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1. Introduction
What is our motivation ?

)

Lattice QCD is able to determine the nucleon structure function
from the first principle of QCD.

Compared to experiment, the current precision is not enough.
axial charge: Ag, lattice ~ 10% < experiment ~ 0.] %

electric charge radius: A<rg> lattice~ 20% < experiment < 0.5%
Reducing the uncertainties is essential task for consistency test

Monte-Carlo study is rigorous, but there is systematic deviation due to
using unphysical parameter

Ophys — O%\a/,ltc = Agys Agys = A(m-mphys’v?éoo’ WN F Wother state €t€)
Because of stochastic, OMC __itself has statistical uncertainty.
Size of Ay, and statistical precision are correlated,
= increasing statistics in MC make a reduction in the size of Ay



1. Introduction
“Puzzle” of axial charge

» Is g, determinable from lattice QCD ! PNDME, PRD89(2014)
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* Although there have been many lattice efforts in Ni=2, 2+ (also 2+1+1) with
several kinds of lattice action, those values have not been fixed yet.

* There is slight tension from experiment.

* The careful estimate of systematic errors is necessary.
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1. Introduction
Computation of matrix element

» 2pt, 3pt function

(O|j\f(t)NJf (O)|O) = <O‘N(ts, U)J(t, Q)NT (ij)m) _ J(t.q)

N(0,-p) : N(t.p) N(0,p) N(t_s,0)

O (DN (0)]0) = [OININ)[2e™ V" + [(OL|N') 25" + .

(O|T{N(t5,0) T, (t, )N (0, p)|0)
= (U|N‘j\'}(NIJJ{'}V)(N‘NT‘[}}F—E,\J t—mpn (ts—t) + (Ulle\'ﬂ>(ﬁnl-}“_lhﬂ)<i\ﬂ|./’\fri|U>E‘_E:‘w t—m'y (ts—t) 4.,
~ Zn(0)Zn (p)e Envtmmn(tsep=t) 5 {Gx,ga}+ cre—Dltsep—t) | c-grr'ﬂ""]

Matrix element First excited state contamination
of ground state A=m/y—mpy>0,A =E,—-Ey>0

* Matrix element is extracted from ratio of 3pt and 2pt function after removing
exponent and amplitude.
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1. Introduction

What is problem ?

» Signal-to-noise ratio problem
Noise of nucleon propagator at time-slice t behaves like
S/N ~ VN exp[—(mn — 3my/2)t]
it means statistics N ~ exp[(2my-3m_)t] are needed for same precision.
» Excited state contamination
Excited state rapidly decays at large t, because of my <m

excited

To evaluate ground state mass by fitting with finite t range, precision of
nucleon propagator at large t is needed.

Our strategy:

* To reduce statistical error at large t, the all-mode-averaging is efficient way.
* Systematic study of excited state contamination is performed in light pion
mass and large volume, m_L > 4.




2. Error reduction technique
All—mode—averaging Blum, Izubuchi, ES (2013)

» Effective to reduce statistical error of correlation function without
additional computational cost.

O(imp) _ )(rest) _|_ Z O(appx), 9 olrest) — 0 _ (appx)
gEG

» O:2pt, 3pt function with high precision solver (10-'° residue) = expensive
« O@rP): 2pt, 3pt function with low precision solver (~10-? residue) = cheap
* perform N, computation of OGP (g : translational shift).

AMA estimator O(mP) whose error supposes to be

r: correlation between O
— +2(1—
\/ " ") N N2 gé; Hod’ and O®@pPx)

AOAO(apr)) (AO(appx),ng(apr),g’> rgg’: correlation between

T9g' = (appx).g (appx).&
"= G'O'(a»pr) 99 J(appx),ga(appx),g’ O and O

* O@PP) has several tuning parameters to control of r and r,
e.g. stopping condition, deflation field, source location



2. Error reduction technique
Performance test of AMA

» Reduction of computational cost
g,, N6 with t =22 (1.1 fm), t/a=11

Source smearin . .
_ gl Deflation field 0.1 ————— ————
Sink Smearing _ I
Contraction i = m AMA, N =32
Inversion Sequential source - 44 AMA,N=16
¢ AMA, Ng:8

Exact 10.6% 24.8%

\ x non-AMA
X

3.1%

Relative error
f

0.01 -

Approx. | jo6% 11.1 Total 33.5%

1 1 1 1 1 1 | k | 1 1 1 | - 1
10 100 1000
3.1% 3.2% 3.1% 2.4% CPU time (h)

