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Electric dipole transitions (E1) of heavy quarkonium:

|∆L| = 1

|∆S| = 0

Example transition 13PJ → 13S1γ:

in charmonium: χc → J/ψγ
in bottomonium: χb → Υγ

Experimental results available:
hc → ηcγ first measured at BESIII in 2010
hb → ηbγ first measured in 2011 at BaBar and BELLE
First measurement of the EM branching ratios of the χb states by CLEO
and BaBar in 2011

Branching fraction of E1 transition significant for some states (from PDG):

BR(χb1(1P)→ Υ(1S)γ) ≈ 34± 2%,

BR(hb(1P)→ ηb(1S)γ) ≈ 49± 8%
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Potential non-relativistic QCD (pNRQCD)

An effective field theory that takes full advantage of the hierarchy of
scales that appear in the quarkonium system:

m� mv� mv2

Obtained from QCD:

QCD 7→ NRQCD 7→ pNRQCD

LpNRQCD = S†(i∂0 − hs)S + . . .

hs =
p2

m
+ V(0) + . . .

Brambilla, Pineda, Soto and Vairo, Nucl. Phys. B566, 275 (2000)
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The formula for the E1 transition rates including NLO relativistic corrections
has the following structure

ΓE1
H→H′ = Γ

(0)
H→H′(1 + RH→H′ + δΓH→H′)

Brambilla, Pietrulewicz and Vairo, PRD 85, 094005 (2012)

where the RH→H′ + δΓH→H′ are v2 suppressed.
For instance, in the case of the n3PJ → n′3S1γ the terms in this formula read:

Γ
(0)
n3PJ→n′3S1

=
4
9
αeme2

Qk3
γI2

3 ,

δΓn3PJ→n′3S1
= −

k2
γ

60
I5

I3
− kγ

6m
+

(
J(J + 1)

2
− 2
)(

1
m2

I(′)
2 + 2I1

I3
− kγ

2m

)
,

kγ is the energy of the emitted photon. RH→H′ accounts for the relativistic
corrections to the quarkonium wavefunction, it has the general structure

RH→H′ =
1

A(0)
H→H′

(
−(0)〈H′γ|

∫
d3RL(0)

E1
|H〉(1) −(1) 〈H′γ|

∫
d3RL(0)

E1
|H〉(0) + . . .

)
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where

I(k)
N =

∫ ∞
0

drrNRn′0(r)
dk

drk Rn1(r),(
−∇

2
r

m
+ V(0)

)
φ

(0)
H = E(0)

H φ
(0)
H ,

with the quarkonium wavefunctions given by

|H(P)〉(0) =

∫
d3R

∫
d3r eiP·RTr

{
φ

(0)
H S†(r,R)|US〉

}
,

|H(P)〉(1) =
∑

H′ 6=H

(0)〈H′(P)|
∫

d3R
∫

d3rTr{S†δhS}|H(P)〉(0) |H′(P)〉(0)

E(0)
H′ − E(0)

H

.

δh accounts for the relativistic corrections to the quark-antiquark potential

δh = − p4

4m3 + δV.
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In order to evaluate the formula of the rates we need to include the relativistic
corrections to the potential δV ∼ O(1/m2)

To evaluate transitions between lower quarkonium states
(weakly-coupled) we can use the perturbative expressions for these
corrections.

For transitions that involve higher states (strongly-coupled) we need to
include non-perturbative terms in the potential.
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The QQ̄ potential
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In the equal mass case the relativistic corrections to the quark-antiquark
potential can be organized in powers of 1/m:

V = V(0) +
V(1)

m
+

V(2)

m2 + · · ·

where

V(2) = V(2)
SD + V(2)

SI ,

V(2)
SI =

1
2

{
p2,V(2)

p2 (r)
}

+
V(2)

L2 (r)
r2 L2 + V(2)

r (r),

V(2)
SD = V(2)

LS (r) L · S + V(2)
S2 (r)

(
S2

2
− 3

4

)
+ V(2)

S12
(r)S12,

The potentials V(i)
Ô

were obtained in terms of operator insertions in the
expectation value of the rectangular Wilson loop. For instance for the 1/m
correction we have

V(1)(r) = − lim
T→∞

∫ T

0
dt t 〈〈gE1(t) · gE1(0)〉〉c,
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where 〈〈. . .〉〉 ≡ 〈. . .W�〉/〈W�〉 and

〈〈O1(t1)O2(t2)〉〉c = 〈〈O1(t1)O2(t2)〉〉 − 〈〈O1(t1)〉〉〈〈O2(t2)〉〉

Brambilla, Pineda, Soto and Vairo, PRD 63, 014023 (2001)

The other potentials follow the same way
Pineda and Vairo, PRD 63, 054007 (2001)

In the short-distance regime, rΛQCD � 1, these correlators can be
computed in perturbation theory.

