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Overview
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. . . . . LL for the
Main question: can we get information on high orders? nucleon mass
@ Leading logarithms (LL) Johan Bijnens

© Weinberg's argument
© o(N +1)/0(N)

@ Masses, decay
o large N
@ Other work

Q SU(N) x SU(N)/SU(N)
© Nucleon
@ Conclusions

Work done with Alexey A. Vladimirov (nucleon) and Lisa
Carloni, Stefan Lanz and Karol Kampf (various mesonic)
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Leading logarithms (LL)
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BEWARE: leading logarithms can mean very different things nucleon mass

Johan Bijnens

o Take a quantity with a single scale: F(M)

@ Subtraction scale in QFT (in dim. reg.) is logarithmic "

o L=log(p/M)

o F=Fo+ (FlL+F3)+ (F2L? + F2L+ F@)
_|_(F33L3_|_...) 4

® Leading Logarithms: The terms F'L™

‘ The F}I’ can be more easily calculated than the full result

@ u(dF/du) =0
@ Ultraviolet divergences in Quantum Field Theory are
always local
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Renormalizable theories

(]

(]

(]

Loop expansion = « expansion

F=a+ (ffa’L+ffa?) + (FFaPl? + 23l + f3ad)

_|_(f33a4L3_|_...)_|_...

f! are pure numbers

F''=d + (fla? + fl2d/al + fi2ad)
+ (fFaP2L + 23/ a?L? + 203 + 3f2d/a?L + 3fFa’a?)
+ (o312 + F4a/ a3+ ) + -

o = B1a? + Brad + - -

0=F = (B1+ ) a®+ (26117 +2fF) 3L
+ (B2 + 2611 + 2) P+ (351fF +3F3) a* L2+ -

fl=—p, =0

2

15

3
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Renormalizable theories
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@ Loop expansion = « expansion
o F=a+ (fll(y2L + fol(y2) + (f22oz3L2 + 2L + f02oz3)

Johan Bijnens

+(f33(1:4L3+---)+--- LL
° fij are pure numbers rgimens
O B i
du d,u du SU(N)XSU(N)
o Fl=0do + (f11a2 + fi2d/al + f2a0a!) o
Nucleon
+ (fPaP2L + 730/ 0?2 + fa® 4 3f2a/a’L + 3fFa’a®)

+ (o312 + F4a/ 3+ ) + -
o = Bra? + Boad + -
0=F = (B1+ ) a®+ (26117 +2fF) 3L
+ (B2 + 2611y + ) &3 + (36117 4+ 3F7) o* L2 +

1 _ 2 __ 32 3 _ 3
o |fl=—p, B=02 £B2=-53 ...

(]

(]
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Renormalizable theories

(]

(]

(]

(]

(4]

Loop expansion = « expansion
F=a+ (ffa?L+ ffa?) + (FFaPL? + ffaPL + f§a?)
+(f33(154L3+--->+---

f! are pure numbers
dF do dL
—=F,u—=d, n—=1
Md/z ' Md/z, “ Md/z

F''=d + (fla? + fl2d/al + fi2ad)
+ (fFaP2L + 23/ a?L? + 203 + 3f2d/a?L + 3fFa’a?)
+ (o312 + F4a/ a3+ ) + -

o = B1a? + frad + - -

0=F = (B1+1)?+ (21 +2f7) 3L
(B2 4 26008 + )00+ (35085 4 3F) at L2 o

fllz_ﬁlv f22:ﬁ]2_7 %3:_[3]?_’7

LUND

UNIVERSITY

LL for the
nucleon mass

Johan Bijnens

LL

Weinberg's
argument

O(N +1)
/O(N)

SU(N)xSU(N)
/SU(N)

Nucleon

Conclusions

5/39



Renormalizable theories

(4]

(]

(]

(]

(]

Leading logs known as soon as (31 is known
F(M)=a(1—apil+ (apil)? + (aBil)® +---
(87

“1vaml
running coupling constant

Generalizes to lower leading logarithms as well

Multiscale problems: many other terms possible
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Renormalization Group

(]

e © ¢ ¢ ¢
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Can be extended to other operators as well Johan Bijnens
. dF
Underlying argument always Py = 0. L
I

Gell-Mann—Low, Callan—Symanzik, Weinberg—'t Hooft

In great detail: J.C. Collins, Renormalization
Relies on the a the same in all orders

