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Summary of Lecture I

We need a formalism to describe processes in which number of particles change 

◆ Invariance under Poincaré transformations (Lorentz transformations+translations)

◆ 2 main ingredients of Quantum Field Theory: Quantum Mechanics and Special Relativity

◆ relativistic wave equation not enough, only able to describe a single particle

◆ For fully consistent description, we need to reinterpret the field as a field 

operator which can destroy or create particles: : we need to quantize fields -> Quantum 
Field Theory

- symmetry -> conserved quantity

-The different types of fields (scalar spin-0, vector spin-1 and spinor 
spin1/2) are different representations of Lorentz transformations
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Classical Field theory

extend lagrangian formalism 
to dynamics of fields

a system is described by S =

Z
dtL(q, q̇)
position momentum

�S = 0 --> Euler-Lagrange equations

pi =
@L
@q̇i

H(p, q) =
X

i

piq̇i � L

action principle 
determines classical 

trajectory:

conjugate momenta hamiltonian

classical mechanics & 
lagrangian formalism
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conjugate momenta hamiltonian
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Classical Field theory and Noether theorem

Invariance of action under 
continuous global transformation --->

There is a conserved current/charge

@µj
µ = 0

Q =

Z
d

3
xj

0(x, t)

' ! '+ i↵'if small increment ↵ ⌧ 1

�L = 0 = i↵(
@L
@'

'+
@L
@'0'

0)

Euler-Lagrange equations:
@
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{

⌘ J
conserved current

example of 
transformation: (*)' ! 'ei↵
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Scalar Field theory

Lorentz invariant 
action of a complex 

scalar field
S =

Z
d

4
x(@µ'

⇤
@

µ
'�m

2
'

⇤
')

(⇤+m2)' = 0

'(x) =

Z
d

3
p

(2⇡3)
p

2E
p

(a
p

e

�ipx + b

⇤
p

e

ipx)

jµ = i'⇤ !@ µ'QU(1) =

Z
d

3
xj0

Euler-Lagrange 
equation leads to 

Klein-Gordon equation

with solution a 
superposition of 

plane waves:

existence of a global U(1) 
symmetry of the action

'(x) ! e

i✓
'(x)

conserved U(1) charge
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From first to second quantization

Basic Principle 
of Quantum 
Mechanics:

same principle can 
be applied to 

scalar field theory

where qi (t) are replaced by

and pi (t) are replaced by

'(t, x)
⇧(t, x)

To quantize a classical system  with coordinates qi and momenta pi, 
we promote qi and pi to operators and we impose  [qi , pj] =�ij

and       are promoted to operators and we impose ⇧' ['(t, x),⇧(t, y)] = i�

3(x� y)

Expand the complex 
field in plane waves:

scalar field theory is 
a collection of 

harmonic oscillators

'(x) =

Z
d

3
p

(2⇡)3
p

2E
p

(a
p

e

�ipx + b

†
e

ipx)p

where ap and bp are promoted to operators+

[ap, a
†
q] = (2⇡3)�(3)(p� q) = [bp, b

†
q]

ap|0 >= 0destruction operator defines the 
vacuum state |0>

a generic state is obtained by acting on 
the vacuum with the creation operators |p1. . . pn >⌘ a†p1

. . . a†pn
|0 >
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Scalar field quantization continued

H = ⇧@0'� L =

Z
d3p

(2⇡)3
Ep

2
(a†pap + b†pbp)

the quanta of a complex scalar field are given 
by two different particle species with same 

mass created by a+ and b+ respectively 
The Klein Gordon action has 
a conserved U(1) charge due 
to invariance                       .

'(x) ! e

i✓
'(x) 2 different kinds of quanta: each particle has 

its antiparticle which has the same mass but 
opposite U(1) charge

QU(1) =

Z
d

3
xj

0 =

Z
d

3
p

(2⇡)3
(a†pap � b

†
pbp)

'(x) =

Z
d

3
p

(2⇡)3
p

2E
p

(a
p

e

�ipx + b

†
e

ipx)p

Field quantization provides a proper interpretation of “E<0 solutions”

coefficient of the positive energy solution e-ipx becomes after 
quantization the destruction operator of a particle while the coefficient 

of the eipx  becomes the creation operator of its antiparticle

ap|0>  and bp|0> represent particles with opposite charges++
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Spinor fields  

The electromagnetic field       .Aµ

L = �1

4
Fµ⌫F

µ⌫ Fµ⌫ = @µA⌫ � @⌫Aµ

Maxwell eq.

whereLorentz inv. lagrangian

@µFµ⌫ = 0

Maxwell lagrangian inv. under Aµ ! Aµ � @µ✓

Lorentz invariant lagrangian

Dirac equation

L =  ̄(i@ �m) 

(i@ �m) = 0

@ = �µ@µ

Similarly, we are led to quantize:

{ a(x, t), 
†
b(y, t)} = �

(3)(x� y)�ab
 anticommutation 

relationsfermions:      
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Summary of procedure 
for building a QFT

◆ Promote field & its conjugate to operators and impose (anti) commutation relation

 ap destroys a particle with momentum p while ap creates it
+

The space of states describes multiparticle states

|p1. . . pn >⌘ a†p1
. . . a†pn

|0 >e.g

Expanding field in plane waves, coefficients  ap, ap become operators+

crucial aspect of QFT: transition amplitudes between 
different states describe processes in which the number 

and type of particles changes

◆ Kinetic term of actions are derived from requirement of Poincaré invariance

◆

◆
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Gauge transformation and the Dirac action

Consider the transformation

it is a symmetry of the free Dirac action
if        is constant✓

no longer a symmetry if
✓ = ✓(x)

 ! eiq✓ 

 ! eiq✓ However, the following action is invariant under

Aµ ! Aµ � @µ✓

{
L =  ̄(i�µ@µ �m) 

where Dµ = (@µ + iqAµ) covariant derivative

L =  ̄(i�µDµ �m) 

We have gauged a global U(1) symmetry, 
promoting it to a local symmetry

The result is a gauge theory and
 is the gauge fieldAµ

conserved current: jµ =  ̄�µ 
conserved charge: Q =

Z
d

3
x ̄�0 =

Z
d

3
x † ↝ electric charge

U(1) transformation 
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Electrodynamics of a spinor field

L =  ̄(i�µDµ �m) where Dµ = (@µ + iqAµ) 

Coupling of the gauge field 
 to the currentAµ jµ =  ̄�µ 

L =  ̄(i�µ@µ �m) � qAµ ̄�
µ 

Nuclear and Particle Physics Franz Muheim 6

Basic QED ProcessesBasic QED Processes

Initial and final state particle satisfy relativistic
four-momentum conservation m2 = E2 - p2

In free space - Energy conservation violated for above 
diagrams if all particles are real



12

From Quantum Electrodynamics to the 
electroweak theory

These transformations are 
elements of U(1) group 

 ! eiq✓ 

In the electroweak theory , more 
complicated transformations, belonging 

to the SU(2) group are involved

 ! exp(ig ⌧.�) 

where                           are  three 2*2 matrices⌧ = (⌧1, ⌧2, ⌧3)

Generalization to SU(N)

N2-1 generators
 (N×N matrices)

 (x) ! U(x) (x)

U(x) = e

ig✓

a(x)Ta

Aµ(x) ! UAµU
† � i

g

(@µU)U †



Gauge theories: Electromagnetism (EM) & Yang-Mills

EM U(1) but

EM field and covariant derivative

if

≠0 if local transformations

{

the EM field keep track of the phase in 
different points of the space-time

Yang-Mills : non-abelian transformations

if

non-abelian int.

