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Motivation
• Dead cone effect suppresses radiation in vacuum

θ θ

⇒ Gluon radiation inside the dead cone is suppressed.

Dead cone angle: θ0 = m/Em = 0 m ≠ 0

• Mass effects also suppress radiation in medium

⇒ There are remaining puzzles in RHIC and LHC.

• Study the properties of jets originated by heavy quarks

⇒ LHC will measure the heavy quark jets.
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Angular ordering in the soft limit in vacuum
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Angular ordering in the soft limit in vacuum
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Medium-induced antiangular ordering in the soft limit

Medium
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First work: Mehtar-Tani, Salgado and Tywoniuk, Phys. Rev. Lett. 106 (2011) 122002
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is the medium decoherence parameter, |r⊥| =
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1+cos θqq̄
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2 sin θqq̄ L+
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is the transverse separation between the radiators of the antenna right after get-
ting out of the medium. Note that the approximation on the r.h.s. of eq.(14)
is strictly valid as long as |r⊥| µD � 1, i.e., the qq̄-dipole is probed coherently
by the medium. With the existence of the dead cone angle θ0, the transverse
separation |r⊥| increases, which means the broadening of the opening angle as
one is going to see in the numerical estimates.

3. Numerical estimates

The quark is chosen to move along the z-axis, while the antiquark is chosen
to move in the x-z plane, and the momentum transfer from the medium |q⊥| is in
the x-y plane, i.e., perpendicular to the quark 6. The azimuthal angle averages
for both the emitted gluon and the momentum transfer from the medium are
performed with respect to the direction of the quark. The medium density is
normalized by n0√

2
· L+ = 1. The strong coupling constant is set to be αs ≈ 1/3.

The maximum momentum transfer from the medium is fixed to be |q⊥|max =
15 GeV, which will be used as the upper limit for performing the integration
of |q⊥|. For the GLV, the energy of the parent quark is set as, e.g., Eq = 100
GeV, and accordingly for the antenna, the energies of the parent radiators are
set as Eq = Eq̄ = 100 GeV. The antenna spectrum should be divided by 2 before

6Strictly speaking, this choice is only valid in the approximation of small opening angle
θqq̄ and small gluon emission angle θ.
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for the quark, and similarly for the antiquark by the substitution p → p̄. Then

the interference spectrum II can be rewritten as

I interf II
qq̄ =

�
d

2q⊥
(2 π)2

� L+

0
dx+

n0√
2

µ
2
D

(q2
⊥ + µ

2
D)2

2 α2
s (4 π)

2
CA CF
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k+

p · k +
p+
k+

p̄ · k − p · p̄
p · k p̄ · k cos

�
Ω0
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�
,

(10)

where Ω0
qq̄ = p · k/p+ − p̄ · k/p̄+ and π⊥ = p⊥/p+ − p̄⊥/p̄+ are defined. Note

that π⊥ = −
√

2 sin θqq̄

1+
√

1−θ2
0 cos θqq̄

n̂, where n̂ is the direction of π⊥. In the soft

limit (ω → 0), Ω0
qq̄ → 0, and the main contribution to the medium-induced

gluon radiation spectrum comes from the interference spectrum II due to the

cancellation between the GLV spectrum and the interference spectrum I as

discussed before, which then reads

ω
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dω dθ
∝ 1

θ
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where the explicit expression of H(θqq̄, θ0, θ) is
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In the massless case (θ0 = 0), H(θqq̄, θ0, θ) reduces to the Heavy-side step func-

tion Θ
�
cos θqq̄ − cos θ

�
. The forward scattering dipole amplitude is defined as
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and q̂ = αs CA
n0√

2
µ

2
D is the medium transport coefficient. When θqq̄ goes to

0, σ(θqq̄, θ0, x+) goes to 0, due to the factor 1− cos

� √
2 sin θqq̄

1+
√

1−θ2
0 cos θqq̄

n̂ · q⊥ x+

�
.