LL one-loop Sy

NLL two-loop (31

In effective field theories: different Lagrangian at each
order

The recursive argument does not work
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Weinberg's argument for leading logarithms
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@ Weinberg, Physica A96 (1979) 327

Johan Bijnens
@ Two-loop leading logarithms can be calculated using only

one-loop: Weinberg consistency conditions
Weinberg's

@ 77 at 2-loop: Colangelo, hep-ph/9502285 SEL
o General at 2 loop: JB, Colangelo, Ecker, hep-ph/9808421

@ Proof at all orders

@ using [-functions: Biichler, Colangelo, hep-ph/0309049
¢ with diagrams: JB, Carloni, arXiv:0909.5086
o Extension to nucleons: JB, Viadimirov, arXiv:1409.6127

@ First mesonic case where
loop-order = power-counting (or /) order

@ Later nucleon case where
loop-order # power-counting (or /) order
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Weinberg's argument
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@ u: dimensional regularization scale Johan Bijnens
ed=4—w
@ loop-expansion = h-expansion Weinberg's
b argument
o [hare _ § :hn'u I1W£(I7)

n>0

£ =3" <"o;

(n)

c
°o "= >
w

k=0,n

(]

c(gf) have a direct u-dependence

A

(]

k > 1 only depend on p through c(()'-"<")

]

(]
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Weinberg's argument =
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@ L7 {-loop contribution at order 1"
@ Expand in divergences from the loops (not from the
counterterms) L) =", %ng

Weinberg's
argument

@ Neglected positive powers: not relevant here, but should
be kept in general

@ {c}} all combinations C,EJI)C,EZE). C,E ™) with m; > 1,

rr
such that Z, 1, Mi = n and Z ki =¢.
ny — 1
o ey = (e} (e = (e el ell))

o LM =

i=1,r
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Weinberg's argument
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Weinberg's argument

(4]

(4]

(]

K- L8
1, ., —w
Rl = (i Lo({e}) + Lh) + 1" Lo({c}b) + Lo

w

1
Expand =" =1—wlogpu + §W2 log? s+ - - -

1/w must cancel: L3 ({c}})+ L} =
this determines the cill.

Explicit log 1 — log pu Lo ({c}}) = log pu L,
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Weinberg's argument :
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° ho L8 Weinberg's
]. _ _ argument
o nt: W (1 “Loo({c}1) + L%l) +u " Lgo({c}g) + Lio
1
@ Expand ™" =1—wlogu + §W2Iog2u—|—---
o 1/w must cancel: L},({c}})+L}; =0
this determines the clll-
o Explicit log p: —log 11 L3 ({c}i) = log pu L},
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Weinberg's argument
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i( —2WL2 ({ }2)+ _WL2 ({ }1)—|—L2 ) Johan Bijnens
w2 \H ool1€s52) T 1 “Li1(icyi 2

1 —zW —w —w . ,
(7 Loo({e}7) + L ({e}o) + m " Lio({e}y) + Ly )wenberss
+ (02 Lo ({c}g) + n™ Lig({c}o) + L3)

@ 1/w? and log i1/w must cancel
L%%({C}g)z‘*‘ L%lz({c}%)l +13=0
2Lgo({c}2) + L1 ({c}1) =0

o Solution: L3,({c}3) = f%Lfl({C}%)

L1 ({c}) = —2L3,
@ Explicit log 12 dependence (one-loop is enough)

2 log” 1 (413({e}3) + Ga({e}h) = 515
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Weinberg's argument
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LL for the

Y hz nucleon mass

i( —2WL2 ({ }2)+ _WL2 ({ }1)—|—L2 ) Johan Bijnens
w2 \H ool1€s52) T 1 “Li1(icyi 2

1 —zW —w —w . ,
(7 Loo({e}7) + L ({e}o) + m " Lio({e}y) + Ly )wenberss
+ (02 Lo ({c}g) + n™ Lig({c}o) + L3)
@ 1/w? and log i1/w must cancel
ng({c}%)z‘*‘ L%lz({c}%)l +15 =0
2Lgo({c}2) + L1 ({c}r) =0
. 1
o Solution: L3({c}3) = —2 L ({e}})
L1 ({c}1) = —2L3,
@ Explicit log 12 dependence (one-loop is enough)

