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Effective Field Theory
At low energies, the exchange of heavy, virtual particles (M»E) 
leads into quasi-local effective interactions

CQ(�S=2)Q(�S = 2)

exchange of heavy, virtual particles 
between light SM particles

induced effective local interactions  
at low energy

Integrate 
out heavy 
particles

𝜇



Effective Field Theory

Basic idea of effective field theory!!
Step 1: choose cutoff Λ ≲ M and divide field	


into 𝜙=𝜙H+𝜙L 𝜙=𝜙H+𝜙L

Λ 
M 

E

(M=some fundamental scale)

𝜔>Λ 𝜔 < Λ

eff

!!
Step 2: integrate out 𝜙H below Λ to get effective 𝓛

eff

𝜙=𝜙L

Wilsonian 
effective 
action



Effective Field Theory

Basic idea of effective field theory!!
Step 1: choose cutoff Λ ≲ M and divide field	


into 𝜙=𝜙H+𝜙L 𝜙=𝜙H+𝜙L

Λ 
M 

E

(M=some fundamental scale)

𝜔>Λ 𝜔 < Λ!!
Step 2: integrate out 𝜙H below Λ to get effective 𝓛

eff

𝜙=𝜙L

Wilsonian 
effective 
action

non-local, but Δx𝜇 is small ~1/Λ
!!

Step 3: expand non-local action functional in local OPE (E≪ Λ)
eff

Qi = local operators



Effective Field Theory
Basic idea of effective field theory

eff

Näive dimensional analysis (NDA): [m]=[E]=[p]=[x-1]=[t-1]        	

[gi]=-𝛾i  “mass dimension”
⟹	  gi	  =	  ci	  M-‐𝛾i	  ;	  	  	  	  	  ci	  	  is	  “naturally”	  O(1)

dimensionless number 𝛿i	  =	  [Oi]	  ⟹	  	  	  𝛾i	  =	  𝛿i	  -‐	  D

Contribution of a given operator Qi in 𝓛eff to a dimensionless  
observable would be: E	  ≪	  Λ	  <	  M

at low energy, 
make OPE 

useful!

Given a precision goal, can truncate the series                     in 
given order in E/M => keep only finite Qi



Effective Field Theory
Basic idea of effective field theory

eff

[gi]=-𝛾i 𝛿i	  =	  [Oi]	  ⟹	  	  	  𝛾i	  =	  𝛿i	  -‐	  D

usually unimportant 
(forbidden by symmetry)

renomalizable QFT

really interesting, 
sensitive to 

“fundamental” scale M



Effective Field Theory
Basic idea of effective field theory

eff [gi]=-𝛾i

𝛿i	  =	  [Oi]	  ⟹	  	  	  𝛾i	  =	  𝛿i	  -‐	  D

Renormalization & Running coupling

Λ 
M 

E

M 

E

Λ- 𝛿Λ

what happens when lower the cutoff?

….. integrate out high frequency of light particle 
(as opposed to integrating out heavy particle) !!

operator Oi[𝜙L] remains the same	

lowering Λ is absorbed by change in gi(Λ)

intutitive understanding of 	

running coupling



Effective Field Theory
Effective weak interaction

Integrate out 
heavy 

particles (W)

For large loop momenta (p2~MW2),	

two operations – expansion of the W propagator	

and integration over loop momenta – do not commute

How about loop corrections?

For large momenta QCD is weakly coupled: 
αs(MW) is small and perturbation theory works 
=> Wilson coefficient taken into account of 
the loop corrections for large momenta can be 
calculated

matc
hin

g



Effective Field Theory
Matching!!

List all possible gauge invariant operators allowed by symmetries 
& quantum numbers

!!
Determine Ci such that

An = hfn|LSM|ini =
P

i Cihfn|Oi|ini
+ higher power corrections

can compute perturbatively even in 
QCD, provided that theory is weakly 

coupled at short distance

Le↵ =
P

i CiOi

with number of terms determined by accuracy desired

Write down 𝓛eff with undetermined dimensionless coupling Ci

weakly coupling
Λ 
M 

E

Λ- 𝛿Λ
……………..

ΛQCD 
strong coupling

P
i Ci(⇤)Oi(⇤)

EFT=full theory 
bellow Λ 

contains modes with  
frequency > Λ 



Effective Field Theory

Any sensitivity to high scales (including to physics beyond 
the Standard Model) can be treated using perturbative 
methods:

Nonperturbative methods (operator product expansion, lattice 
gauge theory, …) usually only work at low scales (typically 
μ~few GeV)

Ci(µ) = CSM
i (MW ,mt, µ) + CNP

i (MNP, gNP, µ)

Systematically factorize short-distance physics and long-distance 
physics



Operator Basis
• The effective weak Hamiltonian for FCNC (hadronic)

• e.g. Penguins and other loops

LO



Operator Basis
• The effective weak Hamiltonian for hadronic B decay

• Penguins and other loops



Effective Theories for Heavy Flavours
Question: what’s there to integrate out, when there is no heavy particle?