Eq.(11) can be further simplified by integrating out the variables x+ and q⊥,

which gives
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Medium-induced antiangular ordering in the soft limit
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Cancellation in the soft limit extended to the massive case
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Medium-induced gluon energy spectrum
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where
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is the medium decoherence parameter, |r⊥| =
√

2 sin θqq̄ L+
1+cos θqq̄

and |r⊥| =
√

2 sin θqq̄ L+

1+
√

1−θ2
0 cos θqq̄

is the transverse separation between the radiators of the antenna right after get-
ting out of the medium. Note that the approximation on the r.h.s. of eq.(14)
is strictly valid as long as |r⊥| µD � 1, i.e., the qq̄-dipole is probed coherently
by the medium. With the existence of the dead cone angle θ0, the transverse
separation |r⊥| increases, which means the broadening of the opening angle as
one is going to see in the numerical estimates.

3. Numerical estimates

The quark is chosen to move along the z-axis, while the antiquark is chosen
to move in the x-z plane, and the momentum transfer from the medium |q⊥| is in
the x-y plane, i.e., perpendicular to the quark 6. The azimuthal angle averages
for both the emitted gluon and the momentum transfer from the medium are
performed with respect to the direction of the quark. The medium density is
normalized by n0√

2
· L+ = 1. The strong coupling constant is set to be αs ≈ 1/3.

The maximum momentum transfer from the medium is fixed to be |q⊥|max =
15 GeV, which will be used as the upper limit for performing the integration
of |q⊥|. For the GLV, the energy of the parent quark is set as, e.g., Eq = 100
GeV, and accordingly for the antenna, the energies of the parent radiators are
set as Eq = Eq̄ = 100 GeV. The antenna spectrum should be divided by 2 before

6Strictly speaking, this choice is only valid in the approximation of small opening angle
θqq̄ and small gluon emission angle θ.
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i.e., consists only of independent radiation off the antenna arms as if they were
propagating in vacuum [14]. Note that this result is independent of the total
color charge of the antenna.

The simplicity of the results in (39) is striking and can be understood as a
sort of memory loss effect [14]. Not only does the quark (”son”) loose sensitivity
of the color charge of the antiquark (its ”sibling”) but it also ”forgets” about
the color charge of the total charge of the pair, that of the ”parent” gluon. Most
strikingly, all medium effects cancel out leading to vacuumlike emissions. This
result relies crucially on the inclusion of medium-induced radiative interferences.

Previously, (39) was derived only in the soft limit [14]. Here we have proven
the validity of the result for all gluon energies.

6. In-medium coherence: Heuristic discussion

Finally, we point out that the interference spectrum is exponentially sup-
pressed due to the existence of the phase exp(ik+δn2y+/2) in (33). As already
noticed in [13], this implies the appearance of a new hard scale

ωcoh ∼ (θ2
qq̄L)−1 , (40)

which controls the onset of radiative coherence effects in the medium for ω <
ωcoh. Thus, for large energies the interference spectrum drops exponentially
while the BDMPS-Z spectrum falls off like ∼ ω−2 [10, 11, 12].

A more detailed analysis, as well as a numerical evaluation, of the obtained
spectrum goes beyond this first, explorative derivation and is postponed to a
forthcoming publication.

7. Conclusions

In conclusion, we have computed the emission spectrum off a qq̄ antenna
in both color singlet and octet representations traversing an arbitrary opaque
colored medium. This generalizes our previous results in [13] which were valid
only at first order in the background medium field, and in [14] where we only
considered the strictly soft limit, ω → 0.

Our main result is the interference spectrum given in (33) which encompasses
two distinct types of QCD coherence. On one hand, the transverse momentum
broadening of the gluon described by the path integral K is a manifestation of
the celebrated LPM interference which, in the limit of vanishing opening angle
of the pair, is the chief effect at play. Therefore, J goes smoothly to the well-
known BDMPS-Z spectrum, i.e., given by (34), in this limit as expected. On
the other hand, due to the proper treatment of the fixed opening angle of the
pair, J contains interference between emissions off two different projectiles.