* Cost of computing quark propagator is reduced to 1/5 and less.
* Total speed-up is about factor 2 and more. (depending on lattice size

and pion mass)



3. Lattice results (preliminary)

CLS config, N = 2 Wilson-clover fermion

Lattice a (fm) | m_(GeV) | Ng t, (fm) #conf | #meas(*)
ES 64x323 |0.063 |0.456 64 0.82,0.95, I.13 ~480 | ~30,000
(2.0 fm)?3 (m L=4.7) .32 ~1000 | ~64,000
|.51 ~1600 | ~102,400
F7 96 X483 | 0.063 |0.277 64 0.82,0.95, 1.07 ~250 | ~16,000
(3.0 fm)?3 (m_L=4.2) | 128 1.20, 1.32 ~250 | ~32,000
192 |.51 243 ~48,000
N6 |96x48% |0.05 |0.332 32 0.9 |10 3,520
(2.4 fm)?3 (m_L=4.1) | 32 I.1,1.3 803 25,696
32 1.5, 1.7 ~930 | ~30,000
G8 128 X 643 | 0.063 | 0.193 80 0.88 103 8,240
(4.0 fm)?3 (m_L=4.0) | 12 1.07 94 10,528
160 .26 101 16,160
64 |.51 170 10,880

* Effective statistics : #mes = N X #conf



3. Lattice results (preliminary)
Nucleon mass and its excited state

N6: (2.4 fm)°, m_=0.33 GeV
R R I I F(X)CQOF(Y)
. @ |
0.45 B N(0.-p) N(t.p)

— two-state

— -stat - . .
o) et ] F(x): Jacobian function

0.4 o) C with APE smearing link.

[ % 1 * The ground-state dominant,
S 0.35[ o - t/a= 15— t=0.75 fm.
i * Fitting function
One-state : Ze™
Two-state: ZeMt+ Z’em't
I 1+ Good y? value
0.25'..|.|....,,|,,%,,' * Precision, Amy/my <1 %
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3. Lattice results (preliminary)

Axial charge

» Single ratio of 2pt and 3pt with fixed t,

1.3

1.2

1.1

RA(t, ts) = ZIP(

0N (£, 0)J3(t, 9)N'T(0,0)[0)
P{OIN (ts,0)NT(0,0)[0)

N6: (2.4 fm)*, a”'=3.95 GeV, m_=0.332 GeV

>~ ga + Ccre

t, =34

cp
A tsep:SO
TS tsep:26
m tsep:22
® tsep= 18

—Atg —A(ts—t)

+ Cc2€

* Computation of 3pt and 2pt
function at zero momentum with
spin projection P.

* Signal around t-t/2 >> |.

* But the size of excited state (2"
and 3" terms) are still unknown !
— significant uncertainty

* Forward and backward averaging

J(T-t.q) J(t.q)

S
<> .
N(T-t_s,0) N(.p) N(0.p) N(t_s,0)




3. Lattice results (preliminary)
Extraction of g,

» Ground and excited state ansatz

Ground state dominance (Plateau method)
P{OIN (ts,0)J5(t, ) N'T(0,0)[0)
P{O|N (ts, 0)N'T(0,0)]0)

* Evaluation from constant fitting for t with fixed t..
* To suppress the excited state contamination, measurement at large t, is needed.

First excited state ansatz PNDME(2014),RQCD(2014), ...
RA(t,ts) ~ ga _|_C(€—Ats _|_6—A’(ts—t)>

RA(t?ts) =7

=~ ga, (ts-ts_t>> 1)

* A is mass difference between ground and | excited state.

» Summation method Capitani et al. PRD86 (2012)

ts*tcut
RY"™(ts) = Z Ra(t,ts) ~ag+ts(ga + c"le_Ats + CQG_&,tS)

t=tcut

* Using summation in [t_,, t.-t.,] at fixed t_, the excited state effect is ~ O(e™2'*)

* g, is given from t linear part at t, >> |.
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3. Lattice results (preliminary)
Plateau method

» Non-AMA results at t, <| fm
N6: (2.4 fm)’, a”'=3.95 GeV, m_=0.332 GeV

| ' |
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3. Lattice results (preliminary)
Plateau method

» Non-AMA results at t, <I.5 fm
N6: (2.4 fm)’, a”'=3.95 GeV, m_=0.332 GeV
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3. Lattice results (preliminary)
Plateau method

» AMA results at t, <I.5 fm
N6: (2.4 fm)’, a”'=3.95 GeV, m_=0.332 GeV

| ' |
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3. Lattice results (preliminary)
Plateau method