Answer: look for different scales.   e.g. B-physics: mb ≫ ΛQCD  

Inegrate out all short-distance fluctuations associated with 
scales ≫ ΛQCD 

Prime example: Heavy Quark Effective Field Theory (HQET)

!!
Physics at the scale mb (short-distance physics) vs. heavy quark 
related (long-distance) hadronic physics governed at confinement 
scale ΛQCD.!!
Separation of the short-distance and long-distance effects 
associated with these two scales is vital for any quantitative 
description in heavy-quark physics



Heavy Quark Effective Field Theory

What’s the physical picture behind? .Q
B

!!
mb >> ΛQCD:                           is perturbative (asymptotic freedom)↵s(mB)

!!
QQ systems is perturbative 	


!!
It’s characterized by a small Compton wavelength!	

• λQ ~ 1/mQ « 1/ΛQCD ~ Rhad typical hadronic size

 simplifies physics of hadrons made up of heavy quark

heavy-light bound states (Qq) are not perturbative



Heavy Quark Symmetry

What’s the physical picture behind?
!!

Flavour Symmetry: Cloud of light degrees of 
freedom (“antiquark” in a meson) does not 
feel the mass (flavor) of the heavy quark as 
mQ→∞

SU(2nQ) spin-flavour symmetry: In heavy-quark limit 
(mQ→∞), configuration of light degrees of freedom is 
independent of the spin and flavor of the heavy quark

Q
B

→λB←

Rhad

!!
Spin Symmetry: Since magnetic moment of a 
heavy quark scales like μQ~1/mQ,  also its spin 
decouples

↑↑



Heavy Quark Symmetry

Relates properties of hadrons:

flavor symmetry

spin symmetry

flavor symmetry

spin symmetry

B D

B*
D*

↑↑ ↑↑

↑↑ ↑↑

b

b

c

c



Heavy Quark Symmetry

What’s the physical picture behind?
!!

Heavy quark carries almost all momentum 	

Momentum exchange between heavy quark and light 
degrees of freedom is predominantly soft (soft gluon 
exchange):

Georgi: “velocity superselection rule”

ΔPQ = -ΔPlight = O(ΛQCD) ⇒ ΔvQ = O(ΛQCD/mQ)

Heavy-quark velocity becomes conserved quantum 
number in mQ→∞ limit	




Heavy Quark Symmetry

Implications for hadron spectroscopy

Spin doublets such as (B,B*) should be degenerate in 
heavy-quark limit:

1/mQ corrections:

MB*-MB = 46 MeV << ΛQCD

MB*-MB = (c1-c0) λ2/mb + O(1/mb2)

Prediction:

(MB*-MB)/(MD*-MD) ≈ mc/mb ≈ 1/3

Experimentally: 
0.32



Heavy Quark Effective Field Theory
HQET: simplified description of interaction of heavy quark Q with soft 
partons (light quark q, and gluon g)

.Q
B rest frame of B

v𝜇
small velocity of B  

v𝜇=(1,0,0,0) 
kµ ⇠ ⇤QCD

residual off-shell  
momentumalmost on-shell

pµQ = mQvµ + kµ

= e�imbv·x
✓
h
v

H
v

◆carry the residual momentum k

hv: massless mode                
-quantum fluctuation 
around mass-shell

Hv: massive mode               
with mass 2mQ              
-hard quantum 
fluctuation => 
integrate out!

Divide up “upper” (large) and “lower” (small) components of Dirac 
spinor field Q(x) using the 4-velocity v, which in the rest frame of the 
hadronis vμ=(1,0,0,0)



Heavy Quark Effective Field Theory
HQET: simplified description of interaction of heavy quark Q with soft 
partons (light quark q, and gluon g)

.Q
B rest frame of B

v𝜇
small velocity of B  

v𝜇=(1,0,0,0) 

!!
Integrate out Hv by using classical equation of motion:

Hv = ( D
mQ

)hv ⇠ (⇤QCD

mQ
)hv

only soft gluon!

small

Expansion in local derivative 
operators justified,since k«mQ



Heavy Quark Effective Field Theory
What about higher order power corrections?

SU(2nQ) spin-flavor symmetry
perturbative corrections

Only first terms survives in heavy-quark limit!

Feynman rules (HQET):

Much simpler than QCD!!!