5 108 (4L3({c13) + h({eH) = 5 13
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Weinberg's argument
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° h2:
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s W Bo({eB) + i Ba((eH) + o)

1 —2w —w —w .
(7 Loo({e}7) + L ({e}o) + m " Lio({e}y) + Ly )wenberss
+ (72" Lgo({c}5) + " Lio({c}p) + L3o)

@ 1/w? and log i1/w must cancel
L%(Jz({c}g)2+ L%lz({c}i)l +15 =0
2Lgo({c}2) + L1 ({c}r) =0
1
o Solution: ({e}3) = 3 L1 ({c})
L1 ({c}1) = —2L3,
@ Explicit log i dependence (one-loop is enough)

2 tog? 1 (403 ({c13) + La({e}) = 5 u({cH) log? 1
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Mass to A2

o hl: {0} . (1]
Q
° h2: {1} {0} .

@ but also needs hl: Q 0] =
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Mass to order A3 g
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@ Calculate the divergence
@ rewrite it in terms of a local Lagrangian Weinberg's

argument

o Luckily: symmetry kept: we know result will be
symmetrical, hence do not need to explicitly rewrite the
Lagrangians in a nice form

o Luckily: we do not need to go to a minimal Lagrangian

@ So everything can be computerized

@ Thank Jos Vermaseren for FORM

@ We keep all terms to have all 1PI (one particle irreducible)
diagrams finite
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Massive O(N) sigma model
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(]

O(N +1)/O(N) nonlinear sigma model
/:'2

Ly = 78“<DT8“<D + FxTo.

® is areal N+ 1 vector; ® — 00; dTd =1. O%J\/)l)

Vacuum expectation value (') = (10...0) e

Other work

(]

Explicit symmetry breaking: xT = (M2 0...0)
Both spontaneous and explicit symmetry breaking
N-vector ¢

N (pseudo-)Nambu-Goldstone Bosons

e © ¢ 6 ¢ ¢ ¢

N = 3 is two-flavour Chiral Perturbation Theory
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Massive O(N) sigma model: ® vs ¢

-
1- 22
¢1
o P 1 F
%N
=
1 1_¢'¢
o 5= — 2
foake) < ¢
1+ 22
Weinberg
cos ¢F_72¢>
*] (t)z1 =
sin ¢T2¢ %
F* VeTe

CCwZz

1
1-3
1
11—z
only
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O(N + 1)
/O(N)
Masses, decay

large N

Other work
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Massive O(N) sigma model: Checks

Need (many) checks:
@ use many different parametrizations

@ compare with known results:

1 17
M3yys = M? (1—§LM+—L%4+~'> ,

8

2 /142

Ly = —— Jog

M= T6x2F2 %8 A2
Usual choice M = M.

@ large N but massive results more hidden

Coleman, Jackiw, Politzer 1974

@ JB, Carloni, : mass to 5 loops
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O(N + 1)
/O(N)
Masses, decay
large N

Other work
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Results

M2 = M2(1+31LM+32L%A+33/_%/,+...)

phys

M? 2
Lm = fgzzpz 08 42

[i ] ai, N=3 ] a for general N
1 N
1 -3 1-3
17 7 _IN | 5N
2 3 17 73
103 37 _ 113N | 15 N? 3
3| 2% |tz N
24367 839 _ 1601 N | 695 N2 135 N3 | 231 N*
4 1152 T4 " " T @ — "1 tTim
5 8821 33661 _ 1151407 N | 107587 NZ 12709 NS 4+ 6271 N 7T A
144 2400 43200 4320 300 320 2
6 | B0l | 158393809/3888000 — 182792131/2592000 N
+1046805817/7776000 N? — 17241967/103680 N3
+70046633/576000 N* — 23775/512 N5 4 7293/1024 N°
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Masses, decay
large N
Other work

21/39



Results

F

P

hys — F(l +aily + 32L%/] + 23L%/, + )

i | aj for N=3 | a; for general N

1 I —-1/2+1/2N

2 —-5/4 —1/24+7/8 N —3/8 N?