In the long-distance regime, rΛQCD ∼ 1, these correlators should be
computed in Lattice QCD.

Not all these correlators have been calculated in the Lattice. To evaluate the
rates we take the intermediate approach of computing the correlators in the
effective string theory (EST):
The static quark-antiquark potential is given by

V(0)(r) = lim
T,TW→∞

i
T

ln〈W�〉
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where

W� ≡ P exp
{
−ig

∮
r×TW

dzµAµ(z)
}
,

is the rectangular Wilson loop. In the long distance limit this leads to a static
potential with a linear, string-like, dependence in r:

V(0) = σr

where σ can be identified as the string tension.
The EST hypothesis states that at long distances (rΛQCD � 1)

lim
TW→∞

〈0|W�(TW , r)|0〉 = Z
∫
Dξ1Dξ2 eiSstring(ξ1,ξ2)

where

Sstring =

∫
dtdz L(∂µξl) = −σ

∫
dtdz

(
1− 1

2
∂µξ

l∂µξl
)
,

Since both are expected to be valid at long distances, one could expect to
have a mapping relating the operator insertions in the Wilson loop and
degrees of freedom of the EST.
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Using symmetry considerations the following mapping between the
transverse string coordinates and the operator insertions in the correlators
appearing in the relativistic corrections to the quark-antiquark potential has
been obtained:

〈〈. . .El
1(t) . . .〉〉 → 〈. . .Λ2∂zξ

l(t, r/2) . . . 〉 ,

〈〈. . .El
2(t) . . .〉〉 → 〈. . .Λ2∂zξ

l(t,−r/2) . . . 〉 ,

〈〈. . .Bl
1(t) . . .〉〉 → 〈. . .Λ′εlm∂t∂zξ

m(t, r/2) . . . 〉 ,

〈〈. . .Bl
2(t) . . .〉〉 → 〈· · · − Λ′εlm∂t∂zξ

l(t,−r/2) . . . 〉 ,

〈〈. . .E3
1(t) . . .〉〉 → 〈. . .Λ′′ 2 . . . 〉 ,

〈〈. . .E3
2(t) . . .〉〉 → 〈. . .Λ′′ 2 . . . 〉 ,

〈〈. . .B3
1(t) . . .〉〉 → 〈. . .Λ′′′εlm∂t∂zξ

l(t, r/2)∂zξ
m(t, r/2) . . . 〉 ,

〈〈. . .B3
2(t) . . .〉〉 → 〈· · · − Λ′′′εlm∂t∂zξ

l(t,−r/2)∂zξ
m(t,−r/2) . . . 〉

Perez-Nadal and Soto, PRD79, 114002 (2009) & Kogut and Parisi PRL47, 1089 (1981)
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Using this mapping for the 1/m correction to the potential we get

〈〈El(t,
r
2

)Em(0,
r
2

)〉〉c 7→ Λ4∂z∂z′〈ξl(t, r/2)ξm(0, r/2)〉 = Λ4∂z∂z′Glm
F (t, r/2; 0, r/2)

where the mapping into the EST is expressed in terms of the two point
correlator of the string degrees of freedom:

Glm
F (it, z; it′, z′) =

δlm

4πσ
ln
(

cosh(πr (t − t′)) + cos(πr (z + z′))
cosh(πr (t − t′))− cos(πr (z− z′))

)
then the potential is given by

V(1)(r) 7→ −g2Λ4 lim
ε→0+

∫ ∞
ε

dt t ∂z∂z′G
ll
F(t, r/2; 0, r/2)

=
2g2Λ4

σπ
lim
ε→0+

∫ ∞
πε
2r

dt
t

sinh2(t)

V(1) =
2g2Λ4

σπ
ln(
√
σr) + Infinite constant
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The potentials in the EST read

V(0)
= σr,

V(1)
(r) =

2g2Λ4

πσ
ln(
√
σr) + µ1 ,

V(2)
p2 (r) = 0 ,

V(2)
L2 (r) = −

g2Λ4 r

6σ
,

V(2)
LS (r) = −

µ2

r
−

2c(1)
F g2Λ2Λ

′

σ r2
,

V(2)
S2 (r) =

2π3c(1)
F c(2)

F g2Λ′′′ 2

45σ2 r5

V(2)
S12

(r) =
π3c(1)

F c(2)
F g2Λ′′′ 2

90σ2 r5
,

V(2)
r (r) = −

9 ζ3 g4Λ8r

2π3σ2
+ µ3 +

µ4

r2
+
µ5

r4

+
π3c(1) 2

F g2Λ′′′ 2

30σ2r5
.