{
— Ghost propagator

a b
=

iδab

k2 + i0
. (5)

• Three-gluon vertex

a
α

k1

b
β

k2

c
γ

k3

= −gfabc
[

gαβ(k1 − k2)
γ + gβγ(k2 − k3)

α + gγα(k3 − k1)
β
]

. (6)

• Four-gluon vertex

a
α b

β

c
γd

δ

= −ig2







fabef cde(gαγgβδ − gαδgβγ)

+ facef bde(gαβgγδ − gαδgγβ)

+ fadef bce(gαβgδγ − gαγgδβ)







. (7)

• Quark-gluon vertex

a

µ

i f

j f ′

= −igγµ × δf ′

f × (ta)ji . (8)

2

— Ghost propagator

a b
=

iδab

k2 + i0
. (5)

• Three-gluon vertex

a
α

k1

b
β

k2

c
γ

k3

= −gfabc
[

gαβ(k1 − k2)
γ + gβγ(k2 − k3)

α + gγα(k3 − k1)
β
]

. (6)

• Four-gluon vertex

a
α b

β

c
γd

δ

= −ig2







fabef cde(gαγgβδ − gαδgβγ)

+ facef bde(gαβgγδ − gαδgγβ)

+ fadef bce(gαβgδγ − gαγgδβ)







. (7)

• Quark-gluon vertex

a

µ

i f

j f ′

= −igγµ × δf ′

f × (ta)ji . (8)

2

� � ei�� ⇤µ⇥ � ei� (⇤µ⇥) + i(⇤µ�)⇥

⇥µ�+ ieAµ� � ei�(⇥µ�+ ieAµ�)

Aµ ⇥ Aµ � 1

e
⇥µ�

Fµ⇥ = �µA⇥ � �⇥Aµ

� � U�

⇥µ�+ igAµ� � U(⇥µ�+ igAµ�) Aµ ⇥ UAµU
�1 � i

g
U�µU

�1

Fµ⇥ = ⇥µA⇥ � ⇥⇥Aµ + ig[Aµ, A⇥ ]
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the elementary blocks:

quarksleptons

each of the 6 
quarks 

exists in three 
colors

+ antiparticles

 no composite states
 made of leptons baryons

mesons

composite states
proton

neutron

p = (u, u, d)

n = (u, d, d)

(white objects)

The Standard Model: matter

electron

e
−

νe

muon

νµ

µ
−

tau

ντ

τ
−

mass

⤴
⤴

x200

x20

mass

⤴ ⤴
x1000

x1000



The Standard Model : interactions

U(1)Y electromagnetic interactions

SU(2)L weak interactions

SU(3)C strong interactions 

Photon γ

bosons W±, Z0

gluons ga

light

atoms

molecules

decayβ

n
W±
−→ p + e− + ν̄e

atomic nuclei
decayα

238
92 U → 234

90 Th + 4
2He

strength

1

10−2

10−6{
{

{



Interactions between particles 

Elementary particles interact with each other by 
exchanging gauge bosons

γ

e
−

e
−

e
−

e
−



The beauty of the SM comes from the identification of a unique 
dynamical principle describing interactions that seem so different 

from each others 

gauge theory = spin-1 
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General

• The most general renormalizable 
Lagrangian with the given particle content

L = � 1
4g�2 Bµ�Bµ� � 1

4g2
W a

µ�W aµ� � 1
4g2

s

Ga
µ�Gaµ�

+Q̄ii⇥DQi + ūii⇥Dui + d̄ii⇥Ddi + L̄ii⇥DLi + ēii⇥Dei

+Y ij
u Q̄iujH̃ + Y ij

d Q̄idjH + Y ij
l L̄iejH + |DµH|2

�⇤(H†H)2 + ⇤v2H†H +
⇥

64⌅2
�µ�⇥⇤Ga

µ�Ga
⇥⇤

Thursday, July 23, 2009

The most general lagrangian given the particle content

What about baryon and lepton numbers? -> accidental symmetries!
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Abelian versus  non-abelian gauge theories

Abelian U(1) symmetry

 (x) ! U(x) (x)

U(x) = e

iq✓(x)

Non-abelian SU(N)

U(x) = e

ig✓

a(x)Ta

Ta : N2-1 generators (N×N matrices) acting on 

Aµ(x) = A

a
µT

a

infinitesimal 
transformation

A

a
µ(x) �! A

a
µ + @µ✓

a � gf

abc
✓

b
A

c
µ

U(x) = 1 + ig✓

a(x)T a +O(✓2)

Dµ = (@µ + iqAµ) Dµ = (@µ � igAa
µT

a)

LYM =  ̄(i�µDµ �m) � 1

2
Fµ⌫F

µ⌫

coupling constants

Aµ(x) ! Aµ +
i

e

(@µU)U†
Aµ(x) ! UAµU

† � i

g

(@µU)U †

382 APPENDIX D. FEYNMAN RULES FOR THE STANDARD MODEL

D.4.4 Charged Current Interaction

i
g
√
2
γµ

1− γ5
2

(D.58)
ψd,u

ψu,d
W±

µ

D.4.5 Neutral Current Interaction

(D.59)

ψf

ψf

ψf

ψf

Zµ Aµ

i
g

cos θW
γµ

(
gfV − gfAγ5

)
−ieQfγµ

where

gfV =
1

2
T 3
f −Qf sin

2 θW , gfA =
1

2
T 3
f . (D.60)

D.4.6 Fermion-Higgs and Fermion-Goldstone Interactions

−i
g

2

mf

mW
(D.61)

h

f

f

−g T 3
f

mf

mW
γ5 (D.62)

ϕZ

f

f

i
g
√
2

(
mu

mW
PR,L −

md

mW
PL,R

)
(D.63)

ϕ∓

ψd,u

ψu,d

D.4.7 Triple Higgs-Gauge and Goldstone-Gauge Interactions

−i e (p+ − p−)µ (D.64)
Aµ

ϕ+

ϕ−

p−

p+

 

 

Aµ

The (Yang-Mills) action is invariant under



The gauge symmetries of the Standard Model

374 APPENDIX D. FEYNMAN RULES FOR THE STANDARD MODEL

and the fields transform as

q → e−iTaαa

q δq = −iT aαaq

Ga
µT

a → UGa
µT

aU−1 −
i

g
∂µUU−1 δGa

µ = −
1

g
∂µα

a + fabcαbGc
µ (D.5)

where the second column is for infinitesimal transformations. With these definitions one
can verify that the covariant derivative transforms like the field itself,

δ(Dµq) = −i T aαa(Dµq) (D.6)

ensuring the gauge invariance of the Lagrangian.

D.2.2 Gauge Group SU(2)L

This is similar to the previous case. We have

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, . . . , 3 (D.7)

where, for the fundamental representation of SU(2)L we have T a = σa/2 and εabc is the
completely anti-symmetric tensor in 3 dimensions. The covariant derivative for any field
ψL transforming non-trivially under this group is,

DµψL =
(
∂µ − i g W a

µT
a
)
ψL (D.8)

D.2.3 Gauge Group U(1)Y

In this case the group is abelian and we have

Bµν = ∂µBν − ∂νBµ (D.9)

with the covariant derivative given by

DµψR =
(
∂µ + i g′ Y Bµ

)
ψR (D.10)

where Y is the hypercharge of the field. Notice the different sign convention between
Eq. (D.8) and Eq. (D.9). This is to have the usual definition1

Q = T3 + Y . (D.12)

It is useful to write the covariant derivative in terms of the mass eigenstates Aµ and
Zµ. These are defined by the relations,

{
W 3

µ = Zµ cos θW −Aµ sin θW

Bµ = Zµ sin θW +Aµ cos θW
,

{
Zµ = W 3

µ cos θW +Bµ sin θW

Aµ = −W 3
µ sin θW +Bµ cos θW

. (D.13)

1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
g′
∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
of the hypercharge transformation in Eq. (D.11) maintaining the similarity with Eq. (D.5).
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where the second column is for infinitesimal transformations. With these definitions one
can verify that the covariant derivative transforms like the field itself,

δ(Dµq) = −i T aαa(Dµq) (D.6)

ensuring the gauge invariance of the Lagrangian.

