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Prediction of QCD*

* A. Holl, A. Krassnigg and C. D. Roberts, Phys. Rev. C 70, 042203 (2004)

The leptonic decay constants of the excited states  

of the pion vanish in the chiral limit when  

chiral symmetry is dynamically broken



Prediction*

Based on an exact, generalized Gell-Mann-Oakes-Renner relationship:

* A. Holl, A. Krassnigg and C. D. Roberts, Phys. Rev. C 70, 042203 (2004)

f⇡nm2
⇡n = 2mq ⇢⇡n

 — gauge-invariant residues at the pole                
      in the axial-vector and pseudoscalar vertex functions

⇢⇡n
P 2 = �m2

⇡n

— given in terms of the Bethe-Salpeter wavefunction �⇡n(P, q)

(

mq & ⇢⇡n : each is scale dependent, but         
  product is  RG invariant

f⇡n



Key role of Ward-Takahashi identity

Ward-Takahashi identity:

U.V. behavior QCD, integrals are cutoff independent and therefore



f⇡nm2
⇡n = 2mq ⇢⇡n

For the ground-state pion, DCSB implies 

GOR relationship

For the excited states

f⇡n =
2mq ⇢⇡n

m2
⇡n

f0
⇡n := lim

mq!0
f⇡n = 0

                                         

n > 0

Chiral limit

m2
⇡n > 0



1st excited state







Light-front holography*

parameters fixed to get consistency with QCD

Mass spectrum Leptonic decay constants

* Brodsky, de Teramond, Dosh 
    Brantz, Gutsche, Lyubovitskij, Schmidt, Vega     

m1 = m2 = 0

n = L = J = 0
M⇡ = 0



a

m1 = m2 = 0 f⇡n 6= 0, n > 0



AdS spacetime:

*J. Erlich, E. Katz, D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 95, 261602 (2005)  
  L. Da Rold and A. Pomarol, Nucl. Phys. B 721, 79 (2005) 
  H. R. Grigoryan and A. V. Radyushkin, Phys. Rev. D 76, 115007 (2007) 

AdS/CFT: correspondence operators          of 4-d field theory  
                    and fields             5-d AdS space       

ds

2 =
1

z

2

�
⌘µ⌫dx

µ
dx

⌫ � dz

2
�
, 0 < z  z0 , z0 ⇠ 1

⇤QCD

(x, z) = (x0
, x

1
, x

2
, x

3
, z)

Our calculation 
— hard-wall holographic model*

O(x)
�(x, z)



QCD:

O(x) =

(
J

a
Lµ = q̄L�µt

a
qL, J

a
Rµ = q̄R�µt

a
qR

q̄RqL
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(
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a
m(x, z), R

a
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X(x, z)

SU(2)L ⇥ SU(2)R Flavor symmetry + DCSB

Gauge fields +  scalar fields
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1

2
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Lagrangian density
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Free parameters: 
z0

mq = mu = md

�q = �u = �d



Spectrum of mesons and  
Holographic currents

— Expand action up to quadratic terms  in fields 

— Make Kaluza-Klein expansion of fields  

— Vary action to obtain 

    - equations of motion 

    - holographic currents 

— Solve equations of motion imposing appropriate b.c. 
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Quark mass dependence of the pion masses



Holographic currents

From these, one can identify  
— the leptonic decay constants 

— a generalized GOR relationship 
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Leptonic Decay Constants

gV n =


1

g5z
@zv

n(z)

�

z=✏

gAn =


1

g5z
@za

n(z)

�

z=✏

f⇡n =


� 1

g5z
@z�

n(z)

�

z=✏

h0|J µ̂
V (0)|Vn(p,�)i = ✏µ̂(p,�)gV n

h0|J µ̂
A(0)|An(p,�)i = ✏µ̂(p,�)gAn

h0|J µ̂
A(0)|⇡n(p)i = ipµ̂ f⇡n



Generalized GOR relationship
From

and comparing with (2), obtain

@
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Â

µ̂
n(x) +

1X

n=0


1

g5z
@z�

n(z)

�

z=✏

@

µ̂
⇡̂

n(x)

@µ̂hJ µ̂
A(x)i = �

1X

n=0


�(z)

g5z
@z⇡

n(z)

�

z=✏

⇡̂n(x)

(1)

(2)

f⇡nm2
⇡n = � 1

g5


�(z)

z
@z⇡

n(z)

�

z=✏

⌘ 2mq ⇢⇡n

                                                                       



f⇡n =
2mq ⇢⇡n

m2
⇡n
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The leptonic decay constants of pion’s excited states  
vanish in the chiral limit when DCSB 



Comparison with Experiment

Our results

Experiment

f⇡1 < 0.064 f⇡0 = 5.91MeV



Why does  light-front holography fail  
in this case? 



From Zee’s book

Light-front holography 
— pion wave function

n
=
2

Fock-space state of the pion truncated to a quark-antiquark pair  

— but Goldstone boson is a very collective state  



Conclusions & Perspectives
  

— obtained agreement with QCD 

 — consistent with experimental bound for  

 — but need to improve mass spectrum 

Use of a soft-wall model 

 

f⇡1


