
Rc → 0

   In order to identify the role played by thermal effects and vacuum 
logarithmic corrections, we compare three cases:

(a) including thermal corrections (with T = 30 MeV):

(b) considering quantum vacuum terms:

(c) cold and dense LSMq:

estimated as                        [9,10], 
where Fb is the free energy of the 
critical bubble configuration and      
T f = 30 MeV i s an ad hoc 
temperature

Conclusions

   Here [5] we consider the linear sigma model coupled with constituent 
quarks (LSMq) at zero or low  temperature and finite quark chemical 
potential as a model for the thermodynamics of strong interactions in 
cold and dense matter. Since we are concerned with the chiral phase 
transition, we neglect the pions [6] and work with the following 
Lagrangian:

The scalar field    plays the role of an approximate order parameter for 
the chiral transition, being an exact order parameter for massless 
quarks and pions. 

   We compute the effective potential                 

for the sigma condensate integrating over the quark fields and keeping 
quadratic fluctuations of the sigma field around the condensate. Our full 
thermodynamic potential     incorporates all corrections from the 
medium and vacuum fluctuations in the MSbar scheme, including 
logarithmic and scale-dependent contributions from quark and sigma 
bubble-diagrams.

   Up to 1-loop order, the temperature- and chemical-potential-
dependent contribution is that of an ideal gas

and the quantum vacuum term is given by:

In the zero-temperature limit, the medium contribution reduces to:

with the effective masses:                                                                    .
   
     The conditions for fixing the parameters are imposed on the vacuum 
effective potential, and therefore will be modified in the presence of 
vacuum logarithmic corrections.

   To contribute to the investigation of the possibility of nucleating quark 
matter droplets during the early post-bounce stage of core collapse 
supernovae, we follow Ref. [2] and define the nucleation time as being 
the time it takes for the nucleation of a single critical bubble inside a 
volume of 1 km3, which is typical of the core of a protoneutron star, i.e.

   The relevant time scale to compare is the time interval the system 
takes from the critical chemical potential to the spinodal during the 
supernova event, if it ever reaches such high densities in practice. The 
typical time scale for the early post-bounce phase is of the order of a 
fraction of a second, so that the time within the metastable region is 
smaller, in the ballpark of milliseconds.
  

   Consistently, we find that, within LSMq, vacuum corrections tend to 
increase the density depth required for efficient nucleation whereas 
thermal corrections push in the opposite direction. Our results for the 
nucleation time, together with those for the surface tension, tend to favor 
the best scenario for nucleation of quark matter in the supernova 
explosion scenario considered in Ref. [2], especially when thermal 
corrections with physical temperatures are included. To a great measure, 
this happens because the nucleation time, and the whole process of 
phase conversion, depends very strongly on the surface tension, since it 
enters cubed in the Boltzmann exponential of the nucleation rate.

   Recently, it was shown that deconfinement can happen during the 
early post-bounce accretion stage of a core collapse supernova event, 
which could result not only in a delayed explosion but also in a neutrino 
burst that could provide a signal of the presence of quark matter in 
compact stars [1]. However, as was discussed in detail in Ref. [2] (see 
also Ref. [3])  those possibilities depend on the actual dynamics of 
phase conversion, more specifically on the time scales that emerge. In a 
first-order phase transition, as is expected to be the case in QCD at very 
low temperatures, the process is guided by bubble nucleation (usually 
slow) or spinodal decomposition (“explosive'' due to the vanishing 
barrier), depending on how fast the system reaches the spinodal 
instability as compared to the nucleation rate. Nucleation in relatively 
high-density, cold strongly interacting matter, with chemical potential of 
the order of the temperature, can also play an important role in the 
scenario proposed in Ref. [4], where a second (little) inflation at the time 
of the primordial quark-hadron transition could account for the dilution of 
an initially high ratio of baryon to photon numbers. A key ingredient in 
both scenarios is, of course, the surface tension, since it represents the 
price in energy one has to pay for the mere existence of a given bubble 
(or droplet), which is not known for cold and dense QCD, as well as the 
whole nucleation process. 
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FIG. 3: Surface tension as a function of the quark chemical
potential in the two metastable regions.

is the free energy of the critical bubble configuration and
Tf = 30 MeV is an ad hoc temperature. Applying the ex-
pression above for the nucleation rate in this case means
that we are neglecting the temperature dependence of the
critical-bubble free energy in the exponent. The results
are shown in Fig. 4 for both metastable regions. The
nucleation rate falls abruptly as the chemical potential
approaches its critical value.