D.2.2 Gauge Group SU(2)L

This is similar to the previous case. We have

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, . . . , 3 (D.7)

where, for the fundamental representation of SU(2)L we have T a = σa/2 and εabc is the
completely anti-symmetric tensor in 3 dimensions. The covariant derivative for any field
ψL transforming non-trivially under this group is,

DµψL =
(
∂µ − i g W a

µT
a
)
ψL (D.8)

D.2.3 Gauge Group U(1)Y

In this case the group is abelian and we have

Bµν = ∂µBν − ∂νBµ (D.9)

with the covariant derivative given by

DµψR =
(
∂µ + i g′ Y Bµ

)
ψR (D.10)

where Y is the hypercharge of the field. Notice the different sign convention between
Eq. (D.8) and Eq. (D.9). This is to have the usual definition1

Q = T3 + Y . (D.12)

It is useful to write the covariant derivative in terms of the mass eigenstates Aµ and
Zµ. These are defined by the relations,

{
W 3

µ = Zµ cos θW −Aµ sin θW

Bµ = Zµ sin θW +Aµ cos θW
,

{
Zµ = W 3

µ cos θW +Bµ sin θW

Aµ = −W 3
µ sin θW +Bµ cos θW

. (D.13)

1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
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∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
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Pauli matrices L ! e�iTa↵a

 L

which for
{γµ, γν} = 2gµν , (5.3)

gives the Klein-Gordon equation.
In other words, if we can construct objects γµ which satisfy the algebra

of Eq. 5.3, known as Clifford algebra, then every solution ψ(#x, t) of the Dirac
equation, will also be a solution of the Klein-Gordon equation.

The objects γµ are anti-commuting and they cannot be just numbers.
They have to be matrices. The first dimensionality for which we can find
four non-commuting matrices γ0, γ1, γ2, γ3 is four. In the following we shall
construct the so called “gamma-matrices” in four dimensions.

5.1 Mathematical interlude

It is useful to review here the properties of the 2 × 2 Pauli matrices, which
we shall use as building blocks for constructing γ-matrices by taking their
Kronecker product.

5.1.1 Pauli matrices and their properties

The Pauli matrices are,

σ1 =

(

0 1
1 0

)

, σ2 = −i

(

0 1
−1 0

)

, σ3 =

(

1 0
0 −1

)

. (5.4)

The Pauli matrices satisfy the following commutation and anti-commutation
relations,

[σi, σj ] = 2iεijkσk (ε123 = 1), (5.5)

and
{σi, σj} = 2δijI2×2. (5.6)

Adding the two equations together, we find that the product of two Pauli
matrices is,

σiσj = δijI2×2 + iεijkσk. (5.7)

For example,
σ2

i = I2×2, σ1σ2 = iσ3, σ3σ2 = −iσ1, . . . (5.8)

The determinant and trace of Pauli matrices are,

det (σi) = −1, (5.9)
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Appendix D

Feynman Rules for the Standard
Model

D.1 Introduction

To do actual calculations it is very important to have all the Feynman rules with consistent
conventions. In this Appendix we will give the complete Feynman rules for the Standard
Model in the general Rξ gauge.

D.2 The Standard Model

One of the most difficult problems in having a consistent set of of Feynman rules are the
conventions. We give here those that are important for building the SM. We will separate
them by gauge group.

D.2.1 Gauge Group SU(3)c

Here the important conventions are for the field strengths and the covariant derivatives.
We have

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gfabcGb

µG
c
ν , a = 1, . . . , 8 (D.1)

where fabc are the group structure constants, satisfying

[
T a, T b

]
= ifabcT c (D.2)

and T a are the generators of the group. The covariant derivative of a (quark) field q in
some representation T a of the gauge group is given by

Dµq =
(
∂µ − i g Ga

µT
a
)
q (D.3)

In QCD the quarks are in the fundamental representation and T a = λa/2 where λa are
the Gell-Mann matrices. A gauge transformation is given by a matrix

U = e−iTaαa

(D.4)
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and the fields transform as
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aU−1 −
i

g
∂µUU−1 δGa

µ = −
1

g
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a + fabcαbGc
µ (D.5)

where the second column is for infinitesimal transformations. With these definitions one
can verify that the covariant derivative transforms like the field itself,

δ(Dµq) = −i T aαa(Dµq) (D.6)

ensuring the gauge invariance of the Lagrangian.

D.2.2 Gauge Group SU(2)L

This is similar to the previous case. We have

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, . . . , 3 (D.7)

where, for the fundamental representation of SU(2)L we have T a = σa/2 and εabc is the
completely anti-symmetric tensor in 3 dimensions. The covariant derivative for any field
ψL transforming non-trivially under this group is,

DµψL =
(
∂µ − i g W a

µT
a
)
ψL (D.8)

D.2.3 Gauge Group U(1)Y

In this case the group is abelian and we have

Bµν = ∂µBν − ∂νBµ (D.9)

with the covariant derivative given by

DµψR =
(
∂µ + i g′ Y Bµ

)
ψR (D.10)

where Y is the hypercharge of the field. Notice the different sign convention between
Eq. (D.8) and Eq. (D.9). This is to have the usual definition1

Q = T3 + Y . (D.12)

It is useful to write the covariant derivative in terms of the mass eigenstates Aµ and
Zµ. These are defined by the relations,

{
W 3

µ = Zµ cos θW −Aµ sin θW

Bµ = Zµ sin θW +Aµ cos θW
,

{
Zµ = W 3

µ cos θW +Bµ sin θW

Aµ = −W 3
µ sin θW +Bµ cos θW

. (D.13)

1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
g′
∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
of the hypercharge transformation in Eq. (D.11) maintaining the similarity with Eq. (D.5).
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some representation T a of the gauge group is given by
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In QCD the quarks are in the fundamental representation and T a = λa/2 where λa are
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The Gell-Mann Matrices

• The 8 gluon states can be regarded as 3 × 3matrices in “color-space”. These

are the Gell-Mann matrices:
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• The Gell-Mann matrices will appear in the quark-gluon vertex factor for QCD.

• The Gell-Mann matrices λα are the SU(3) counterparts of the Pauli matrices

σi for SU(2).
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q=(q1,q2,q3)  (the three color degrees of freedom)

 (3×3)

=(uL,dL)  or (  L ,eL)⌫ Lacts on the two components of a doublet
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and the fields transform as

q → e−iTaαa

q δq = −iT aαaq

Ga
µT

a → UGa
µT

aU−1 −
i

g
∂µUU−1 δGa

µ = −
1

g
∂µα

a + fabcαbGc
µ (D.5)

where the second column is for infinitesimal transformations. With these definitions one
can verify that the covariant derivative transforms like the field itself,

δ(Dµq) = −i T aαa(Dµq) (D.6)

ensuring the gauge invariance of the Lagrangian.

D.2.2 Gauge Group SU(2)L

This is similar to the previous case. We have

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, . . . , 3 (D.7)

where, for the fundamental representation of SU(2)L we have T a = σa/2 and εabc is the
completely anti-symmetric tensor in 3 dimensions. The covariant derivative for any field
ψL transforming non-trivially under this group is,

DµψL =
(
∂µ − i g W a

µT
a
)
ψL (D.8)

D.2.3 Gauge Group U(1)Y

In this case the group is abelian and we have

Bµν = ∂µBν − ∂νBµ (D.9)

with the covariant derivative given by

DµψR =
(
∂µ + i g′ Y Bµ

)
ψR (D.10)

where Y is the hypercharge of the field. Notice the different sign convention between
Eq. (D.8) and Eq. (D.9). This is to have the usual definition1

Q = T3 + Y . (D.12)

It is useful to write the covariant derivative in terms of the mass eigenstates Aµ and
Zµ. These are defined by the relations,

{
W 3

µ = Zµ cos θW −Aµ sin θW

Bµ = Zµ sin θW +Aµ cos θW
,

{
Zµ = W 3

µ cos θW +Bµ sin θW

Aµ = −W 3
µ sin θW +Bµ cos θW

. (D.13)

1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
g′
∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
of the hypercharge transformation in Eq. (D.11) maintaining the similarity with Eq. (D.5).
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Feynman Rules for the Standard
Model

D.1 Introduction

To do actual calculations it is very important to have all the Feynman rules with consistent
conventions. In this Appendix we will give the complete Feynman rules for the Standard
Model in the general Rξ gauge.

D.2 The Standard Model

One of the most difficult problems in having a consistent set of of Feynman rules are the
conventions. We give here those that are important for building the SM. We will separate
them by gauge group.

D.2.1 Gauge Group SU(3)c

Here the important conventions are for the field strengths and the covariant derivatives.
We have

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gfabcGb

µG
c
ν , a = 1, . . . , 8 (D.1)

where fabc are the group structure constants, satisfying

[
T a, T b

]
= ifabcT c (D.2)

and T a are the generators of the group. The covariant derivative of a (quark) field q in
some representation T a of the gauge group is given by

Dµq =
(
∂µ − i g Ga

µT
a
)
q (D.3)

In QCD the quarks are in the fundamental representation and T a = λa/2 where λa are
the Gell-Mann matrices. A gauge transformation is given by a matrix

U = e−iTaαa

(D.4)
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Model in the general Rξ gauge.