The latter, radiative interferences are crucial for building up the vacuum cas-
cade accounting in a proper way for QCD coherence. Our results thus establish
generically how these effects are modified in the presence of an arbitrarily dense
color deconfined medium. Namely, small angle radiation, proportional to the

14

Cut-off scale:

11



Angular dependence of gluon energy distribution
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Average energy loss
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Transition between the antenna & the GLV
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Transition between the antenna & the GLV
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Transition between the antenna & the GLV
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Transition between the antenna & the GLV

Characteristic energy of the emitted gluon:
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Conclusion

• Medium-induced antiangular ordering in the soft limit is modified in the 
massive antenna case because of the dead-cone effect.

• Decoherence in the soft limit is extended to the massive antenna case.

• Antenna opens phase space for soft gluon radiation at relatively large 
opening angles.

• Both dead-cone effect and non-Abelian LPM effect appear in medium for the 
massive antenna case.

• More collimated jets lose less energy.

• The size of the mass effect of the antenna is similar to the GLV.
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Back-up
• Massless medium decoh. parameter

• Massless dipole size

• Massive medium decoh. parameter

• Massive dipole size

• Gluon formation time

ω
dN

dω dθ
=

2 αs CF sin θ (1 +
√

1 − θ2
0)

π (1 −
√

1 − θ2
0 cos θ)(1 + cos θ)

H(θqq̄, θ0, θ)∆med(θqq̄, θ0, L+),

(14)

where

∆med(θqq̄ , θ0, L+) ≈
1

6
q̂ L+ |r⊥|2

(

log
1

|r⊥|µD
+ const.

)

(15)

is the medium decoherence parameter, and |r⊥| =
√

2 sin θqq̄ L+

1+
√

1−θ2
0 cos θqq̄

is the trans-

verse separation between the radiators of the antenna right after getting out of
the medium. Note that the approximation on the r.h.s. of eq.(14) is strictly
valid as long as |r⊥|µD $ 1, i.e., the qq̄-dipole is probed coherently by the
medium. With the existence of the dead cone angle θ0, the transverse separa-
tion |r⊥| increases, which means the broadening of the opening angle as one is
going to see in the numerical estimates.

3. Numerical estimates

The quark is chosen to move along the z-axis, while the antiquark is chosen
to move in the x-z plane, and the momentum transfer from the medium |q⊥| is in
the x-y plane, i.e., perpendicular to the quark 6. The azimuthal angle averages
for both the emitted gluon and the momentum transfer from the medium are
performed with respect to the direction of the quark. The medium density is
normalized by n0√

2
·L+ = 1. The strong coupling constant is set to be αs ≈ 1/3.

The maximum momentum transfer from the medium is fixed to be |q⊥|max =
15 GeV, which will be used as the upper limit for performing the integration
of |q⊥|. For the GLV, the energy of the parent quark is set as, e.g., Eq = 100
GeV, and accordingly for the antenna, the energies of the parent radiators are
set as Eq = Eq̄ = 100 GeV. The antenna spectrum should be divided by 2 before
being compared with the GLV spectrum 7. The energies of the parent radiators
should not be set as Eq = Eq̄ = 50 GeV in this example, since then the dead
cone angles in the massive case are different between the GLV and the antenna,
and they can not be compared.

Angular distribution of medium-induced gluon radiation spectrum off a qq̄
antenna to the first order in opacity expansion is shown in figure 2, where the
massless antenna (solid curve) exhibits anti-angular ordered distribution in the

6Strictly speaking, this choice is only valid in the approximation of small opening angle
θqq̄ and small gluon emission angle θ.

7The GLV or the gluon hard vacuum radiation off a single quark being multiplied by 2 is
equivalent here.
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where

∆med(θqq̄, L+) ∝ q̂ L+ |r⊥|2 ∼ q̂ L3
+ θ2

qq̄ (15)

∆med(θqq̄, L+) ≈ 1
6

q̂ L+ |r⊥|2
�

log
1

|r⊥| µD
+ const.

�
(16)

∆med(θqq̄, θ0, L+) ≈ 1
6

q̂ L+ |r⊥|2
�

log
1

|r⊥| µD
+ const.