It is interesting to point out that the di!erence in the
size of the metastable regions above and below criticality
might play an important role in determining whether nu-
cleation is a viable process of phase conversion for a given
system, as compared to spinodal decomposition scenar-
ios or even if the lifetime of the system represents enough
time for nucleation to take place. It is clear in Fig. 4, for
instance, that the domain in chemical potential for which
the nucleation rate assumes sizable values is larger at the
metastable region corresponding to bubble formation of
hadronic matter in a partonic medium.
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FIG. 4: Nucleation rate as a function of the quark chemical
potential in the two metastable regions.

C. E!ects from vacuum terms versus thermal
corrections

Having presented in the subsection above the impor-
tant parameters for nucleation and discussed their results
for the zero-temperature chiral transition in the LSMq,
let us now analyze the influence of quantum logarithmic
terms in the vacuum e!ective potential as well as thermal
corrections.

In this section we focus on the metastable region above
the critical chemical potential, aiming for thermal nucle-
ation of quark matter droplets in compact objects and
especially supernovae explosions. In this vein, we also
keep relatively low temperatures when including thermal
corrections, up to T = 30 MeV. The systematic inclusion
of thermal corrections provides a measure of the validity
of the zero-temperature approximation for the thermody-
namics and phase structure in low-temperature scenarios
such as those found in compact objects. We find that
results for the nucleation parameters up to T = 10 MeV
present variations within ! 10% of the zero-temperature
values, displayed in the previous section.
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FIG. 5: Density in units of the nuclear saturation density
n0 = 0.16 fm!3 as a function of the quark chemical potential
in the cold and dense LSM (curve (c)), including vacuum
terms (curve (b)) and thermal corrections (curve (a)).

In Figures 6–9, the role played by temperature correc-
tions and quantum vacuum e!ects is presented. More
specifically, we compare results for the three following
situations: (a) classical vacuum e!ective potential with
thermal corrections for T = 30 MeV, (b) quantum vac-
uum e!ective potential at zero temperature, (c) classi-
cal vacuum e!ective potential at zero temperature, i.e.
the results shown in the last subsection. Each case
is associated with a di!erent critical chemical poten-
tial (indicated by arrows in the plots; the normalization
µcrit,0 = 305.03 MeV corresponds to the critical chemical
potential of the case (c), of the last subsection) and also
a di!erent spinodal chemical potential (denoted by the
vertical, dashed lines).
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FIG. 8: Surface tension in the nucleation region of quark
droplets as a function of the quark chemical potential in the
cold and dense LSM (curve (c)), including vacuum terms
(curve (b)) and thermal corrections (curve (a)).

Therefore, if the environment in the core of a compact
object is cold enough and if the e!ective theory including
quantum corrections in the vacuum is the most suited for
describing the chiral transition, then the surface tension
can be as high as ! 17.5 MeV/fm2 near criticality ren-
dering quark matter nucleation much slower and even an
improbable phenomenon.
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FIG. 9: Nucleation rate in the nucleation region of quark
droplets as a function of the quark chemical potential in the
cold and dense LSM (curve (c)), including vacuum terms
(curve (b)) and thermal corrections (curve (a)).

Analogous results for the nucleation rate " can be seen
in Figure 9. Once again, the amount of supercompression
associated with a given chemical potential should be kept
in mind. The nucleation rate falls abruptly for chemical
potentials approaching the respective critical values. In
the vicinity of the spinodals, the nucleation rate is dom-
inated by the pre-exponential factor and reaches sizable
values, around ! 0.1 MeV/fm3.

D. Consequences for quark-matter-induced
supernova explosion scenario

To contribute to the investigation of the possibility of
nucleating quark matter droplets during the early post-
bounce stage of core collapse supernovae, we follow Ref.
[9] and define the nucleation time as being the time it
takes for the nucleation of a single critical bubble inside
a volume of 1km3, which is typical of the core of a pro-
toneutron star, i.e.
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FIG. 10: Nucleation time defined for a typical volume of 1
km3 in the cold and dense LSM (curve (c)), including vacuum
terms (curve (b)) and thermal corrections (curve (a)).