D.2 The Standard Model

One of the most difficult problems in having a consistent set of of Feynman rules are the
conventions. We give here those that are important for building the SM. We will separate
them by gauge group.

D.2.1 Gauge Group SU(3)c

Here the important conventions are for the field strengths and the covariant derivatives.
We have

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gfabcGb

µG
c
ν , a = 1, . . . , 8 (D.1)

where fabc are the group structure constants, satisfying

[
T a, T b

]
= ifabcT c (D.2)

and T a are the generators of the group. The covariant derivative of a (quark) field q in
some representation T a of the gauge group is given by

Dµq =
(
∂µ − i g Ga

µT
a
)
q (D.3)

In QCD the quarks are in the fundamental representation and T a = λa/2 where λa are
the Gell-Mann matrices. A gauge transformation is given by a matrix

U = e−iTaαa

(D.4)
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and the fields transform as

q → e−iTaαa

q δq = −iT aαaq

Ga
µT

a → UGa
µT

aU−1 −
i

g
∂µUU−1 δGa

µ = −
1

g
∂µα

a + fabcαbGc
µ (D.5)

where the second column is for infinitesimal transformations. With these definitions one
can verify that the covariant derivative transforms like the field itself,

δ(Dµq) = −i T aαa(Dµq) (D.6)

ensuring the gauge invariance of the Lagrangian.

D.2.2 Gauge Group SU(2)L

This is similar to the previous case. We have

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, . . . , 3 (D.7)

where, for the fundamental representation of SU(2)L we have T a = σa/2 and εabc is the
completely anti-symmetric tensor in 3 dimensions. The covariant derivative for any field
ψL transforming non-trivially under this group is,

DµψL =
(
∂µ − i g W a

µT
a
)
ψL (D.8)

D.2.3 Gauge Group U(1)Y

In this case the group is abelian and we have

Bµν = ∂µBν − ∂νBµ (D.9)

with the covariant derivative given by

DµψR =
(
∂µ + i g′ Y Bµ

)
ψR (D.10)

where Y is the hypercharge of the field. Notice the different sign convention between
Eq. (D.8) and Eq. (D.9). This is to have the usual definition1

Q = T3 + Y . (D.12)

It is useful to write the covariant derivative in terms of the mass eigenstates Aµ and
Zµ. These are defined by the relations,

{
W 3

µ = Zµ cos θW −Aµ sin θW

Bµ = Zµ sin θW +Aµ cos θW
,

{
Zµ = W 3

µ cos θW +Bµ sin θW

Aµ = −W 3
µ sin θW +Bµ cos θW

. (D.13)

1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
g′
∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
of the hypercharge transformation in Eq. (D.11) maintaining the similarity with Eq. (D.5).
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D.2.5 The Fermion Fields Lagrangian

Here we give the kinetic part and gauge interaction, leaving the Yukawa interaction for a
next section. We have

LFermion =
∑

quarks

iqγµDµq +
∑

ψL

iψLγ
µDµψL +

∑

ψR

iψRγ
µDµψR (D.20)

where the covariant derivatives are obtained with the rules in Eqs. (D.3), (D.14) and
(D.18).

D.2.6 The Higgs Lagrangian

In the SM we use an Higgs doublet with the following assignments,

Φ =




φ+

v +H + iϕZ√
2



 (D.21)

The hypercharge of this doublet is 1/2 and therefore the covariant derivative reads

DµΦ =

[
∂µ − i

g
√
2

(
τ+W+

µ + τ−W−
µ

)
− i

g

2
τ3W

3
µ + i

g′

2
Bµ

]
Φ (D.22)

=

[
∂µ − i

g
√
2

(
τ+W+

µ τ
−W−

µ

)
+ ieQAµ − i

g

cos θW

(τ3
2

−Q sin2 θW
)
Zµ

]
Φ

The Higgs Lagrangian is then

LHiggs = (DµΦ)
†DµΦ+ µ2Φ†Φ− λ

(
Φ†Φ

)2
(D.23)

If we expand this Lagrangian we find the following terms

LHiggs = · · ·+
1

8
g2v2W 3

µW
µ3 +

1

8
g′2v2BµB

µ +
1

4
gg′v2W 3

µB
µ +

1

4
g2v2W+

µ W−µ

+
1

2
v ∂µϕZ

(
g′Bµ + gW 3

µ

)
+

i

2
gvW−

µ ∂
µϕ+ −

i

2
gvW+

µ ∂
µϕ− (D.24)

The first three terms give, after diagonalization, a massless field, the photon, and a massive
one, the Z, with the relations given in Eq. (D.13), while the fourth gives the mass to the
charged W±

µ boson. Using Eq. (D.13) we get,

LHiggs = · · ·+
1

2
M2

ZZµZ
µ +M2

WW+
µ W−µ

+MZZµ∂
µϕZ + iMW

(
W−

µ ∂
µϕ+ −W+

µ ∂
µϕ−

)
(D.25)

where

MW =
1

2
gv, MZ =

1

cos θW

1

2
gv =

1

cos θW
MW (D.26)

By looking at Eq. (D.25) we realize that besides finding a realistic spectra for the gauge
bosons, we also got a problem. In fact the terms in the last line are quadratic in the fields
and complicate the definition of the propagators. We now see how one can use the needed
gauge fixing to solve also this problem.
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Field !L !R νL uL dL uR dR φ+ φ0

T3 −1
2 0 1

2
1
2 −1

2 0 0 1
2 −1

2

Y −1
2 −1 −1

2
1
6

1
6

2
3 −1

3
1
2

1
2

Q −1 −1 0 2
3 −1

3
2
3 −1

3 1 0

Table D.1: Values of T f
3 , Q and Y for the SM particles.

For a field ψL, with hypercharge Y , we get,

DµψL =

[
∂µ − i

g
√
2

(
τ+W+

µ + τ−W−
µ

)
− i

g

2
τ3W

3
µ + ig′Y Bµ

]
ψL (D.14)

=

[
∂µ − i

g
√
2

(
τ+W+

µ + τ−W−
µ

)
+ ieQAµ − i

g

cos θW

(τ3
2

−Q sin2 θW
)
Zµ

]
ψL

where, as usual, τ± = (τ1 ± iτ2)/2 and the charge operator is defined by

Q =




1
2 + Y 0

0 −1
2 + Y



 , (D.15)

and we have used the relations,

e = g sin θW = g′ cos θW , (D.16)

and the usual definition,

W±
µ =

W 1
µ ∓ iW 2

µ√
2

. (D.17)

For a singlet of SU(2)L, ψR we have,

DµψR =
[
∂µ + ig′Y Bµ

]
ψR

=

[
∂µ + ieQAµ + i

g

cos θW
Q sin2 θWZµ

]
ψR . (D.18)

We collect in Table D.1 the quantum number of the SM particles.