3 83/24 —7/24+21/16 N — 73/48 N2 + 1/2 N°

4 | —3013/288 | 47/576 + 1345/864 N — 14077/3456 N2 + 625/192 N°
—105/128 N4

5 206004/ —23087/64800 + 459413/172800 N — 189875,/20736 N2
+546941/43200 N3 — 1169/160 N* + 3/2 N°

6 | —992787 | _277079063/93312000 + 1680071029/186624000 N
—686641633 /31104000 N2 + 813791909/20736000 N*
—128643359,/3456000 N* + 260399,/15360 N° — 3003/1024 N°
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Masses, decay
large N
Other work

22/39



Results

(@iqi) = —BF?(1+ cily + L2, + a3, + ...)

M2 =2Bm

xT =2B(s0 ...0)

s corresponds to Tu + dd current

[ i ] ¢ for N=3 [ ¢ for general N
3 N
! 2 2
2 _9 3V _ 3N
8 4 8 -
9 3N _ 3N N
3 2 2 -5t
4 1285 145N _ 55N | 105N° _ 105N*
128 48 IV 128 . .
3007N _ 1471N 557 N> _ 1191 N/ 3N
5 46 480 0 T a0 60t

Anyone recognize any funny functions?
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Masses, decay
large N
Other work
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Large N )
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Power counting: pick £ extensive in N = F2 ~ N, M? ~ 1

Masses, decay

2n legs
large N
Other work

@ 1PI diagrams:
Np =N =3, Non 41 B .
2NI+NE:X’1:H2:'IN2" iNL*Zn(n_l)NQn_ENE—i-]_

NN
@ diagram suppression factor: NNe/21

24/39



Large N

@ diagrams with shared lines are suppressed

each new loop needs also a new flavour loop

@ in the large N limit only “cactus”

diagrams survive:

]
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LL

Weinberg's
argument

O(N +1)
/O(N)
Masses, decay

large N

Other work

SU(N)xSU(N)
/SU(N)

Nucleon

Conclusions
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large N: propagator =
SUND

. . . LL fc h
Generate recursively via a Gap equation Beriilien

Johan Bijnens

(=)= (_)—1+_O_+ﬂ+@+ 4o

= resum the series and look for the pole

Masses, decay
large N

2 Other work
)h\S\/l + F2A Mph\S)

_ > 2
A(m?) = 1oz log £

Solve recursively, agrees with other result

Note: can be done for all parametrizations
26/39



Other results

@ Bissegger, Fuhrer, hep-ph/0612096 Dispersive methods, massless
s to five loops

@ Kivel,

]

¢ ¢ € © ¢ ¢ €

Polyakov, Vladimirov, 0809.3236, 0904.3008, 1004.2197, 1105.4990

In the massless case tadpoles vanish

hence the number of external legs needed does not grow
All 4-meson vertices via Legendre polynomials

can do divergence of all one-loop diagrams analytically
algebraic (but quadratic) recursion relations

massless 7w, Fy and Fs to arbitrarily high order

large N agrees with Coleman, Wess, Zumino

large N is not a good approximation
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Masses, decay
large N
Other work

27/39



SU(N) x SU(N)/SU(N)
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@ SU(N) x SU(N)/SU(N) (vector and scalar)

@ Mass, Decay constants, Form-factors

@ Meson-Meson, vy — 7 5/%5}"8\7)5‘/("”
@ No luck with guess for general N-dependence either

@ Four different parametrizations of a unitary matrix used

28/39



Mass

i a; for N =2 a; for N =3 a; for general N
1 —1/2 —1/3 —N~T
2 17/8 27/8 9/2N"2 —1/2 +3/8 N?
3 —103/24 —3799/648 —89/3N"3 +19/3N"1 —37/24N —1/12 N3
4 24367/1152 | 146657/2592 | 2015/8 N—* — 773/12 N—2 4 193/18 + 121,288 N?
+41/72 N*
27470059 —5 -3 —1
5 —8821/144 — 2A0s —38684/15 N—° + 6633/10 N~3 — 59303,/1080 N
—5077/1440 N — 11327/4320 N> — 8743/34560 N°
1922964667 12902773163 —6 —4
6* 1922004067 1202778163 7329919/240 N~ — 1652203 /240 N
—4910303/15552 N2 4 205365409,/972000
—69368761/7776000 N2 + 14222209,/2592000 N*
+3778133,/3110400 N°

LUND

UNIVERSITY

LL for the

nucleon mass

Johan Bijnens

SU(N)xSU(N)
/SU(N)
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Nucleon Lagrangian
LUND