Fig. 10 shows this quantity as a function of the normal-
ized chemical potential for the three scenarios considered
in this analysis. The relevant time scale to compare is the
time interval the system takes from the critical chemical
potential to the spinodal during the supernova event, if
it ever reaches such high densities in practice. Implicit
in the definition above is the approximation of constant
density and temperature over the core, which is fine for
an estimate, since density profiled are quite flat in this
region of the star. The typical time scale for the early
post-bounce phase is of the order of a fraction of a second,
so that the time within the metastable region is smaller,
in the ballpark of milliseconds.

Keeping these simplifications in mind, together with
the caveat that the LSMq does not describe nuclear mat-
ter besides the chiral properties of strong interactions,
we show in Fig. 9 that vacuum corrections tend to in-
crease the density depth required for e#cient nucleation
whereas thermal corrections push in the opposite direc-
tion, consistently with the results discussed in the pre-
vious subsection. Our results for the nucleation time,
together with those for the surface tension, tend to favor
the best scenario for nucleation of quark matter in the
supernova explosion scenario considered in Ref. [9], es-
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is the free energy of the critical bubble configuration and
Tf = 30 MeV is an ad hoc temperature. Applying the ex-
pression above for the nucleation rate in this case means
that we are neglecting the temperature dependence of the
critical-bubble free energy in the exponent. The results
are shown in Fig. 4 for both metastable regions. The
nucleation rate falls abruptly as the chemical potential
approaches its critical value.

It is interesting to point out that the di!erence in the
size of the metastable regions above and below criticality
might play an important role in determining whether nu-
cleation is a viable process of phase conversion for a given
system, as compared to spinodal decomposition scenar-
ios or even if the lifetime of the system represents enough
time for nucleation to take place. It is clear in Fig. 4, for
instance, that the domain in chemical potential for which
the nucleation rate assumes sizable values is larger at the
metastable region corresponding to bubble formation of
hadronic matter in a partonic medium.
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C. E!ects from vacuum terms versus thermal
corrections

Having presented in the subsection above the impor-
tant parameters for nucleation and discussed their results
for the zero-temperature chiral transition in the LSMq,
let us now analyze the influence of quantum logarithmic
terms in the vacuum e!ective potential as well as thermal
corrections.

In this section we focus on the metastable region above
the critical chemical potential, aiming for thermal nucle-
ation of quark matter droplets in compact objects and
especially supernovae explosions. In this vein, we also
keep relatively low temperatures when including thermal
corrections, up to T = 30 MeV. The systematic inclusion
of thermal corrections provides a measure of the validity
of the zero-temperature approximation for the thermody-
namics and phase structure in low-temperature scenarios
such as those found in compact objects. We find that
results for the nucleation parameters up to T = 10 MeV
present variations within ! 10% of the zero-temperature
values, displayed in the previous section.
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FIG. 5: Density in units of the nuclear saturation density
n0 = 0.16 fm!3 as a function of the quark chemical potential
in the cold and dense LSM (curve (c)), including vacuum
terms (curve (b)) and thermal corrections (curve (a)).

In Figures 6–9, the role played by temperature correc-
tions and quantum vacuum e!ects is presented. More
specifically, we compare results for the three following
situations: (a) classical vacuum e!ective potential with
thermal corrections for T = 30 MeV, (b) quantum vac-
uum e!ective potential at zero temperature, (c) classi-
cal vacuum e!ective potential at zero temperature, i.e.
the results shown in the last subsection. Each case
is associated with a di!erent critical chemical poten-
tial (indicated by arrows in the plots; the normalization
µcrit,0 = 305.03 MeV corresponds to the critical chemical
potential of the case (c), of the last subsection) and also
a di!erent spinodal chemical potential (denoted by the
vertical, dashed lines).
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is the free energy of the critical bubble configuration and
Tf = 30 MeV is an ad hoc temperature. Applying the ex-
pression above for the nucleation rate in this case means
that we are neglecting the temperature dependence of the
critical-bubble free energy in the exponent. The results
are shown in Fig. 4 for both metastable regions. The
nucleation rate falls abruptly as the chemical potential
approaches its critical value.