D.2.4 The Gauge Field Lagrangian

For completeness we write the gauge field Lagrangian. We have

Lgauge = −
1

4
Ga

µνG
aµν −

1

4
W a

µνW
aµν −

1

4
BµνB

µν (D.19)

where the field strengths are given in Eqs. (D.1), and (D.9).
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−Q sin2 θW
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The Higgs Lagrangian is then

LHiggs = (DµΦ)
†DµΦ+ µ2Φ†Φ− λ

(
Φ†Φ

)2
(D.23)

If we expand this Lagrangian we find the following terms

LHiggs = · · ·+
1

8
g2v2W 3

µW
µ3 +

1

8
g′2v2BµB

µ +
1

4
gg′v2W 3

µB
µ +

1

4
g2v2W+

µ W−µ

+
1

2
v ∂µϕZ

(
g′Bµ + gW 3

µ

)
+

i

2
gvW−

µ ∂
µϕ+ −

i

2
gvW+

µ ∂
µϕ− (D.24)

The first three terms give, after diagonalization, a massless field, the photon, and a massive
one, the Z, with the relations given in Eq. (D.13), while the fourth gives the mass to the
charged W±

µ boson. Using Eq. (D.13) we get,

LHiggs = · · ·+
1

2
M2

ZZµZ
µ +M2

WW+
µ W−µ

+MZZµ∂
µϕZ + iMW

(
W−

µ ∂
µϕ+ −W+

µ ∂
µϕ−

)
(D.25)

where

MW =
1

2
gv, MZ =

1

cos θW

1

2
gv =

1

cos θW
MW (D.26)

By looking at Eq. (D.25) we realize that besides finding a realistic spectra for the gauge
bosons, we also got a problem. In fact the terms in the last line are quadratic in the fields
and complicate the definition of the propagators. We now see how one can use the needed
gauge fixing to solve also this problem.
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We collect in Table D.1 the quantum number of the SM particles.
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where the field strengths are given in Eqs. (D.1), and (D.9).
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The first three terms give, after diagonalization, a massless field, the photon, and a massive
one, the Z, with the relations given in Eq. (D.13), while the fourth gives the mass to the
charged W±

µ boson. Using Eq. (D.13) we get,
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where
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By looking at Eq. (D.25) we realize that besides finding a realistic spectra for the gauge
bosons, we also got a problem. In fact the terms in the last line are quadratic in the fields
and complicate the definition of the propagators. We now see how one can use the needed
gauge fixing to solve also this problem.
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D.2.7 The Yukawa Lagrangian

Now we have to spell out the interaction between the fermions and the Higgs doublet that
after spontaneous symmetry breaking gives masses to the elementary fermions. We have,

LYukawa =− Yl LΦ !R − Yd QΦ dR − YuQ Φ̃ uR + h.c. (D.27)

where sum is implied over generations, L (Q) are the lepton (quark) doublets and,

Φ̃ = iσ2Φ
∗ =




v +H − iϕZ√

2
−ϕ−



 (D.28)

D.2.8 The Gauge Fixing

As it is well known, we have to gauge fix the gauge part of the Lagrangian to be able to
define the propagators. We will use a generalization of the class of Lorenz gauges, the
so-called Rξ gauges. With this choice the gauge fixing Lagrangian reads

LGF = −
1

2ξ
F 2
G −

1

2ξ
F 2
A −

1

2ξ
F 2
Z −

1

ξ
F−F+ (D.29)

where

F a
G =∂µGa

µ, FA = ∂µAµ, FZ = ∂µZµ − ξMZϕZ

F+ =∂µW+
µ − iξMWϕ

+, F− = ∂µW−
µ + iξMWϕ

− (D.30)

One can easily verify that with these definitions we cancel the quadratic terms in Eq. (D.25).

D.2.9 The Ghost Lagrangian

The last piece in writing the SM Lagrangian is the ghost Lagrangian. As it is well known,
this is given by the Fadeev-Popov prescription,

LGhost =
4∑

i=1

[
c+
∂(δF+)

∂αi
+ c−

∂(δF+)

∂αi
+ cZ

∂(δFZ )

∂αi
+ cA

∂(δFA)

∂αi

]
ci

+
8∑

a,b=1

ωa ∂(δF
a
G)

∂βb
ωb (D.31)

where we have denoted by ωa the ghosts associated with the SU(3)c transformations
defined by,

U = e−iTaβa

, a = 1, . . . , 8 (D.32)

and by c±, cA, cZ the electroweak ghosts associated with the gauge transformations,

U = e−iTaαa

, a = 1, . . . , 3, U = eiY α
4

(D.33)

gives mass to EW 
gauge bosons

gives mass to fermions

: covariant derivative of the Higgs

responsible for 
electroweak 
symmetry 
breaking!H charged under SU(2) ×U(1)Y

3 massive gauge bosons 
W+ W- Z0

1 massless photon �
SU(3)⇥ SU(2)L ⇥ U(1)Y �! SU(3)⇥ U(1)em

8 massless 
gluons

8 massless 
gluons

remaining unbroken symmetry
The W and Z bosons interact with the Higgs medium, the γ doesn’t.
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1
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Table D.1: Values of T f
3 , Q and Y for the SM particles.

For a field ψL, with hypercharge Y , we get,
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τ3W
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=
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g
√
2
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τ+W+

µ + τ−W−
µ

)
+ ieQAµ − i

g

cos θW

(τ3
2

−Q sin2 θW
)
Zµ

]
ψL

where, as usual, τ± = (τ1 ± iτ2)/2 and the charge operator is defined by

Q =




1
2 + Y 0

0 −1
2 + Y



 , (D.15)

and we have used the relations,

e = g sin θW = g′ cos θW , (D.16)

and the usual definition,

W±
µ =

W 1
µ ∓ iW 2

µ√
2

. (D.17)

For a singlet of SU(2)L, ψR we have,

DµψR =
[
∂µ + ig′Y Bµ

]
ψR

=

[
∂µ + ieQAµ + i

g

cos θW
Q sin2 θWZµ

]
ψR . (D.18)

We collect in Table D.1 the quantum number of the SM particles.

D.2.4 The Gauge Field Lagrangian

For completeness we write the gauge field Lagrangian. We have

Lgauge = −
1

4
Ga

µνG
aµν −

1

4
W a

µνW
aµν −

1

4
BµνB

µν (D.19)

where the field strengths are given in Eqs. (D.1), and (D.9).
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D.3 The Feynman Rules for QCD

We give separately the Feynman Rules for QCD and the electroweak part of the Standard
Model.

D.3.1 Propagators

−iδab

[
gµν

k2 + iε
− (1− ξ)

kµkν
(k2)2

]
(D.39)µ, a ν, b

g

δab
i

k2 + iε
(D.40)

ω
a b

D.3.2 Triple Gauge Interactions

gfabc[ gµν(p1 − p2)ρ + gνρ(p2 − p3)µ

+gρµ(p3 − p1)ν ]

p1 + p2 + p3 = 0
(D.41)

µ, a ν, b

ρ, c

p1

p2

p3

D.3.3 Quartic Gauge Interactions

ii) Vértice quártico dos bosões de gauge

−ig2
[

feabfecd(gµρgνσ − gµσgνρ)

+feacfedb(gµσgρν − gµνgρσ)

+feadfebc(gµνgρσ − gµρgνσ)
]

p1 + p2 + p3 + p4 = 0

(D.42)
µ, a ν, b

ρ, cσ, d

p1 p2

p3p4

D.3.4 Fermion Gauge Interactions

ig(γµ)βαT
a
ij (D.43)

µ, a

α, jβ, i
p1

p2

p3
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D.4.2 Triple Gauge Interactions

−ie [gαβ(p − k)µ + gβµ(k − q)α + gµα(q − p)β] (D.52)
p q

k

W−
α

W+
β

Aµ

ig cos θW [gαβ(p − k)µ + gβµ(k − q)α + gµα(q − p)β] (D.53)
p q

k

W−
α

W+
β

Zµ

D.4.3 Quartic Gauge Interactions

−ie2 [2gαβgµµ − gαµgβν − gανgβµ] (D.54)

W+
α

Aµ

W−
β

Aν

−ig2 cos2 θW [2gαβgµν − gαµgβν − gανgβµ] (D.55)

W+
α

Zµ

W−
β

Zν

ieg cos θW [2gαβgµν − gαµgβν − gανgβµ] (D.56)

W+
α

Aµ

W−
β

Zν

ig2 [2gαµgβν − gαβgµν − gανgβµ] (D.57)

W+
α W−

β

W+
µ W−

ν
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and the fields transform as

q → e−iTaαa

q δq = −iT aαaq

Ga
µT

a → UGa
µT

aU−1 −
i

g
∂µUU−1 δGa

µ = −
1

g
∂µα

a + fabcαbGc
µ (D.5)

where the second column is for infinitesimal transformations. With these definitions one
can verify that the covariant derivative transforms like the field itself,

δ(Dµq) = −i T aαa(Dµq) (D.6)

ensuring the gauge invariance of the Lagrangian.

