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THE LOW-ENERGY FRONTIER
OF THE STANDARD MODEL

and Structure of Matter

SUBLEADING EFFECTS OF NUCLEON
STRUCTURE IN HYDROGEN
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Proton Size Puzzle 5
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Electron-proton scattering< . |
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+—— Hydrogen spectroscopy [2]
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Root-mean-square proton charge radius (femtometers)

} Muonic hydrogen spectroscopy [3,4]

[4] A. Antognini et al., Science 339, 417 (2013).

eight standard-deviation discrepancy (7.9 o) !
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How Does the Proton Structure
Affect the Hydrogen Lamb Shift??

* finite-size contribution: becomes appreciable in uH
2(Za)*m? Za) mt

AB,5(LO) = B Ahamig T

3n3
'\ :
. — =6 Ql%rEO T@GE(QQ)
48 [°d 1
Ry = ?/0 Q—Cf {G%(Q2) ri §<”’“2>E QQ}

- a tiny, non-smoothness of the electric form factor G (Q?) at
scales comparable to the inverse Bohr radius can break
down this expansion

—} missing “soft” physics to explain the puzzle ?!
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UH Spectroscopy

AEY™ = 206.0336(15) meV — 5.2275(10) R%[fm?] + AETpE

C 2P fine splitting \
2P

3/2 e
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= z 3 e :
-1 radiative, relativistic = :
=0 . finite size effects:
and recoil effects
proton structure

20] lon|ioe| log

two-photon exchange (TPE) effects,
including the proton polarizability

[Lamb
shift

AES® = 202.3706(23) meV

25 172
2S hyperfine splitting

F=0.

A. Antognini et al., Science 339, 417 (2013).
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Finite-Size Effects

* one-photon exchange correction to the Coulomb

potential:
2l

Al (QE;C 2F; 2, 2Ep/) (k") (—ey")u(k) AL (q) N(p’)eF”N(p)

/

JES I
photon propagator: where @~ = —¢

electromagnetic vertex:

I = Zv"F1(Q°%) — =" ¢, F2(Q?)

2

1
2M

1 1
2 e

in Coulomb gauge x = (0, q)

(¢*q" — x"d” — x"d")
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* Pauli & Dirac form factors: F;. 5

once- subtracted dispersion relation:

(@) = ()5, moa

* Sachs form factors: Gg, G,

il O (QJ\Z)QIm Fy(t)

Im GM(ZL) — Im Fl(t) = Im Fz(t)




Moments of Charge Distribution

+ charge distribution: Pz(r) = /(27r) Goldtie
(’FN)EE/dFerE(r)
N+ [ ImGg(t
- ; )/to 1 t1+z\]r5/g)
> e
(r)e =6 lim +=Ge(Q)
<r3>E—? : %?4 {GE(QQ)_1+€1;< >EQ2}

* Zemach radius:(r)z = / dr'rpz(r) with pz(7) :/

dg
(2m)°

Gr(§?)Gum(q?)e T
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FH, VP: in preparation

S-Wave Potentials

electronic vacuum polarization:

o Qa0 | 1
Jesafaie it 7
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T ) e
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P-\VWave Potentials

V5(’I°, t) —
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FH, VP: in preparation
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St t f : AE"S(2P3)
fLctlie gl = - . 0 N o 2,
Hydrogen Spectra s FS”
E E Fermi - Energy: I 16
% (V3) AE,sHFs = —g 8 Za 1%}/& . 2P, N 2°Py
: n Bp=z— i AE"S2P )
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’ Fig. 4. Structure of the S- and P-wave energy levels in
= {—2.811 ueV j=1/2 . muonic hydrogen for n = 2.

0.229 eV j = 32, . Martynenko, Physics of Atomic Nuclei 71, 1, 125-135 (2008)
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_amb Shift (1)

* contribution of Vy (r)at

1st order perturbation theory (PT):

A <2P1/2 |vy| 2P1/z

(Za)

12

(Za)*m?

12

to

M

k=0

Yukawa potential:

o lai o
Vy(r)z—&—/ TG_TﬁIm e
to

NI

electric form factor (FF)
correction to the -
Coulomb potential ———

(2512 Vv | 257 2)

ImGE )

\/+ Zam.,. )4
k

k!