It is interesting to point out that the di!erence in the
size of the metastable regions above and below criticality
might play an important role in determining whether nu-
cleation is a viable process of phase conversion for a given
system, as compared to spinodal decomposition scenar-
ios or even if the lifetime of the system represents enough
time for nucleation to take place. It is clear in Fig. 4, for
instance, that the domain in chemical potential for which
the nucleation rate assumes sizable values is larger at the
metastable region corresponding to bubble formation of
hadronic matter in a partonic medium.
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C. E!ects from vacuum terms versus thermal
corrections

Having presented in the subsection above the impor-
tant parameters for nucleation and discussed their results
for the zero-temperature chiral transition in the LSMq,
let us now analyze the influence of quantum logarithmic
terms in the vacuum e!ective potential as well as thermal
corrections.

In this section we focus on the metastable region above
the critical chemical potential, aiming for thermal nucle-
ation of quark matter droplets in compact objects and
especially supernovae explosions. In this vein, we also
keep relatively low temperatures when including thermal
corrections, up to T = 30 MeV. The systematic inclusion
of thermal corrections provides a measure of the validity
of the zero-temperature approximation for the thermody-
namics and phase structure in low-temperature scenarios
such as those found in compact objects. We find that
results for the nucleation parameters up to T = 10 MeV
present variations within ! 10% of the zero-temperature
values, displayed in the previous section.
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FIG. 5: Density in units of the nuclear saturation density
n0 = 0.16 fm!3 as a function of the quark chemical potential
in the cold and dense LSM (curve (c)), including vacuum
terms (curve (b)) and thermal corrections (curve (a)).

In Figures 6–9, the role played by temperature correc-
tions and quantum vacuum e!ects is presented. More
specifically, we compare results for the three following
situations: (a) classical vacuum e!ective potential with
thermal corrections for T = 30 MeV, (b) quantum vac-
uum e!ective potential at zero temperature, (c) classi-
cal vacuum e!ective potential at zero temperature, i.e.
the results shown in the last subsection. Each case
is associated with a di!erent critical chemical poten-
tial (indicated by arrows in the plots; the normalization
µcrit,0 = 305.03 MeV corresponds to the critical chemical
potential of the case (c), of the last subsection) and also
a di!erent spinodal chemical potential (denoted by the
vertical, dashed lines).
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FIG. 8: Surface tension in the nucleation region of quark
droplets as a function of the quark chemical potential in the
cold and dense LSM (curve (c)), including vacuum terms
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Therefore, if the environment in the core of a compact
object is cold enough and if the e!ective theory including
quantum corrections in the vacuum is the most suited for
describing the chiral transition, then the surface tension
can be as high as ! 17.5 MeV/fm2 near criticality ren-
dering quark matter nucleation much slower and even an
improbable phenomenon.
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FIG. 9: Nucleation rate in the nucleation region of quark
droplets as a function of the quark chemical potential in the
cold and dense LSM (curve (c)), including vacuum terms
(curve (b)) and thermal corrections (curve (a)).

Analogous results for the nucleation rate " can be seen
in Figure 9. Once again, the amount of supercompression
associated with a given chemical potential should be kept
in mind. The nucleation rate falls abruptly for chemical
potentials approaching the respective critical values. In
the vicinity of the spinodals, the nucleation rate is dom-
inated by the pre-exponential factor and reaches sizable
values, around ! 0.1 MeV/fm3.

D. Consequences for quark-matter-induced
supernova explosion scenario

To contribute to the investigation of the possibility of
nucleating quark matter droplets during the early post-
bounce stage of core collapse supernovae, we follow Ref.
[9] and define the nucleation time as being the time it
takes for the nucleation of a single critical bubble inside
a volume of 1km3, which is typical of the core of a pro-
toneutron star, i.e.
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FIG. 10: Nucleation time defined for a typical volume of 1
km3 in the cold and dense LSM (curve (c)), including vacuum
terms (curve (b)) and thermal corrections (curve (a)).