D.2.2 Gauge Group SU(2)L

This is similar to the previous case. We have

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, . . . , 3 (D.7)

where, for the fundamental representation of SU(2)L we have T a = σa/2 and εabc is the
completely anti-symmetric tensor in 3 dimensions. The covariant derivative for any field
ψL transforming non-trivially under this group is,

DµψL =
(
∂µ − i g W a

µT
a
)
ψL (D.8)

D.2.3 Gauge Group U(1)Y

In this case the group is abelian and we have

Bµν = ∂µBν − ∂νBµ (D.9)

with the covariant derivative given by

DµψR =
(
∂µ + i g′ Y Bµ

)
ψR (D.10)

where Y is the hypercharge of the field. Notice the different sign convention between
Eq. (D.8) and Eq. (D.9). This is to have the usual definition1

Q = T3 + Y . (D.12)

It is useful to write the covariant derivative in terms of the mass eigenstates Aµ and
Zµ. These are defined by the relations,

{
W 3

µ = Zµ cos θW −Aµ sin θW

Bµ = Zµ sin θW +Aµ cos θW
,

{
Zµ = W 3

µ cos θW +Bµ sin θW

Aµ = −W 3
µ sin θW +Bµ cos θW

. (D.13)

1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
g′
∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
of the hypercharge transformation in Eq. (D.11) maintaining the similarity with Eq. (D.5).

in mass eigen state basis

three gauge 
boson vertex

four gauge 
boson vertex

no such 
interactions
 for photon!
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Field !L !R νL uL dL uR dR φ+ φ0

T3 −1
2 0 1

2
1
2 −1

2 0 0 1
2 −1

2

Y −1
2 −1 −1

2
1
6

1
6

2
3 −1

3
1
2

1
2

Q −1 −1 0 2
3 −1

3
2
3 −1

3 1 0

Table D.1: Values of T f
3 , Q and Y for the SM particles.

For a field ψL, with hypercharge Y , we get,

DµψL =

[
∂µ − i

g
√
2

(
τ+W+

µ + τ−W−
µ

)
− i

g

2
τ3W

3
µ + ig′Y Bµ

]
ψL (D.14)

=

[
∂µ − i

g
√
2

(
τ+W+

µ + τ−W−
µ

)
+ ieQAµ − i

g

cos θW

(τ3
2

−Q sin2 θW
)
Zµ

]
ψL

where, as usual, τ± = (τ1 ± iτ2)/2 and the charge operator is defined by

Q =




1
2 + Y 0

0 −1
2 + Y



 , (D.15)

and we have used the relations,

e = g sin θW = g′ cos θW , (D.16)

and the usual definition,

W±
µ =

W 1
µ ∓ iW 2

µ√
2

. (D.17)

For a singlet of SU(2)L, ψR we have,

DµψR =
[
∂µ + ig′Y Bµ

]
ψR

=

[
∂µ + ieQAµ + i

g

cos θW
Q sin2 θWZµ

]
ψR . (D.18)

We collect in Table D.1 the quantum number of the SM particles.

D.2.4 The Gauge Field Lagrangian

For completeness we write the gauge field Lagrangian. We have

Lgauge = −
1

4
Ga

µνG
aµν −

1

4
W a

µνW
aµν −

1

4
BµνB

µν (D.19)

where the field strengths are given in Eqs. (D.1), and (D.9).

cos ✓W = g/
p

g2 + g02
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1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
g′
∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
of the hypercharge transformation in Eq. (D.11) maintaining the similarity with Eq. (D.5).

Appendix D

Feynman Rules for the Standard
Model

D.1 Introduction

To do actual calculations it is very important to have all the Feynman rules with consistent
conventions. In this Appendix we will give the complete Feynman rules for the Standard
Model in the general Rξ gauge.

D.2 The Standard Model

One of the most difficult problems in having a consistent set of of Feynman rules are the
conventions. We give here those that are important for building the SM. We will separate
them by gauge group.

D.2.1 Gauge Group SU(3)c

Here the important conventions are for the field strengths and the covariant derivatives.
We have

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gfabcGb

µG
c
ν , a = 1, . . . , 8 (D.1)

where fabc are the group structure constants, satisfying

[
T a, T b

]
= ifabcT c (D.2)

and T a are the generators of the group. The covariant derivative of a (quark) field q in
some representation T a of the gauge group is given by

Dµq =
(
∂µ − i g Ga

µT
a
)
q (D.3)

In QCD the quarks are in the fundamental representation and T a = λa/2 where λa are
the Gell-Mann matrices. A gauge transformation is given by a matrix

U = e−iTaαa

(D.4)
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µ = Zµ cos θW −Aµ sin θW

Bµ = Zµ sin θW +Aµ cos θW
,

{
Zµ = W 3

µ cos θW +Bµ sin θW

Aµ = −W 3
µ sin θW +Bµ cos θW

. (D.13)

1For this to be consistent one must also have, under hypercharge transformations, for a field of hyper-
charge Y ,

ψ′ = e+iY αY ψ, B′

µ = Bµ −
1
g′
∂µαY . (D.11)

This is important when finding the ghost interactions. It would have been possible to have a minus sign
in Eq. (D.10), with a definition θW → θW + π. This would also mean reversing the sign in the exponent
of the hypercharge transformation in Eq. (D.11) maintaining the similarity with Eq. (D.5).

374 APPENDIX D. FEYNMAN RULES FOR THE STANDARD MODEL

and the fields transform as

q → e−iTaαa

q δq = −iT aαaq

Ga
µT

a → UGa
µT

aU−1 −
i

g
∂µUU−1 δGa

µ = −
1

g
∂µα

a + fabcαbGc
µ (D.5)

where the second column is for infinitesimal transformations. With these definitions one
can verify that the covariant derivative transforms like the field itself,

δ(Dµq) = −i T aαa(Dµq) (D.6)

ensuring the gauge invariance of the Lagrangian.

D.2.2 Gauge Group SU(2)L

This is similar to the previous case. We have

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , a = 1, . . . , 3 (D.7)

where, for the fundamental representation of SU(2)L we have T a = σa/2 and εabc is the
completely anti-symmetric tensor in 3 dimensions. The covariant derivative for any field
ψL transforming non-trivially under this group is,

DµψL =
(
∂µ − i g W a

µT
a
)
ψL (D.8)

D.2.3 Gauge Group U(1)Y

In this case the group is abelian and we have

Bµν = ∂µBν − ∂νBµ (D.9)

with the covariant derivative given by
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)
ψR (D.10)
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sin ✓W = g0/
p

g2 + g02
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Charges of the Standard Model fields

Field SU(3) SU(2)L T 3 Y
2 Q = T 3 + Y

2

ga
µ (gluons) 8 1 0 0 0

(W±
µ , W 0

µ) 1 3 (±1, 0) 0 (±1, 0)

B0
µ 1 1 0 0 0

QL =

(

uL

dL

)

3 2

(

1
2

−1
2

)

1
6

(

2
3

−1
3

)

uR 3 1 0 2
3

2
3

dR 3 1 0 −1
3 −1

3

EL =

(

νL

eL

)

1 2

(

1
2

−1
2

)

−1
2

(

0

−1

)

eR 1 1 0 −1 −1

Φ =

(

φ+

φ0

)

1 2

(

1
2

−1
2

)

1
2

(

1

0

)

Φc =

(

φ0

φ−

)

1 2

(

1
2

−1
2

)

−1
2

(

0

−1

)

Table 1: Charges of Standard Model fields.

interaction:

∆L = ytQ
†
LΦctR + c.c. =

yt√
2
(t†L b†L)

(

v + h

0

)

tR + c.c. (48)

= mt(t
†
RtL + t†LtR)

(

1 +
h

v

)

= mt t̄t

(

1 +
h

v

)

(49)

where mt = ytv/
√

2 is the mass of the t quark.