�
(17)

is the medium decoherence parameter, |r⊥| =
√

2 sin θqq̄ L+
1+cos θqq̄

and |r⊥| =
√

2 sin θqq̄ L+

1+
√

1−θ2
0 cos θqq̄

is the transverse separation between the radiators of the antenna right after get-
ting out of the medium. Note that the approximation on the r.h.s. of eq.(14)
is strictly valid as long as |r⊥| µD � 1, i.e., the qq̄-dipole is probed coherently
by the medium. With the existence of the dead cone angle θ0, the transverse
separation |r⊥| increases, which means the broadening of the opening angle as
one is going to see in the numerical estimates.

3. Numerical estimates

The quark is chosen to move along the z-axis, while the antiquark is chosen
to move in the x-z plane, and the momentum transfer from the medium |q⊥| is in
the x-y plane, i.e., perpendicular to the quark 6. The azimuthal angle averages
for both the emitted gluon and the momentum transfer from the medium are
performed with respect to the direction of the quark. The medium density is
normalized by n0√

2
· L+ = 1. The strong coupling constant is set to be αs ≈ 1/3.

The maximum momentum transfer from the medium is fixed to be |q⊥|max =
15 GeV, which will be used as the upper limit for performing the integration
of |q⊥|. For the GLV, the energy of the parent quark is set as, e.g., Eq = 100
GeV, and accordingly for the antenna, the energies of the parent radiators are
set as Eq = Eq̄ = 100 GeV. The antenna spectrum should be divided by 2 before
being compared with the GLV spectrum 7. The energies of the parent radiators
should not be set as Eq = Eq̄ = 50 GeV in this example, since then the dead
cone angles in the massive case are different between the GLV and the antenna,
and they can not be compared.

Angular distribution of medium-induced gluon radiation spectrum off a qq̄
antenna to the first order in opacity expansion is shown in figure ??, where

6Strictly speaking, this choice is only valid in the approximation of small opening angle
θqq̄ and small gluon emission angle θ.

7The GLV or the gluon hard vacuum radiation off a single quark being multiplied by 2 is
equivalent here.
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where

∆med(θqq̄, L+) ∝ q̂ L+ |r⊥|2 ∼ q̂ L3
+ θ2

qq̄ (15)

∆med(θqq̄, L+) ≈ 1
6

q̂ L+ |r⊥|2
�

log
1

|r⊥| µD
+ const.
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(16)

∆med(θqq̄, θ0, L+) ≈ 1
6

q̂ L+ |r⊥|2
�

log
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is the medium decoherence parameter, |r⊥| =
√

2 sin θqq̄ L+
1+cos θqq̄

and |r⊥| =
√

2 sin θqq̄ L+

1+
√

1−θ2
0 cos θqq̄

is the transverse separation between the radiators of the antenna right after get-
ting out of the medium. Note that the approximation on the r.h.s. of eq.(14)
is strictly valid as long as |r⊥| µD � 1, i.e., the qq̄-dipole is probed coherently
by the medium. With the existence of the dead cone angle θ0, the transverse
separation |r⊥| increases, which means the broadening of the opening angle as
one is going to see in the numerical estimates.

3. Numerical estimates

The quark is chosen to move along the z-axis, while the antiquark is chosen
to move in the x-z plane, and the momentum transfer from the medium |q⊥| is in
the x-y plane, i.e., perpendicular to the quark 6. The azimuthal angle averages
for both the emitted gluon and the momentum transfer from the medium are
performed with respect to the direction of the quark. The medium density is
normalized by n0√

2
· L+ = 1. The strong coupling constant is set to be αs ≈ 1/3.

The maximum momentum transfer from the medium is fixed to be |q⊥|max =
15 GeV, which will be used as the upper limit for performing the integration
of |q⊥|. For the GLV, the energy of the parent quark is set as, e.g., Eq = 100
GeV, and accordingly for the antenna, the energies of the parent radiators are
set as Eq = Eq̄ = 100 GeV. The antenna spectrum should be divided by 2 before
being compared with the GLV spectrum 7. The energies of the parent radiators
should not be set as Eq = Eq̄ = 50 GeV in this example, since then the dead
cone angles in the massive case are different between the GLV and the antenna,
and they can not be compared.

