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Fundamental parameters of QCD from non-perturbative methods

Nf ΛMS Experiment Theory

0 238(19) mK, K→µνµ, ;K→πµνµ LGT, LPHAA
Collaboration

2 310(20) mK, K→µνµ, ;K→πµνµ LGT, LPHAA
Collaboration

5 160(11) DIS, HERA, . . . NNLO PT, fits to PDFs [Alekhin’12]

5 198(16) DIS, HERA, . . . NNLO PT, fits to PDFs [Martin’09]

5 275(57) e+e− → hadrons, LEP 4-loop PT at MZ

Error coming from the theory is dominating

9. Quantum chromodynamics 29

overall χ2 to the central value is determined. If this initial χ2 is larger than the number
of degrees of freedom, i.e. larger than the number of individual inputs minus one, then
all individual errors are enlarged by a common factor such that χ2/d.o.f. equals unity.
If the initial value of χ2 is smaller than the number of degrees of freedom, an overall,
a-priori unknown correlation coefficient is introduced and determined by requiring that
the total χ2/d.o.f. of the combination equals unity. In both cases, the resulting final
overall uncertainty of the central value of αs is larger than the initial estimate of a
Gaussian error.

This procedure is only meaningful if the individual measurements are known not to
be correlated to large degrees, i.e. if they are not - for instance - based on the same
input data, and if the input values are largely compatible with each other and with the
resulting central value, within their assigned uncertainties. The list of selected individual
measurements discussed above, however, violates both these requirements: there are
several measurements based on (partly or fully) identical data sets, and there are results
which apparently do not agree with others and/or with the resulting central value, within
their assigned individual uncertainty. Examples for the first case are results from the
hadronic width of the τ lepton, from DIS processes and from jets and event shapes in
e+e− final states. An example of the second case is the apparent disagreement between
results from the τ width and those from DIS [264] or from Thrust distributions in e+e−

annihilation [278].
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Figure 9.3: Summary of values of αs(M
2
Z) obtained for various sub-classes

of measurements (see Fig. 9.2 (a) to (d)). The new world average value of
αs(M

2
Z) = 0.1184 ± 0.0007 is indicated by the dashed line and the shaded band.

Due to these obstacles, we have chosen to determine pre-averages for each class of
measurements, and then to combine those to the final world average value of αs(MZ),
using the methods of error treatment as just described. The five pre-averages are
summarized in Fig. 9.3; we recall that these are exclusively obtained from extractions
which are based on (at least) full NNLO QCD predictions, and are published in
peer-reviewed journals at the time of completing this Review. From these, we determine
the new world average value of

αs(M
2
Z) = 0.1184 ± 0.0007 , (9.23)
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See Alberto’s talk. . .
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aµ as a stringent test of the SM

aexpµ = 11659208.9(6.3)× 10−10

Current theoretical and experimental estimates: 3− 4σ discrepancy

HVP (unceirt. O(10−10))
HLbL (unceirt. O(10−10))
other contributions (unceirt. O(10−11) or less)

New experiments (J-PARC, Fermilab) expected to perform 4× more
precise measurement

Improved precision of the theoretical estimates with dominating
uncertainty required
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Hadronic vacuum polarisation from the lattice

Can be computed in Euclidean space-time [Blum ’02, Lautrup-de Rafael 69 ]

aHLOµ = (α
π

)2

∫ ∞
0

dQ2f (Q2)× Π̂(Q2)

We seek to compute the e↵ect of hadronic vacuum polarisation contributions to aµ which
are obtained by calculating contributions to the graph in (2.3) of the form

q, µ

p p0
had

. (2.5)

As described in [10] the contribution to aµ from the one-loop diagram equivalent to the
graph (2.5) with the hadronic blob removed can be expressed as

�! a(1)
µ =

↵

⇡

Z 1

0

dQ2 f(Q2) (2.6)

where the kernel function f(Q2) is divergent as Q2 ! 0 and can be expressed

f(Q2) =
m2

µQ
2Z(Q2)3(1�Q2Z(Q2))

1 + m2
µQ

2Z(Q2)2
Z(Q2) = �Q2 �

p
Q4 + 4m2

µQ
2

2m2
µQ

2
. (2.7)

From this, the expression for the hadronic vacuum polarisation contribution can be
obtained with the insertions:

had
�! a(2)had

µ =
⇣↵
⇡

⌘2
Z 1

0

dQ2 f(Q2)⇥ ⇧̂(Q2) (2.8)

where ⇧̂(Q2) is the infra-red subtracted transverse part of the hadronic vacuum polari-
sation

⇧̂(Q2) = ⇧(Q2)� ⇧(0) ⇧µ⌫(q) = (q2gµ⌫ � qµq⌫)⇧(q2) (2.9)

q, µ q, ⌫had ⌘ i⇧µ⌫(q) (2.10)

at Euclidean momentum Q2 = �q2. The hadronic vacuum polarisation function ⇧µ⌫(q)
can be computed as the Fourier-transformed two-point correlator

⇧µ⌫(q) =

Z
d4x eiq·(x�y)hJµ(x)J⌫(y)i (2.11)

involving the electromagnetic current

Jµ(x) =
X

i

Qi ̄
i�µ 

i (2.12)

where  i is the quark field of flavour i and Qi is its charge. The path-integral used in the
expectation value in (2.11) will involve only hadronic fields, i.e. quarks and gluons.