UNIVERSITY

LL for the
nucleon mass

Johan Bijnens

(]

We use the heavy-baryon approach, explicit powercounting

(]

LO Lagrangian is order p (mesons p?):

L = N (iv*D,, + gaS"u,) N

Partly checked with other schemes (IR-regularization)

Propagator is order 1/p (mesons 1/p?) Nucleon

Loops add p? just as for mesons

e © ¢ ¢

Different parametrizations for mesons
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Nucleon Lagrangian

Two different p? Lagrangians:

@ Bernard-Kaiser-MeiBner

) = B[O s0 e 4 gur ()

(C2 ) u)? + cau-u+ (ca+ g5) i€P7 UV, S, }Nv

@ Ecker-Mojzis

5 (DuD" 4 iga{S,.D*, v, u"}) 4 Astr (u,u*)
+Astr ((Vu u“)Q) + Astr (x4) + Asielrr? v,LSl,u,,ug} N

(1) _ 1x
‘CNW_ %N[_ ;
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Johan Bijnens

Nucleon
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Nucleon loops :
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LL for the
nucleon mass

@ set A" ~ p™t1 for meson-nucleon Johan Bijnens
@ set " ~ p™?2 for mesons

@ Introduce a RGO renormalization group order ~~
max power of 1/w

@ same p-order can be different RGO, e.g.

both p°, left RGO 1, right RGO 2

@ Note: same equations, if no tree level contribution
next-to-leading log also calculable

@ For nucleon can have fractional powers of quark masses
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Nucleon loops
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LL for the
nucleon mass

@ set A" ~ p™t1 for meson-nucleon Johan Bijnens
@ set " ~ p™?2 for mesons

@ Introduce a RGO renormalization group order ~~
max power of 1/w

@ same p-order can be different RGO, e.g.

f /A‘\x\; f ,A\\\ Nucleon
2 2 1 > L

both p5, left RGO 1, right RGO 2

@ Note: same equations, if no tree level contribution
next-to-leading log also calculable

@ For nucleon can have fractional powers of quark masses
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Results
2 2
) m 1
M: nucleon mass, m: pion mass, L= -——=log—
P (4rF)2 & m2
2 am3 m* Mz

m
Moy = M+ koo 4 k k In 2
phy T TR GaEe T Grrem "
2

5
™m 1
ke ——— In— + ...
+ 5(47rF)4 n m? +

2

m? & I~
= M+ TS ol am S kg L0
+ an_; 2 +7Tm(47rF)2nz_; 2n+1 )

=
LUND

UNIVERSITY

LL for the
nucleon mass

Johan Bijnens

Nucleon

33/39



Results

LUND

UNIVERSITY

LL for the

nucleon mass

Johan Bijnens

k2 —4C1M

ks | —363

kg % (g£+(C2+4C3—4C1)M) —3caM
384 (2 _ 1642

ks 3 —16g3)

gf\ + (e +4c3 — 4c1)l\/l) + %clM

X
S
=l

2
—18g3 + O — 43)

27 (.2 9

kg i(gA+(C2—|—4C3—4C1)M) —§C1M
2 7

ko g?A (_116 A 25%&\ - 3569gA + 515268009 Hucteon
257 757

kio (gA (2 +4c3 — 4c1)l\/l) +55aM

Kk _05 8 5187407g2 . 449039g2 16733923gf‘ 298785521

11 8a t 20160 945 60430 1935360

@ ga <> —ga: only even powers
@ ko, peculiar structure

@ Drop gf\ then can calculate ki»
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Results
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everything rewritten in terms of physical pion mass

Simpler expression
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o Conjecture:

12

3, log e gf\
M = M m pye —4c1 + o + 4c
phys + 4 phys (4-7TF)2 <Mphys 1+ e+ 3>

2

3C1 4 , dlLle Nucleon
B (47 F)? / Mohys(1) 0wz
2

mphys

@ Take now known result for pion mass, ki and kig
calculable
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Numerics
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Conclusions

@ Leading logarithms can be calculated using only one-loop
diagrams

@ Results for a large number of quantities for mesons

@ Look at the (very) many tables, we would be very
interested in all-order conjectures

@ Nucleonmass as the first result in the nucleon sector
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