider angle, 
fluffier) compared to a hard W/Z boson

Remember that the shower model is, or can be approximated by, a wavelet 
reconstruction - the wavelet decomposition allows us to ask questions about 
how the jet evolved!

W and QCD jets evolve differently - they have different 
colour topologies.  We can tell them apart.
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With Sherpa, we can generate activity either in the matrix element, or the shower (2->4, 
2->3 or 2->2 in the ME)

Count the number of jets as we remove high-
frequency activityCan see that the shower 

overtakes the ME at wide-angle, as you’d expect.  

(An aside on shower Vs. ME in Sherpa)

KT 0.7
pT > 50 GeV

KT 0.7
pT > 50 GeV



Evolution of jet pT with angle
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As expected, there is  a difference.  
Note this is NOT a jet profile, it 

has nothing to do with the jet 
radius!

Wide Angle Radiation Small Angle Radiation

The QCD jets have a larger 
fraction of their pT in the lower 
frequency (=wider angle) levels!

Pythia 8, AU2-CTEQ6L1
QCD
W

We can observe the 
difference in shower 
evolution in the two 

types of jet!
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(Back to Pythia hadronic W)
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Again, this is NOT a jet profile, it 
has nothing to do with the jet 

radius!

Wide Angle Radiation Small Angle Radiation

Similar in jet mass to jet pT - W 
jets are more towards the small 
angle (=early in shower evolution)

Pythia 8, AU2-CTEQ6L1
QCD
W

We can observe the 
difference in shower 
evolution in the two 

types of jet!)m
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In Detail
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We can construct a 
likelihood ratio to 

separate signal from 
background...
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fraction distributions at 
the different wavelet 
levels (~angular scales)



Likelihood Ratio
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This is now a rudimentary 
wavelet-based pattern 
recognition algorithm.  Could 
be improved with further 
optimisation.  
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Only used mass fraction here - 
other information could also 

be used, either wavelet based, 
or traditional quantities (N 

tracks etc.)

This separation is on the jets 
that have already been 
improved by de-noising - 
much soft activity already 
removed



De-noised Jet mass with LR > 0.6
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De-noised Jet mass with LR > 0.9
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Factor ~30 reduction 
in background QCD 

level over original!

At expense of slight 
loss of signal 
compared to 0.6, 
but still much better 
than un-processed 
signal
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(New Wave)

Have created New Wave, a C++ package to make wavelet analysis of 
collider events extremely easy

Allows HepMC events, Rivet particles, FastJet PseudoJets, ROOT 
TWhatever… your favourite momentum-y thing, to be wavelet decomposed

Returns to you a copy of whatever event you gave it after wavelet analysis.  V. easy to 
include as a pre-processing step prior to jet finding etc. - about 6 lines of code.

Includes example code for filtering HepMC events or for use in a Rivet routine

Because you wouldn’t want a bloated prog-rock analysis!

Noise Elimination With Wavelets At Vast Energies
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Hosted on Hepforge at 
https://newwave.hepforge.org

Expandable to 
allow you to 

“easily” write your 
own wavelet 

decomposition 
function, or uses 

GSL for the 
Daubechies family 

https://newwave.hepforge.org
https://newwave.hepforge.org


Summary
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๏ General method is rasterize->analyse->re-scale activity->run jets (or other observables)

๏ Natural way to probe scale-invariant behaviour.  Mature and sophisticated mathematical 
wavelet tools and libraries are widely available

๏ Unlike most substructure techniques, particles are not labelled as “soft” or “hard” in 
origin, instead each particle is ascribed a wide- and small-angle contribution, in keeping 
with quantum mechanics.

๏ Much left to do

๏ Different wavelets, resolutions

๏ Understand pile up better

๏ Understand in context of QCD theory

๏ Effectiveness could depend strongly on the angular resolution we can obtain.  

๏ But the reward could be a great new way to understand hadron collisions.

More details available in preprint here: http://arxiv.org/abs/1405.5008

http://arxiv.org/abs/1405.5008
http://arxiv.org/abs/1405.5008


Back up

30



Different QCD jets
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Note the evolution of the background 
shape as the cut is tightened 

Indicates there are (at least) two distinct 
populations of jets in the QCD sample, 
which respond differently to the cut

Reflects the underlying behaviour of 
QCD (quarks and gluons)

Constructing separate likelihood for the 
different QCD jets could further improve 
the signal separation



What About Pile Up?
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Generated additional 44 M Pythia 8 A2-CTEQ6L1 min bias events

Overlaid on the signal sample using “PileMC” package

Poisson distribution with a mean of 20 pile up collisions

Adapt noise threshold to:

t (my, m�) =
✓

1 + Npileup ⇥
6.4

2my ⇥ 2m�

◆
GeV

Previous soft 
QCD threshold

1 GeV of min 
bias activity per 

unit rapidity

Area to which wavelet 
coefficient contributes.  

Accounts for independent 
overlapping events

Wavelet levels 
= angular scale

Number of pile 
up collisions

Independent pile up events 
behave differently to a 
single event - they are not 
correlated

Wide angle behaviour is affected 
more due to overlap of events.

Small angle still comes from 
a single event

With wavelet analysis we can easily separate the wide and small angle parts

(to be optimised by further study 
of soft QCD in the wavelet 

domain)
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Wavelet analysis has 
rescued a peak from 

the pile up

No other pile up 
techniques here.

What About Pile Up?

Could use JVF, jet 
area etc. in addition 

to further improve 
things

Jet selection by 
likelihood is 
unaffected

What about worse 
shape and larger 

peak?..
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What About Pile Up?

Jet mass correlated 
with pT

Likely reason is that 
the jet pT biasses 
the mass
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