» AMA results at t, >1.5 fm

N6: (2.4 fm)’, a”'=3.95 GeV, m_=0.332 GeV

| ' |

1.2+ T } -
< : t, > 1.5 fm region is
o0 ! E % N " much better to
1.1 ® control the excited
! ’ - state contribution.
:i — Experiment
1+ m Jaeger, Rae et al. (2013--2014)| |
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I 1 1 1 1 I

1 1.5
t, fm




3. Lattice results (preliminary)
Excited state ansatz

N6: (2.4 fm)?, a1=3.95 GeV, m_=0.332 GeV N6: (2.4 fm)?, a'=3.95 GeV, m_=0.332 GeV
: ‘ : . : . : | ' T ' ' ' [ F— '
A =34 | 1 1.3_* E .
< i Slap o g i ]
130 n tz:22 ] .
[ ]

T

0.2F

u [ ] T T T T
L i E l I| two-state fit of 2pt
1 = 0.2F .
i . | . . | . | ] < EbBo® & T ]

05 0 0.1F =

t-tS/Z fm 0: . | . . . . |
1 ) 1.5
t Tm

* Holding in middle point of source-sink i
separation = additional averaging * After correction to excited state, g,
 Fitting the function increases at t, ~ |fm, and in agreement

with plateau method in t; > 1.5 fm.
* Mass difference A has consistency
with two state fit.

f(t.ts) =ga+ C(e‘Atﬁ + e—A(tS—t))



3. Lattice results (preliminary)
Summation method

N6: (2.4 fm)’, m_=0.33 GeV N6: (2.4 fm)*, a'=3.95 GeV, m_=0.332 GeV
B ' ‘ ‘ ' ' ' ' ' ' ] i | \ | \ T T T ]
i - C plateau, t=1.5 fm
1.6 T — Experiment
i O Summation
L5 Fit range Fit range g
t, (fm) [0.9,1.7] t, (fm) [1.1,1.7]
< 1.4 ]
1]
1.31 T T ]
I 9
12 b 2 ¢
i @ ]
g : 11| .
ot : ‘1 ‘ : : ' 1'5 : : . L | \ | \ | | | L 1
tsep (fm) - tcut=1 tcut=3 tcut=5 tcul=8 tCut=1 tcut=3 tcut=5 tcut=8

Fitting with linear function using t_,. = 1, 3, 5, 8 =stability check

Fitting function is in good agreement with lattice data.

* becomes stable using minimum fit range t, > | fm.

The excited state contribution O(exp(-A’t)) is not significant in t, > 1.5 fm.
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3. Lattice results (preliminary)

Comparison in m_=0.19 and 0.28 GeV

1.3

1.2

1.1

F7: (3.0 fm)*, a'=3.13 GeV, m_=0.277 GeV

T T T T T T

P

s ¢
— Experiment
x RQCD(2014), (2.8 fm)’, m_=0.29 GeV
® AMA, plateau
| |
1 1.5

t fm
S

€A

1.3

1.2

1.1

GS: (4.0 fm)?, a'=3.13 GeV, m_=0.19 GeV

T

}

— Experiment

® AMA, plateau

x RQCD(2014), (4.5 fm)?, m =0.15 GeV

t fm
S

* RQCD collaboration uses N; = 2 Wilson-clover fermion.
* In good agreement with RQCD resultin t, ~ | fm

* It seems large excited state contamination in m_= 0.19 GeV rather than 0.28 GeV
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3. Lattice results (preliminary)

Systematic error

» Central value

Summation method in t; > | fm, and maximum value of t_,, in t, > | fm

» Systematic error

A) Difference from summation method in t™" < | fm

B) Difference from fitting with the first excited state in t, > | fm

lattice ga Statistical Systematic A) | Systematics B)
E5 |.240 0.021(1.7%) 0..021(1.7%) 0.022(1.7%)
F7 1.245 0.033(2.7%) 0.003(0.2%) 0.035(2.8%)
N6 1.222 0.024(2.0%) 0.045(3.6%) 0.054(4.4%)
G8 |.246 0.103(8.3%) 0.003(0.2%) 0.062(5%)
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3. Lattice results (preliminary)
m_ dependence

1.3

1.2

1.1

21

* x O &0

N6 [(2.4 fm)3, a=0.05 fm]
E5 [(2.0 fm)?, a=0.063 fm]
F7 [(3.0 fm)?, =0.063 fm]
G8 [(4.0 fm)3, a=0.063 fm]
Experiment