—Zam,) (rF 2y ¢

convergence radius
of the expansion
is limited by g

4 [<r2>E — Zozmr<r3>E] + O(a®)
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1st order PT:

Lamib Shift (2) [sa— 25 e - zamens

* 2nd order PT Lamb shift, to O(a”):
AEyp(3s = —8B55

by |<Vy>|2

= d

2
%(Zoz)‘r)mff%/() dk {W/t i —|—1Q2 Im GE(t)}

—(Za)®m 472/0 % 1005 1)
(Za)>m, [ 1

19 <7“3>E = 2<7“3>E(2)] J. L. Friar, Annals Phys. 122, 151 (1979).

2(Za)*ms? Za)’m?
* AEnS(LO): ( 3733 R2 AEnS(NLO): ( 3T)LS R%(2)

QNP 2015, 05.03.2015 12 Franziska Hagelstein




arXiv:1502.03721

Lamb shift: To expand or not 7!

Im Gg(t

FE(1) _
AEQP—2S SRR - \/—I- Zosz,a

= <Z01)2 [(r*)E — Zam,(r°)g] + O(c®)
e e 1
—/ dt W(t)Im Gg(t) = / dQ w(Q) Ge(Q?)
T Jtg 0
Stieltjes integral transform: inverse Stieltjes transform:
w(Q) = 2 lim {W(-Q? — ic) ~ W(~Q* +i2)}

o /O dQw(Q)Gr(Q?) with w(Q)=— (Za)5m;‘:c32(

©@)

1 TNt
o lE)i= (27r)27“/t0 dtIm Gg(t)e

a=1/(Zam,) Bohr radius

1 o
alternatively: EFF(12)S = —§7T(Zoz)4mf:/ drrte™"/%pp(r) with
0
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2| -
- 0: 1/a. : “\ 1/a.; j : ep data
) S '
| \ i 4 Zam,)? — Q?
C w(Q) = ~2(Zo)mi @ (2] —Q
5 —4 (E (Zam,)? + Q7]
E | i — HH Dipole FF:
-6} W - eH
| L : . Gep = (1+Q%*/0.71GeV?)~?
107 105 0.001 0.1

QlGeV]

* large cancellations around the Bohr radius scale

=P small variation in the FF around Bohr radius scale may
lead to significant effects !!!

decompose FF into the “smooth” and “non-smooth” part
.+ missing effect in the FF between 0 and 50 MeV ??27?
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* We assume the electric FF to have a smooth part GE
and a non-smooth part Gz : Gg = Gg (1 + Gg)

chain-fraction fit of Arrington and Sick:
J. Arrington and I. Sick, Phys. Rev. C76: 035201 (2007).

2 1
Gp(Q°) = 3.478 Q2

|
1 0.140 Q2
L 2
R 1.311 Q
1.128 Q2
1—0.233 Q2

= A ( €? ¢ :
fluctuation: Gr(Q7) = — o a4 GEa

Breit-Wigner type of peak around Qg with width given by 2 ¢2

b
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Er b P) (eH) = —0.62250(724) neV
Eyp 5 (uH) = —3650(2) peV

e d

~ AQ2€?
(#%)p = 62236 (Q? o

Q=0 m(Qh+ %)
= 48 [°d ~ |
=2 "2 {Ge@) + 5002

o 1 = 1
o1 (-QF—ie)52  (—QF +ie?)5/2

24 A
= +O(*/Qp)
Eq. Gg Gr Gg
(r?) p[fm?] (62) [(0.9014)? | —(0.1945)? | (0.8802)?
(r®) g [fm?] (13) | (1.052)* | (6.369)° | (6.379)°
Lamb-shift, expanded | (12)
EXEM) (eH)[neV] —0.65690| 0.03452 |—0.62238
EXED) (uH)[ueV] —4202 | 4913 711
Lamb-shift, exact [(21a)
EXEM) (eH)neV] —0.65691| 0.03451 [—0.62239
By 5™ (uH) [ueV] — 4202 551 —3651

TABLE I: Lamb shift and moments corresponding to our model FF,
with e = 0.245MeV, A = 5.6 x 107°% MeV?, and Qo set by
Eq. (24). |Gg| <3 x107°
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* We reproduce the standard finite-size corrections to hydrogen
spectra, applying a dispersive formalism.

* We show that the finite-size effects of the nuclear charge
distribution on the Lamb shift is not always expandable.

convergence radius of the Taylor expansion of Gz (Q?) has to be
much larger than the inverse Bohr radius of the given hydrogen-
like system

* We show how tiny, milli-percent changes in the proton electric
form factor at a MeV scale would be able to explain the puzzle.

one needs to know all the “soft” (below several MeV)
contributions to proton electric form factor to pcm accuracy