Angular distribution of medium-induced gluon radiation spectrum off a qq̄
antenna to the first order in opacity expansion is shown in figure ??, where

6Strictly speaking, this choice is only valid in the approximation of small opening angle
θqq̄ and small gluon emission angle θ.

7The GLV or the gluon hard vacuum radiation off a single quark being multiplied by 2 is
equivalent here.
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�
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the background scattering centers, and the GLV [12, 13], i.e., calculating the
background scattering centers order by order, in the presence of a deconfined
medium. These two calculations indicate for the energetic light quarks an ap-
proximately linear dependence on the medium density and an approximately
quadratic dependence on the size of the medium of the average radiative en-
ergy loss. In this paper, a quark-antiquark (qq̄) antenna is considered as the
projectile.

Soft gluon radiation pattern for a massless qq̄ antenna in vacuum exhibits
angular ordering (AO), i.e., the radiation is suppressed at θ > θqq̄ after averaging
the gluon azimuthal angle, where θ is the angle between the emitted gluon and
the parent quark (antiquark) and θqq̄ is the antenna opening angle. The QCD
physics for the AO is as follows. In vacuum, no gluon radiation off the antenna
can happen unless the gluon is able to resolve the color structure of the radiators
of the antenna, which is equivalent to say that the transverse wave length of
the gluon must be smaller than the transverse separation of the radiators at the
time of the formation of such gluon. The transverse wave length of the radiated
gluon is |λ⊥| ∼ 1/|k⊥| and the gluon formation time is tformg ∼ ω

|k⊥|2+θ2
0ω2 , so

one has |λ⊥| ∼ tformg θ. The transverse separation of the quark and the antiquark
at the gluon formation time is |r⊥| ∼ tformg θqq̄. In order to radiate the gluon,
|λ⊥| < |r⊥| is required, so one gets θ < θqq̄. Another way to derive the AO is
to calculate the relative Feynman diagrams explicitly [14].

Soft gluon radiation off a massless qq̄ antenna with the existence of a de-
fined QCD medium is studied recently [15]. In this paper, the case of a massive
antenna is studied. There is a competition between two kinds of suppression
of gluon radiation off the massive qq̄ antenna in medium: dead cone effect and
non-Abelian LPM effect. The massive quark brings on the dead cone effect [16],
which says that the medium-induced gluon radiation is suppressed at angles
smaller than the dead cone angle. The dead cone effect in medium is exactly
the same as in vacuum. The non-Abelian LPM effect, on the other hand, tells
us that the medium-induced gluon radiation spectrum off a hard incoming par-
ton traversing a QCD medium is suppressed by a factor of 1/

√
ω as compared

with the single scattering spectrum because of the destructive interference be-
tween the coherent N scattering centers, which act on the projectile as a single
scattering center during the gluon formation time. Here ω is the energy of the
emitted gluon. Analogously for a hard nascent parton created in some hard
process, at 1st order in opacity the gluon formation time is determined by the
distance between the position of the hard parton creation and the position of
the scattering. According to the non-Abelian LPM effect, the gluon formation
time, tformg ∼ Eq/(p + k)2, of a massive quark is shorter than that of a massless
quark, so the gluon emission off a massive quark is less suppressed than that of
a massless quark, which means that the massive quark loses more energy than
the massless quark in a medium with small size. The dead cone effect takes over
in a very hot and large QGP.

We study a highly energetic massive qq̄ antenna, created by a virtual photon,
traversing an extended QCD medium with energies Eq and Eq̄, respectively,
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• GLV spectrum

Back-up

IGLV
qq̄ =

�
d2q⊥
(2 π)2

� L+

0
dx+

n0√
2

µ2
D

(q2
⊥ + µ2

D)2
2 α2

s (4 π)
2 CA CF

��
ν2
⊥

(p · v)2
− ν⊥ · κ⊥

p · v p · k

��
1− cos

�p · v
p+

x+

��

+

�
ν̄2
⊥

(p̄ · v)2
− ν̄⊥ · κ̄⊥

p̄ · v p̄ · k

��
1− cos

� p̄ · v
p̄+

x+

���
(5)