3

Πµν = a4 ∑
x e

iQx〈Jem
µ (x)Jem

ν (0)〉
Πµν(Q) = (Q2δµν − QµQν)Π(Q2)

Π̂(Q2) = Π(Q2)− Π(0)

Systematic uncertainties to be controlled - general

1 Simulations at physical mπ

2 Controlled continuum limit, FV effects

3 Disconnected diagrams [Della Morte et al. ’10 ]

4 Obtaining a real world result: charm quark, isospin effects . . .
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Hadronic vacuum polarisation on the lattice

Systematic uncertainties to be controlled - HVP related

Conventional simulations do not allow access to sufficiently low Fourier momenta

Integral is dominated in the region where relative errors are enhanced

Structure of HVP tensor is such that Π(0) is not directly accessible

Systematic uncertainty introduced by extrapolation

Conventional procedure
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Figure 4: Value of the fit parameter am1 in fits using the ansatz (3.4) on the � = 2.25 lattice
at amu = 0.004. The vector mass amV as determined on this lattice is shown in green. Note
in the fit where m1 was fixed, it was only constrained to lie within the green band. It is clear
that for a high Q2

C , m1 will emerge at the upper limit of the band, indicating some tension
between the fit-form and the data, but as can be seen in Fig. 3, this has very little impact on
the goodness of the fit.

a precise result for this quantity, and this must be combined with the use of twisted
boundary conditions [14] in order to access data at lower values of the lattice momentum.
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Figure 5: Examples of the integrand in the rescaled integral (3.6).

10

Π(Q2) =
Πµν (Q2)

QµQν−δµνQ2

Transverse projection: Qµ = 0

Take only diagonal components Πµµ

aHLOµ = (α
π

)2
∫∞

0
dQ2f (Q2)× Π̂(Q2)
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Previous RBC-UKQCD computation of aHLOµ [Boyle et al’11 ]

Non physical mπ, a
−1 ≈ 1.3, 1.7, 2.3 GeV

Domain Wall Fermion, Iwasaki/DSDR
gauge action

Fitting Q2- dependence of Π(Q2)
up to Q2

C ≈ 2.5− 9 GeV2

4 Results

We extract our final results from the fit using (3.4) with the first mass fixed to that of
the vector meson as measured on each ensemble. Observing the behaviour of the reduced
�2 as the fit range is varied, we choose a suitable value for Q2

C for each ensemble which
provides the most reliable result. We attempt to choose a cut which provides a low
reduced �2 preferably where the parameter m1 agrees without tension with mV. This
produces the results shown in Table 3, where we also quote the reduced �2 of the fit, and
the resulting values of the remaining associated free parameters.

These results are also shown as a function of m2
⇡ in Fig. 6, where we compare them

to previous 2+1 flavour results from [13]. Also shown is an extrapolation to the physical
point, using a quadratic chiral ansatz. This produces a final result for the leading order
hadronic vacuum polarisation contribution the anomalous magnetic moment of the muon

a(2)had
µ = 641(33)⇥ 10�10. (4.1)
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Figure 6: Integrated result for a
(2)had
µ as a function of the pseudoscalar mass squared.

We have also investigated the e↵ect of modifying the kernel function in the integrand
(2.8) in the manner outlined in [15], where in an e↵ort to moderate the variation of the
outcome of the integral as a function of the quark mass, the momentum argument of the
kernel function is rescaled by a factor of the ratio of the value of a relevant observable H
(the mass of the vector meson appears to be an optimal choice) measured at the simulated
quark mass to its physical value. This e↵ectively defines the calculation of a new quantity
which approaches the desired a

(2)had
µ in the physical limit. We show the results of such

11

Strong mπ dependence

Eliminate the systematics of chiral extrapolation: computing HVP at mphys
π
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RBC-UKQCD Nf = 2 + 1 Domain Wall ensembles
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aHLOµ from DWF for non-physical mπ [Boyle et al ’11 ]

physical point HVP (•,◦) recently measured
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Symmary and outlook

ΛNf =2,4, ms

Heavy quark physics (exploratory study - colab. with Southampton-KEK,
fB , fDs, ...)

Algorithmic developement

aHLOµ with full control over syst. and stat. uncertainties (< 1%)

QCD+QED at finite volume

Precise determination of αs (gradient flow coupling, changing BC’s . . . )

...(some other non-perturbative problem you are intersted in? [4-2-040])
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