Keeping the LO terms in r, dropping the renormalization constants and applying further known constraints to the
potentials (i.e. Poincaré invariance) the equal mass long-range QQ̄ potential can be reduced to

V(r)long−range ≈ σr +
1

m

[ 2σ

π
ln(
√
σr)
]

+
1

m2

(
−
σ

6r
L2 −

σ

2r
L · S−

9 ζ3 σ
2r

2π3

)

N. Brambilla, M. Groher, H.M. and A. Vairo, PRD 90, 114032 (2014)
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The short-range potentials appearing in the relativistic corrections are given
by

V(0) = −CF
αs(r)

r

V(1) = −CFCAαs(r)2

2r2

V(2)
p2 = −CFαs(r)

r

V(2)
L2 =

CFαs(r)
2r

V(2)
r = πCFαs(r)δ(3)(r)

V(2)
S2 =

4πCFαs(r)
3

δ(3)(r)

V(2)
LS =

3CFαs(r)
2r3

V(2)
S12

=
CFαs(r)

4r3

Buchmüller et al., PRD 24, 3003 (1981)
Gupata and Radford , PRD 24, 2307 (1981)
Gupata and Radford , PRD 25, 3430 (1982)

Pantaleone et al. , PRD 33, 777 (1986)
Titard and Yndurain, PRD 49, 6007 (1994)
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We have some freedom in the way one can construct the potential for the full
r range, for instance, one could introduce a cut-off, rc, to divide between the
short and long distance regimes:

V(r) =

{
Vshort−range(r) if r < rc

V long−range(r) if r > rc

In a first attempt to evaluate the rates we took the simpler approach of just
sum both contributions:

V(r) = Vshort−range(r) + V long−range(r)
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We take the further simplification of freezing αs(r) 7→ a where a will be a
parameter that we will fix later.
In this approach the quark-antiquark potential is given by

V(a, σ,m, r) =

≡V(0)︷ ︸︸ ︷
−

CFa

r
+ σr +

1

m

≡V(1)︷ ︸︸ ︷{
−

CFCAa2

2r2
+

2σ

π
log(
√
σr)

}

+
1

m2

{ 1

2

{
p2
,−

CFa

r

}
+

(CFa

2r
−
σ

6r

)
L2

+

( 3CFa

2r3
−
σ

2r

)
L · S

+
4πCFa

3
δ
(3)

(r)S2
+

CFa

4r3
S12 (̂r) + πCFaδ(3)

(r)−
9 ζ3 σ

2r

2π3

}
︸ ︷︷ ︸

≡V(2)
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Evaluation of the transition rates
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Parameter fixing:
We fix the parameters of the potential requiring them to reproduce the
masses of quarkonium states:

2mc,b + E(0)
nl︸ ︷︷ ︸

LO

+
〈nl|V(1)(r)|nl〉

mc,b︸ ︷︷ ︸
NLO

+
1

m2
c,b

∞∑
m6=n

|〈nl|V(1)(r)|ml〉|2

E(0)
nl − E(0)

ml

+
〈nljs|V(2)(r)|nljs〉

m2
c,b︸ ︷︷ ︸

NNLO

= M(n2s+1LJ)
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Parameter fixing:
We fix the parameters of the potential requiring them to reproduce the
masses of quarkonium states:

2mc,b + E(0)
nl︸ ︷︷ ︸

LO

+
〈nl|V(1)(r)|nl〉

mc,b︸ ︷︷ ︸
NLO

+
1

m2
c,b

∞∑
m6=n

|〈nl|V(1)(r)|ml〉|2

E(0)
nl − E(0)

ml

+
〈nljs|V(2)(r)|nljs〉

m2
c,b︸ ︷︷ ︸

NNLO

= M(n2s+1LJ)
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Results: Charmonium
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*Becirevic, Sanfilippo, JHEP01(2013) 028

*Becirevic, Sanfilippo, JHEP01(2013) 028
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Results: Bottomonium
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Summary and Outlook
The NLO relativistic corrections get us closer to the
experimental values.
Next step: elaborate more on the perturbative potential.
A pure perturbative potential can be suitable to describe
the 1P → 1Sγ process (work in progress).
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THANKS FOR YOUR ATTENTION!
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