RQCD(2014), a~0.06 fm

1.6

QCDSF Ny =2 —e— ETMC Ny=2+1+1
- Mainz Ny =2 +—+— PNDME Ny=241+1 F——
ETMC Ny =2 RQCD Ny =2 +—mH
|l LHPCN;=2+1 F—e— RQCD Ny =2, ga/F.
RBC Ny =2+1 Expt +—&—

1 1 1 1 1 | | | | J
0.02 0.04 0.06 0.08 01 012 014 016 018 0.2
m? |GeV?]
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3. Lattice results (preliminary)
Scalar and tensor charge

Scalar (lattice)

N6: (2.4 fm)?, a”'=3.95 GeV, m_=0.332 GeV

2 r T T T

1.5-— : : E }

’ ® AMA, plateau |

oS

I 15

t fm

S

&r

Tensor (lattice)

N6: (2.4 fm)®, a'=3.95 GeV, m_=0.332 GeV

1.4}
1.3}
121

11k

| ® AMA, plaleau|

* There does not appear significant effect of excited state.
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3. Preliminary results

Isovector form factor

=
-
T

E
=
in

T

N6: (2.4 fm)*, @ '=3.95 GeV, m =0.332 GeV

® Q=027 GeV?
B Q’=0.54 GeV?
+ Q’=0.80 GeV?

N6: (2.4 fm)’, a'=3.95 GeV, m =0.332 GeV

1 |
: O Plateau, t =1 fm
@ Summation
% Experiment
0.8
x
5 =]
4 om 0.6 L
-}
ES
==}
04+ s
* o
02f | *
0 5 0.5 5
Q GeV
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Summation method

* Good consistency with plateau and
summation method at t, > 1.5 fm.

* Excited state contamination effect is
observed, which has large impact in light

quark mass.

G8: (4.0 fm)*, @ '=3.13 GeV, m_=0.19 GeV

1 T
I O Plateau, t=1 fm
3 @® Summation
0.8 i 2 @ % Experiment
o £ @
5 ogl $ © Large error comes from
= Bor © . .
) o fluctuation in t, = |.5 fm.
I } o ,
0.4f ; = Need error reduction
- -4 int, = 1.5fm
0.2r 1 " f]
0 0.5 |
Q2 GeV’



4. Summary
Summary

» High statistics calculation of nucleon form factor is performed
in N(=2 Wilson-clover at Lm_ > 4 with m_= 0.19--0.46 GeV.

» All-mode-averaging technique is working well for reduction of
statistical error in Wilson-clover fermion.

» t, > 1.5 fm is required for small contribution of excited state
contamination in axial charge, rather than scalar and tensor
charge.

» Axial charge is now close to experiment.

» Feasible study for application to N, = 2+1 CLS configurations
with open boundary condition.
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Thank you for your attention.
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3. Preliminary results
[sovector form factor

» Ratio with momentum transition
POIN (ts,p1) . (t, ) NT(0,p0)[0)

R A, ts) = VA K(pi. ~ G v+d .f—&tﬁ { ?—f_\;(tﬁ—t)
C( ) ) P(Up\r( p“ NT(O Do |0> L (pl .pU) X Ta1€ +C 2€
K(p D ) _ \/C%%t(plﬂ )ng}c(p()a )OQPt(p()at )
1 0) — ,
Cayi(po, ts — ) Cspt (p1, 1) Oy (p1s L)

* The ratio consists of 3pt and 2pt, with combination of local “Ic” and smeared “sm” sink.
* Matrix element with Sachs form factor

(N (p1)] ]HlN(pU)) u(p1) {Fl (q )'ﬁb + FQQUUH-V/QWIN] un (po)

2

LQF27 Gy =F1+ Fy

Ggp=F| —
E 1 2,

* Form factor Gy as a function of g%, q = p, - py, in Which p, = (0,my) p, = (p,E) are used.
* Systematic study of excited state contamination with plateau and summation method is
necessary.
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2. Error reduction technique
Performance test of AMA

» Correlation
N6, 2pt function

Expected error reduction in AMA:

0.05} . Ty
- % 2(1-1) _
1 B a‘:P N \/NLG+2(1—7~)+% > rog
= - | _ | R
Sl th;—;lﬂ*l
2 { Hi 1. jiil@% T T 1INg = 1/64
(S 0 sxkx XXX 1 l

17 \ I/Ng = 1/128

I B
15 20 25
art

O_
()]
[E—
e

* rg :correlation between O@PP) with g and g’ transformation.

* 2(l-r) : correlation between O@Px) and O.
* At t ~ 24, size of correlation is similar to |/Ng, = maximum point to reduce error
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