where L+ =
√

2 L is the length of the medium in the light cone coordinate

system, CF = 4/3 is the Casimir factor in the fundamental representation,

while CA = 3 is the one in the adjoint representation, αs is the strong coupling

constant, and v ≡
�
k+, (k⊥−q⊥)2

2 k+
,k⊥ − q⊥

�
, κ⊥ =

p+
k+

k⊥ − p⊥ and ν⊥ =

p+
k+

(k⊥ − q⊥) − p⊥ are defined. The term proportional to
ν2
⊥

(p·v)2 accounts for

the contribution only from the gluon rescattering and the term proportional to
ν⊥·κ⊥
p·v p·k accounts for the contribution from the interference between the gluon

rescattering and the gluon bremsstrahlung. The same explanations are also

given for the antiquark. The GLV spectrum for the quark and the antiquark is

symmetric, so one can pick up only the quark contribution for clarity and study

it. The GLV spectrum for the quark can be further simplified, which gives 5

IGLV
quark =

�
d2q⊥
(2 π)2

� L+

0
dx+

n0√
2

µ2
D

(q2
⊥ + µ2

D)2
8 α2

s (4 π)
2 CA CF

k⊥ · q⊥
(k⊥ − q⊥)2 k2

⊥

�
1− cos

�
(k⊥ − q⊥)2

2 k+
x+

�� (6)

The conclusions from eq.(6) and the configuration of phase space are: i) the

GLV spectrum for quark is both infrared and collinear convergent, because of

the cancellation among all the bremsstrahlung contributions of on-shell gluon

and the dominance of the contribution from the rescattering of the off-shell

gluon with the medium; ii) the GLV spectrum for quark falls off as 1/k+ at

large k+ due to the factor 1− cos

�
(k⊥−q⊥)2

2 k+
x+

�
.

The difference between the BDMPS-Z-W/GLV and the antenna spectra is

the existence of the extra novel contributions stemming from the in-medium

gluon exchange between the radiators of the antenna, i.e., the quark and the

antiquark. One can see this clearly from the terms proportional to
ν⊥·ν̄⊥
p·v p̄·v ,

ν⊥·κ̄⊥
p·v p̄·k ,

ν̄⊥·κ⊥
p̄·v p·k and

κ⊥·κ̄⊥
p·k p̄·k in both the interference spectra I and II defined below.

5We assume from now on that the quark is moving along the z-axis, i.e., |p⊥| = 0. But
we still keep p⊥ in our expressions unless we need to drop it when we start to simply the
expressions.
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• Antenna spectrum

Back-up

Those novel terms account for all the contributions from the interference among
the quark, the antiquark and the gluons off them. The novel contributions
can be written separately as two spectra: the interference spectrum I and the
interference spectrum II. The interference spectrum I off the qq̄ antenna is

I interf I
qq̄ =

�
d2q⊥
(2 π)2

� L+

0
dx+

n0√
2

µ2
D

(q2
⊥ + µ2

D)2
(−2) α2

s (4 π)2 CA CF

�
ν⊥ · ν̄⊥
p · v p̄ · v

�
1 + cos

�p · v
p+

x+ −
p̄ · v
p̄+

x+

�
− cos

�p · v
p+

x+

�
− cos

� p̄ · v
p̄+

x+

��

+
ν⊥ · κ̄⊥
p · v p̄ · k

�
cos

� p̄ · v
p̄+

x+

�
− cos

�p · v
p+

x+ −
p̄ · v
p̄+

x+

��

+
ν̄⊥ · κ⊥
p̄ · v p · k

�
cos

�p · v
p+

x+

�
− cos

�p · v
p+

x+ −
p̄ · v
p̄+

x+

��

+
κ⊥ · κ̄⊥
p · k p̄ · k

�
cos

�p · k
p+

x+ −
p̄ · k
p̄+

x+

�
− 1

��

(7)

and the interference spectrum II off the qq̄ antenna is

I interf II
qq̄ =

�
d2q⊥
(2 π)2

� L+

0
dx+

n0√
2

µ2
D

(q2
⊥ + µ2

D)2
(−2) α2

s (4 π)2 CA CF

κ⊥ · κ̄⊥
p · k p̄ · k

�
cos

�p · v
p+

x+ −
p̄ · v
p̄+

x+

�
− cos

�p · k
p+

x+ −
p̄ · k
p̄+

x+

�� (8)