Heavy Quark Effective Field Theory
Symmetries of the effective Lagrangian

No reference to heavy-quark mass (flavor symmetry)

Invariance under spin rotations (spin symmetry):

Effective Lagrangian exhibits spin-flavor symmetry 
at leading order, broken by O(1/mQ) corrections

SU(2nQ) spin-flavor symmetry

hv → (1+i/2 ε.σ) hv



Heavy Quark Effective Field Theory
Symmetries of the effective Lagrangian

kinetic energy operator (p2 / 2m) chromo-magnetic interaction

Both operators violate the flavor symmetry, but 
only the second one breaks the spin symmetry

~σ.B



Heavy Quark Effective Field Theory

Heavy-quark symmetries also broken by hard gluon exchange


	 – effects calculable in perturbation theory


	 – in general, they renormalize the coefficients in the effective 
Lagrangian


No renormalization at leading order (only WFR)


No renormalization of kinetic operator due to Lorentz invariance 
(“reparametrization invariance”)


Chromo-magnetic interaction is affected: Cmag(μ)≠1

Short-distance radiative corrections



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Heavy-quark symmetry allows us to extract the CKM 
matrix element |Vcb| with controlled theoretical 
uncertainties	

Form factor relations

How to deal with confinement effects in this hadronic 
process?

b

q

c

q

B D,D*

W

e

νe

Vcbv v’

clever use of heavy-quark 
symmetries 

allows us to calculate the 
decay rates 

at the special kinematic 
point of maximum 

momentum transfer to the 
leptons (v=v’) 

(“zero recoil” point)



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Consider elastic scattering of a B meson by the vector 
current Jμ=bγμb:

Form factor relations

nothing happens if v=v’; final state remains a B meson 
with probability 1

_

b

q

b

q

B
v v’

B

for v≠v’, probability for an elastic transition is less than 1



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Form factor relations

!
with: ξ(v°§v’)≤1, with ξ(1)=1 (Isgur-Wise function)

required soft gluon exchange leads to form factor 
suppression


for mb→∞, process described by a dimensionless 
probability function:

hP (v0)|h̄v0�µhv|P (v)i = ⇠(v · v0)(v + v0)µ



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Form factor relations
Use flavor symmetry to replace b- by c-quark in final 
state, thereby obtaining a B→D transition:

– nothing happens (symmetry in heavy-quark limit)!

hP 0(v0)|h̄0
v0�µhv|P (v)i = ⇠(v · v0)(v + v0)µ



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Form factor relations

Next, use spin symmetry to flip spin of c-quark in final 
state, thereby obtaining a B→D* transition:

hV 0(v0, ✏)|h̄0
v0�µ(1� �5)hv|P (v)i = i✏µ⌫↵�✏⇤⌫v

0
↵v�⇠(v · v0)

�
n

✏⇤µ(v · v0 + 1)� v0µ✏⇤ · v
o

⇠(v · v0)

– current gets transformed, but else nothing happens:



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Form factor relations

In general, these processes are described by six a priori 
independent hadronic form factors:

⇒ all equal in heavy-quark limit: ⇠+ = ⇠V = ⇠A1 = ⇠A3 = ⇠(v · v0)
⇠� = ⇠A2 = 0



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Semileptonic decay rates

These form factors describe the semileptonic decays 
B→D(*)lν entirely; in terms of y=v.v’:

rates are absolutely noramlized at y=1 (zero recoil point)!



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Semileptonic decay rates

Corrections to heavy-quark limit:

allows for measurement of |Vcb| with theoretical	

accuracy of 3%

Luke’s theorem: B→D*lν decay rate does not receive 
first-order 1/mQ corrections at y=1 (y=v.v’)

Results:
FB→D*(1) = 1 - (0.040±0.007)pert - (0.055±0.025)power!
= 0.91±0.03



Exclusive Semileptonic B Decays:	

Form factor relations and extraction of |Vcb|

Extraction of |Vcb|

Extrapolation of the spectrum dΓ/dy measured in 
B→D*lν decay to zero-recoil point y=1:

Results:

best-known entry in CKM matrix 
after |Vud| and |Vus|



Summary
• Effective field theory allows to separation of different scales (separation of 

calculable parts and nonperturbative parts) 

• Any sensitivity to high scales (including to physics beyond the Standard 
Model) can be treated using perturbative methods 

• For Heavy flavor physics, when there is no heavy particle to integrate out, we 
can integrate out all short-distance fluctuations associated with scales ≫ ΛQCD  

• Heavy Quark Symmetry (HQS): SU(2nQ) spin-flavour symmetry: In heavy-
quark limit (mQ→∞), configuration of light degrees of freedom is independent 
of the spin and flavor of the heavy quark 

• Systematic way of using HQS: HQET 

• Also other EFT, e.g.  NRQCD, SCET,…