The mass of the charged leptons follows in the same manner, yeE
†
LΦeR + c.c., and

interactions with the Higgs boson result. In all cased the Feynman diagram for Higgs
boson interactions with the fermions at leading order is

hf̄f : i
mf

v
. (50)

We see from this discussion several important points. First, the single Higgs
boson of the Standard Model can give mass to all Standard Model states, even to
the neutrinos as we will see in the next lecture. It did not have to be that way. It
could have been that quantum numbers of the fermions did not enable just one Higgs

10
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!e Standard Model of Pa"icle Physics

Forces

“Background
”

gauge 
sector

flavour 
sector

neutrino mass 
sector 
(if Majorana)

 +  Ni Mij Nj 

(spontaneous) electroweak 
symmetry breaking sector

SU(3)CxSU(2)LxU(1)Y

electromagnetism

weak force

neutral 
current

charged
current

W

γ

γ 
Z

Matter

EW unification

- one century to develop it
- tested with impressive precision
- accounts for all data in experimental particle physics

The Higgs was the only remaining unobserved piece
and is a portal to new physics hidden sectors

This room is full of photons 
but no W/Z

The symmetry between W, Z and γ    
is broken at large distances

EM forces ≈ long ranges
Weak forces ≈ short range

m� < 6� 10�17 eV

mW± = 80.425± 0.038 GeV

mZ0 = 91.1876± 0.0021 GeV



Historically

Fermi !eory (paper rejected by Nature: declared too speculative !)

Gau$ %eory

 no continuous limit
 inconsistent above 300 GeV

microscopic theory
(exchange of a massive spin 1 particle)

n
W±
�⇥ p+ e� + �̄e

A � GFE
2

L = GF (n̄p)(�̄ee)

n

p

e-

νe

W-

exp: GF=1.166x10-5 GeV-2

GF =

�
2g2

8m2
W

exp: mW=80.4 GeV
➲	 g ≈0.6, ie, same order as e=0.3
unification EM & weak interactions
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Back to Fermi

• Fermi constant comes from exchange of 
W boson

• Can’t predict mW unless you know     
g=e/sin θW

• Thankfully, NC weak interaction strengths 
depend on θW

• neutrino experiments and an e d 
scattering experiment measured θW, and 
predicted mW≈80 GeV, mZ≈90 GeV

W −
s

u

e−

ν̄e

Vusu
_

u
_

K+

π0

W −
µ−

νµ

e−

ν̄e

W −
d

u

e−

ν̄e

Vud

β

d

d

u

u

n

p

muon decay

beta decay

strange quark decay

e

sW cW
(I3 �Qs2

W )

GF = 1.16637(1)� 10�5GeV�2 =
g2

4
⇥

2m2
W

Thursday, July 23, 2009
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50 100 150 200 250 300
Φ !GeV"

"0.02

"0.01

0.01

0.02

V!Φ"#v4 ⤵ 
T →

 The (adhoc) Higgs Mechanism (a model without dynamics)

The Higgs selects a vacuum state by developing a non zero background 
value. When it does so, it gives mass  to SM particles it couples to. 

EW symmetry breaking is described  by the condensation of a scalar field

We do not know what makes the Higgs condensate.
We ARRANGE the Higgs potential so that the Higgs condensates but this 
is just a parametrization that we are unable to explain dynamically.

the puzzle:

Christophe Grojean Beyond the Standard Model HCPSS, CERN, June 2o11

The Higgs mechanism is a description of EWSB. It is not an 
explanation. No dynamics to explain the instability at the origin.

Higgs Mechanism: a model without dynamics 

Why is EW symmetry broken ? 
Because µ2 is negative

Why is µ2  negative ? 

Because otherwise, EW symmetry won’t be broken

36

V (h) = 1
2µ

2h2 + 1
4�h

4

➲➲

➲
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D.2.5 The Fermion Fields Lagrangian

Here we give the kinetic part and gauge interaction, leaving the Yukawa interaction for a
next section. We have

LFermion =
∑

quarks

iqγµDµq +
∑

ψL

iψLγ
µDµψL +

∑

ψR

iψRγ
µDµψR (D.20)

where the covariant derivatives are obtained with the rules in Eqs. (D.3), (D.14) and
(D.18).

D.2.6 The Higgs Lagrangian

In the SM we use an Higgs doublet with the following assignments,

Φ =




φ+

v +H + iϕZ√
2



 (D.21)

The hypercharge of this doublet is 1/2 and therefore the covariant derivative reads

DµΦ =

[
∂µ − i

g
√
2

(
τ+W+

µ + τ−W−
µ

)
− i

g

2
τ3W

3
µ + i

g′

2
Bµ

]
Φ (D.22)

=

[
∂µ − i

g
√
2

(
τ+W+

µ τ
−W−

µ

)
+ ieQAµ − i

g

cos θW

(τ3
2

−Q sin2 θW
)
Zµ

]
Φ

The Higgs Lagrangian is then

LHiggs = (DµΦ)
†DµΦ+ µ2Φ†Φ− λ

(
Φ†Φ

)2
(D.23)

If we expand this Lagrangian we find the following terms

LHiggs = · · ·+
1

8
g2v2W 3

µW
µ3 +

1

8
g′2v2BµB

µ +
1

4
gg′v2W 3

µB
µ +

1

4
g2v2W+

µ W−µ

+
1

2
v ∂µϕZ

(
g′Bµ + gW 3

µ

)
+

i

2
gvW−

µ ∂
µϕ+ −

i

2
gvW+

µ ∂
µϕ− (D.24)

The first three terms give, after diagonalization, a massless field, the photon, and a massive
one, the Z, with the relations given in Eq. (D.13), while the fourth gives the mass to the
charged W±

µ boson. Using Eq. (D.13) we get,

LHiggs = · · ·+
1

2
M2

ZZµZ
µ +M2

WW+
µ W−µ

+MZZµ∂
µϕZ + iMW

(
W−

µ ∂
µϕ+ −W+

µ ∂
µϕ−

)
(D.25)

where

MW =
1

2
gv, MZ =

1

cos θW

1

2
gv =

1

cos θW
MW (D.26)

By looking at Eq. (D.25) we realize that besides finding a realistic spectra for the gauge
bosons, we also got a problem. In fact the terms in the last line are quadratic in the fields
and complicate the definition of the propagators. We now see how one can use the needed
gauge fixing to solve also this problem.

V (�) =
µ2

2
�†�+

�

4
�†�

Higgs boson: 
excitation 
of the higgs 
medium

Background 
value, Higgs 
medium
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We have quantized free fields

We have introduced interactions

We now would like to compute probability of 
processes like for instance a two-body decay 

a->c+d  or a  two-body reaction a+b->c+d

“S-matrix approach”-> calculate probability of 
transition between two asymptotic states

(particle creation and annihilation can only 
take place in theory with interactions)

◆

◆
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We consider a state |a>(t) which at an initial time ti is labelled |a>. 
Similarly we consider a state |b>(t) which at a final time tf is labelled |b>

At  tf the state |a>(t) as evolved as e�iH(tf�ti)|a >

The amplitude for the process in which the initial state |a> 
evolves  into the final state |b> is given by 

The S-matrix

where H is the hamiltonian of the theory

|a> and |b> are both described by free fields

< b|e�iH(tf�ti)|a >{
evolution operator 

“S-matrix”

the initial state is either a one-
particle (decay) or two well-

separated particles (scattering), 
long before interaction happens

the final state is a set of 
well-separated particles 

long after the interaction

M =

The probability of the process is given by |M|2
and that can be linked to a transition rate per volume unit as measured by an experiment
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Link to observables

typical relevant LHC cross sections ~ in pb

cross section: reaction rate  per target particle per unit incident flux◆

   --> has units of a surface

[1/time]
[1/(time length2)]

measured in multiples of 1 barn= 10�24 cm2

1 picobarn= 1 pb= 10-36cm2

Decay width (inverse of lifetime of a particle)◆ =transition rate
has dimension  [1/time]

Example: decay width of EW gauge bosons
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Z couplings to fermions

where                                                                             and  Q is electric charge   is z-component of weak isospinI3 = ±1

2
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D.4.4 Charged Current Interaction

i
g
√
2
γµ

1− γ5
2

(D.58)
ψd,u

ψu,d
W±

µ

D.4.5 Neutral Current Interaction

(D.59)

ψf

ψf

ψf

ψf

Zµ Aµ

i
g

cos θW
γµ

(
gfV − gfAγ5

)
−ieQfγµ

where

gfV =
1

2
T 3
f −Qf sin

2 θW , gfA =
1

2
T 3
f . (D.60)

D.4.6 Fermion-Higgs and Fermion-Goldstone Interactions

−i
g

2

mf

mW
(D.61)

h

f

f

−g T 3
f

mf

mW
γ5 (D.62)

ϕZ

f

f

i
g
√
2

(
mu

mW
PR,L −

md

mW
PL,R

)
(D.63)