We arrange the novel contributions in this way because one can then cancel
IGLV

qq̄ with I interf I
qq̄ to the leading order in 1/p+ and 1/p̄+ in the soft gluon

radiation limit (k+ � p+) for the massless case and one should also assume
that p̄⊥, k⊥ and q⊥ are of the same order to realize such cancellation. The
analytical expressions of IGLV

qq̄ and I interf I
qq̄ are more complicated when the mass

terms are turned on, since then the terms of higher order in 1/p+ and 1/p̄+

should be kept. But such cancellation still holds for the massive case, and the
quality of it can be proved numerically (see figure ??).

The last comment about the interference spectrum I is that the interac-
tion of the off-shell gluon with the medium screens both the soft and collinear
divergences, the same as for the GLV spectrum.

From now on, we assume that the quark and the antiquark of the antenna
have the same energy and the same mass, i.e., Eq = Eq̄ and mq = mq̄. The
dead cone angle is defined as θ0 = mq/Eq. Kinematically we have

p · k
p+

+
p⊥ · q⊥

p+
=

p · v
p+

+
k2
⊥ − (k⊥ − q⊥)2

2 k+
(9)
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for the quark, and similarly for the antiquark by the substitution p → p̄. Then

the interference spectrum II can be rewritten as

I interf II
qq̄ =

�
d

2q⊥
(2 π)2

� L+

0
dx+

n0√
2

µ
2
D

(q2
⊥ + µ

2
D)2

2 α2
s (4 π)

2
CA CF

p̄+
k+

p · k +
p+
k+

p̄ · k − p · p̄
p · k p̄ · k cos

�
Ω0

qq̄ x+

� �
1− cos(π⊥ · q⊥ x+)

�
,

(10)

where Ω0
qq̄ = p · k/p+ − p̄ · k/p̄+ and π⊥ = p⊥/p+ − p̄⊥/p̄+ are defined. Note

that π⊥ = −
√

2 sin θqq̄

1+
√

1−θ2
0 cos θqq̄

n̂, where n̂ is the direction of π⊥. In the soft

limit (ω → 0), Ω0
qq̄ → 0, and the main contribution to the medium-induced

gluon radiation spectrum comes from the interference spectrum II due to the

cancellation between the GLV spectrum and the interference spectrum I as

discussed before, which then reads

ω
dN

dω dθ
∝ 1

θ
Θ(θ − θqq̄) ∆med(θqq̄, L+) (11)

where the explicit expression of H(θqq̄, θ0, θ) is

H(θqq̄, θ0, θ) =
1

2

�
1+

�
1− θ2

0 cos θqq̄ − cos θ�
(1− θ2

0)(cos2 θ + cos2 θqq̄)− 2

�
1− θ2

0 cos θ cos θqq̄ + θ2
0

�
.

(12)

In the massless case (θ0 = 0), H(θqq̄, θ0, θ) reduces to the Heavy-side step func-

tion Θ
�
cos θqq̄ − cos θ

�
. The forward scattering dipole amplitude is defined as

σ(θqq̄, θ0, x+) =

�
d

2q⊥
(2 π)2

q̂

(q2
⊥ + µ

2
D)2

�
1−cos

� √
2 sin θqq̄

1 +

�
1− θ2

0 cos θqq̄

n̂ · q⊥ x+

��
,

(13)

and q̂ = αs CA
n0√

2
µ

2
D is the medium transport coefficient. When θqq̄ goes to

0, σ(θqq̄, θ0, x+) goes to 0, due to the factor 1− cos

� √
2 sin θqq̄

1+
√

1−θ2
0 cos θqq̄

n̂ · q⊥ x+

�
.

Eq.(11) can be further simplified by integrating out the variables x+ and q⊥,

which gives

ω
dN

dω dθ
=

2 αs CF sin θ (1 +

�
1− θ2

0)

π (1−
�

1− θ2
0 cos θ)(1 + cos θ)

H(θqq̄, θ0, θ) ∆med(θqq̄, θ0, L+),

(14)
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