Fig. 10 shows this quantity as a function of the normal-
ized chemical potential for the three scenarios considered
in this analysis. The relevant time scale to compare is the
time interval the system takes from the critical chemical
potential to the spinodal during the supernova event, if
it ever reaches such high densities in practice. Implicit
in the definition above is the approximation of constant
density and temperature over the core, which is fine for
an estimate, since density profiled are quite flat in this
region of the star. The typical time scale for the early
post-bounce phase is of the order of a fraction of a second,
so that the time within the metastable region is smaller,
in the ballpark of milliseconds.

Keeping these simplifications in mind, together with
the caveat that the LSMq does not describe nuclear mat-
ter besides the chiral properties of strong interactions,
we show in Fig. 9 that vacuum corrections tend to in-
crease the density depth required for e#cient nucleation
whereas thermal corrections push in the opposite direc-
tion, consistently with the results discussed in the pre-
vious subsection. Our results for the nucleation time,
together with those for the surface tension, tend to favor
the best scenario for nucleation of quark matter in the
supernova explosion scenario considered in Ref. [9], es-

Surface tension and nucleation
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Consequences for quark-matter-
induced supernova explosions

L = ψf [iγ
µ∂µ −mq − gσ]ψf +

1

2
∂µσ∂

µσ − U(σ)

σ

Veff(σ̄) = U(σ̄) + Ωren
ξ (σ̄)

Veff(σ̄) = U(σ̄) + Ωren
ξ (σ̄)

- EXTRACTING THE NUCLEATION PARAMETERS:
   Following Refs. [6] and aiming for reasonable estimates and functional 
behavior of the nucleation parameters, we work with approximate analytic 
relations by fitting the relevant region of the effective potential by a quartic 
polynomial and working in the thin-wall limit approximation for bubble 
nucleation. We can express the effective potential over the range between 
the critical chemical potential,   , and the spinodal,    , in the familiar 
Landau-Ginzburg form

µc µsp

Veff ≈
4�

n=0

an φ
n .

In the thin-wall approximation, the bubble solution is then written analytically 
and all the relevant nucleation parameters can be expressed in terms of the 
coefficients      . Veff ≈

4�

n=0

an φ
n .

- COLD AND DENSE NUCLEATION IN THE CHIRAL TRANSITION:

- THERMAL EFFECTS VERSUS VACUUM QUANTUM CORRECTIONS:

   The LSMq, however, does not contain essential ingredients to describe 
nuclear matter, e.g. it does not reproduce features such as the saturation 
density and the binding energy. Therefore, the results obtained here 
should be considered with caution when applied to compact stars or the 
early universe. It is an effective theory for a first-order chiral phase 
transition in cold and dense strongly interacting matter, and allows for a 
clean calculation of the physical quantities that are relevant for 
homogeneous nucleation in the process of phase conversion. In the spirit 
of an effective model description, our results should be viewed as 
estimates that indicate that the surface tension is reasonably low and 
falls with baryon density, as one increases the supercompression. First-
principle calculations in QCD in this domain are probably out of reach in 
the near future. Therefore, estimates within other effective models would 
be very welcome. 
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and the critical radius is obtained from Rc = (2!/"V ),
where "V ! V (!f ) " V (!t) # 2a|j|. Finally, the free
energy of a critical bubble is given by Fb = (4"!/3)R2

c ,
and from knowledge of Fb one can evaluate the nucleation
rate # $ e!Fb/T . In calculating thin-wall properties, we
shall use the approximate forms for !t, !f , !, and "V
for all values of the potential parameters.

B. Results for nucleation in the cold and dense
LSM

In what follows, we consider the LSM with quarks in
the absence of vacuum corrections. The e$ective poten-
tial up to 1-loop order is then given by Eq. (5) with

%ren
! = %(1)

med. This corresponds to the standard case,
adopted frequently in the literature (cf. e.g. Ref. [26]).

Using the method described in the previous section,
we characterize quantitatively the nucleation process pre-
dicted within this case, calculating di$erent nucleation
parameters. In this section, we present results for both
metastable regions, above and below the critical chemical
potential µcrit = 305.03 MeV, which correspond respec-
tively to the nucleation of quark droplets in a hadronic
environment and the formation of hadronic bubbles in a
partonic medium.
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FIG. 1: Critical radius as a function of the quark chemical po-
tential in the two metastable regions (between the spinodals).
The arrows indicate the critical chemical potential.