ϕ∓

ψd,u

ψu,d

D.4.7 Triple Higgs-Gauge and Goldstone-Gauge Interactions

−i e (p+ − p−)µ (D.64)
Aµ

ϕ+

ϕ−

p−

p+

Zµ

 L

 L
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 R

I3 � sin2 ✓WQ sin2 ✓WQ

I3 � sin2 ✓WQThe coupling of Z to any fermion is proportional to 

sin2 ✓W = 0.231

uL I3 = +1/2 Q = +2/3

dL I3 = �1/2 Q = �1/3

dR I3 = 0 Q = �1/3

uR I3 = 0 Q = +2/3

and similarly for c,s, and b (t is too 
heavy for the Z to decay into it)

for the quarks: for the leptons:

and similarly for

eR I3 = 0 Q = �1
eL I3 = �1/2 Q = �1

⌫eL I3 = +1/2 Q = 0

⌫, ⌧, ⌫µ, ⌫⌧
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for the quarks: for the leptons:
uL I3 = +1/2 Q = +2/3

dL I3 = �1/2 Q = �1/3

dR I3 = 0 Q = �1/3

uR I3 = 0 Q = +2/3

and similarly for c,s, and b (t is too 
heavy for the Z to decay into it)

and similarly for

eR I3 = 0 Q = �1
eL I3 = �1/2 Q = �1

⌫eL I3 = +1/2 Q = 0

⌫, ⌧, ⌫µ, ⌫⌧

Branching fractions for Z decay

The decay rate is proportional to the square of the coupling constant

due to the additional gluon emission
Also, for quarks, there is an additional factor (1 +

↵s

2⇡
) ↵s = g2s/4⇡ = 0.118where

B(Z ! e+e�) = B(Z ! e+Le
�
L ) +B(Z ! e+Re

�
R)

B(Z ! e+Le
�
L ) =

�(Z ! e+Le
�
L )P

all particles �(Z ! particle, antiparticle)

I3 � sin2 ✓WQ

B(Z ! e+e�) = B(Z ! µ+µ�) = B(Z ! ⌧+⌧�) = 3.33%

B(Z ! all hadrons) = 3⇥ [B(Z ! uū) +B(Z ! dd̄) +B(Z ! ss̄)

+B(Z ! cc̄) +B(Z ! bb̄)] = 69.9%

B(Z ! ⌫⌫̄) = B(Z ! ⌫e⌫̄e) +B(Z ! ⌫µ⌫̄µ +B(Z ! ⌫⌧ ⌫̄⌧ )

= 3B(Z ! ⌫e⌫̄e) = 20%
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D.3 The Feynman Rules for QCD

We give separately the Feynman Rules for QCD and the electroweak part of the Standard
Model.

D.3.1 Propagators

−iδab

[
gµν

k2 + iε
− (1− ξ)

kµkν
(k2)2

]
(D.39)µ, a ν, b

g

δab
i

k2 + iε
(D.40)

ω
a b

D.3.2 Triple Gauge Interactions

gfabc[ gµν(p1 − p2)ρ + gνρ(p2 − p3)µ

+gρµ(p3 − p1)ν ]

p1 + p2 + p3 = 0
(D.41)

µ, a ν, b

ρ, c

p1

p2

p3

D.3.3 Quartic Gauge Interactions

ii) Vértice quártico dos bosões de gauge

−ig2
[

feabfecd(gµρgνσ − gµσgνρ)

+feacfedb(gµσgρν − gµνgρσ)

+feadfebc(gµνgρσ − gµρgνσ)
]

p1 + p2 + p3 + p4 = 0

(D.42)
µ, a ν, b

ρ, cσ, d

p1 p2

p3p4

D.3.4 Fermion Gauge Interactions

ig(γµ)βαT
a
ij (D.43)

µ, a

α, jβ, i
p1

p2

p3

gluon

Z

q q-

gs
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Branching fractions for W decay

Final Exam (129A), Dec 13, 5–8 pm

1. Explain the branching fractions of the W -boson. [15]

The W -boson couples to anything with weak isospin, namely all left-handed
fermions in the standard model. However, the top quark is too heavy to be pro-
duced in the decay of the W -boson. Therefore, the possibilities are:

W� ! e�⌫̄e, µ
�⌫̄µ, ⌧

�⌫̄⌧ , d
0ū, s0c̄. (1)

The quarks come in three colors. Of course, d0 and s0 contain all three genera-
tions of down quarks d, s, b. But their masses are negligible compared to the W
m2

b/m
2
W ⌧ 1, and hence we can ignore di↵erence among them. Therefore we can

treat d0 and s0 “mass eigenstates” of zero mass. Ignoring all masses of fermions
relative to the W boson, there are nine final states, while the quark final states
are enhanced due to the additional emission of a gluon by a factor of (1 + ↵s/⇡).
Therefore,

BR(W� ! e�⌫̄e) = BR(W� ! µ�⌫̄µ) = BR(W� ! ⌧�⌫̄⌧ )

=
1

3 + 6(1 + ↵s/⇡)
= 0.108, (2)

BR(W� ! hadrons) =
6(1 + ↵s/⇡)

3 + 6(1 + ↵s/⇡)
= 0.675. (3)

I used ↵s(mZ) = 0.117. They agree with the data within the error bars.

2. A very high-energy cosmic ray proton would absorb the cosmic-
microwave background photons to become a Delta resonance, which
quickly decays into a nucleon and a pion, thereby losing its energy.
Assuming all CMBR photons have the energy E = kT , what is the
maximum proton energy for this not to happen? (There is a puzzling
report that we see cosmic rays above this so-called GZK cuto↵.) [10]

The temperature of CMBR photons is T0 = 2.725K. This translates to the
energy of the photon E = kT0 = (8.617⇥ 10�5)eV/K⇥ 2.725K = 2.348⇥ 10�4eV.
The center-of-momentum energy of the photon-proton collision is the greatest when
the collision is head-on. It can be calculated as

E2
CM = (pp + p�)

2 = (Ep + E�)
2 � (Ep�p � E�)

2 = m2
p + Ep(1 + �p)E�. (4)

Because mp ⌧ Ep and �p ⇡ 1 in this extreme situation, we find

ECM =
q

2EpE� < m� = 1232MeV. (5)
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0ū, s0c̄. (1)

The quarks come in three colors. Of course, d0 and s0 contain all three genera-
tions of down quarks d, s, b. But their masses are negligible compared to the W
m2

b/m
2
W ⌧ 1, and hence we can ignore di↵erence among them. Therefore we can

treat d0 and s0 “mass eigenstates” of zero mass. Ignoring all masses of fermions
relative to the W boson, there are nine final states, while the quark final states
are enhanced due to the additional emission of a gluon by a factor of (1 + ↵s/⇡).
Therefore,

BR(W� ! e�⌫̄e) = BR(W� ! µ�⌫̄µ) = BR(W� ! ⌧�⌫̄⌧ )

=
1

3 + 6(1 + ↵s/⇡)
= 0.108, (2)

BR(W� ! hadrons) =
6(1 + ↵s/⇡)

3 + 6(1 + ↵s/⇡)
= 0.675. (3)

I used ↵s(mZ) = 0.117. They agree with the data within the error bars.

2. A very high-energy cosmic ray proton would absorb the cosmic-
microwave background photons to become a Delta resonance, which
quickly decays into a nucleon and a pion, thereby losing its energy.
Assuming all CMBR photons have the energy E = kT , what is the
maximum proton energy for this not to happen? (There is a puzzling
report that we see cosmic rays above this so-called GZK cuto↵.) [10]

The temperature of CMBR photons is T0 = 2.725K. This translates to the
energy of the photon E = kT0 = (8.617⇥ 10�5)eV/K⇥ 2.725K = 2.348⇥ 10�4eV.
The center-of-momentum energy of the photon-proton collision is the greatest when
the collision is head-on. It can be calculated as

E2
CM = (pp + p�)

2 = (Ep + E�)
2 � (Ep�p � E�)

2 = m2
p + Ep(1 + �p)E�. (4)

Because mp ⌧ Ep and �p ⇡ 1 in this extreme situation, we find

ECM =
q

2EpE� < m� = 1232MeV. (5)

1