In Fig. 1, the critical radius, namely the radius of
the critical bubble, is displayed. Any bubble created in
the system via external influences or thermal fluctuations
will either grow or shrink unless its radius equals the
critical value, which settles the threshold between sup-
pressed and favored bubbles. For radii bigger than the
critical radius, the minimization of energy implies that
the droplet will grow and eventually complete the phase
conversion. The critical radius goes to zero at the spin-
odal curves, where the metastable false vacuum becomes
unstable (the barrier disappears) and the phase conver-
sion occurs explosively via the spinodal decomposition

process4. On the critical line the vacua become degener-
ate so that both of them are stable yielding no nucleation,
or equivalently, a divergent critical radius. In the case of
the chiral transition in the LSM with quarks, we obtain
that the critical radius is Rc < 10 fm over about $ 90%
of the metastable regions.
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FIG. 2: Ratio between the correlation length ! and the critical
radius Rc as a function of the quark chemical potential in the
two metastable regions.

The correlation length # which provides a measure of
the size of the bubble wall is plotted in Fig. 2, in units
of the critical radius. As discussed in the previous sec-
tion, the thin-wall approximation relies on the assump-
tion that the ratio between the surface correlation length
# and the radius of the critical bubble is small. Fig. 2
shows clearly that this is a reasonable condition in the
vicinity of the critical line, away from the spinodals.

The surface tension is a key parameter in quantify-
ing the nucleation process in a given medium since it
measures the amount of energy per unit of area that is
spent in the construction of a surface between the phases.
In Fig. 3 we show our result for the surface tension,
!, for the chiral transition in the cold and dense LSM
with quarks. The surface tension assumes values between
$ 4 and $ 13 MeV/fm2, being, throughout the whole
metastable region, of the order of magnitude that renders
the formation of quark matter viable during a supernova
explosion, according to Ref. [8]. The biggest values oc-
cur near criticality, since this domain is characterized by
large barriers and a small free energy di$erence between
the true and false vacua. It should be noted that those
values are well bellow previous estimates of this quantity,
as will be discussed in the conclusion.

We have also estimated the nucleation rate for homo-
geneous nucleation [49, 50] as # $ T 4

f e!Fb/Tf , where Fb

4 In the thin-wall approximation, which is a poor description of the
regions close to the spinodals, the critical radius does not vanish,
only becomes very small. The same is true for other quantities,
as the surface tension.

Fig. 4: Surface tension for quark-matter nucleation in the cold and dense 
LSMq (c), including vacuum terms (b) and thermal corrections (a).

Fig. 5: Density in units of the nuclear saturation density.

   Taking initially the zero-temperature result for the thermodynamic potential 
neglecting vacuum corrections, we present results for both metastable 
regions, above and below the critical chemical potential ~305 MeV, which 
correspond respectively to the nucleation of quark droplets in a hadronic 
environment and the formation of hadronic bubbles in a partonic medium.

well below previous estimates [7,8]

We find that the nucleation parameters up to T=10 MeV present variations 
within ~10% of the zero-temperature values. Here, we use T=30 MeV.
The metastable region in the presence of quantum vacuum terms is ~40% 
bigger than in its absence, indicating possible large differences in the 
dynamics of the system, even though the critical chemical potential itself 
shifts only ~2%.

     We have quantified approximately the homogeneous nucleation in the 
linear sigma model with quarks in the MSbar scheme at zero and low 
temperature and finite quark chemical potential, including vacuum and 
medium fluctuations [5]. All the relevant quantities were computed as 
functions of the chemical potential, the key function being the surface 
tension. 
  The inclusion of temperature and vacuum logarithmic corrections 
revealed a clear competition between these features in characterizing the 
dynamics of the chiral phase conversion, so that if the temperature is low 
enough the consistent inclusion of vacuum corrections could help 
preventing the nucleation of quark matter during the collapse process. In 
particular, we show that the model predicts a surface tension of ~5 -15 
MeV/fm2, rendering nucleation of quark matter possible during the early 
post-bounce stage of core collapse supernovae [2] and also allowing for 
mixed quark-hadron phases in compact-star structure [11]. 
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