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WHY STRING THEORY?
- Most compelling  and powerful theoretical framework we 
have for addressing key issues in high energy physics and 
quantum gravity	


!
- Unification of gravity and gauge theory in a single quantum 
picture	


!
- Source of many new and exciting ideas with a big impact on 
particle physics, gravity and mathematics 	


!
- In honesty no direct link to experiment any time soon	


!
- But it works (theoretically)!	


!



QUANTIZING A PARTICLE

⌘µ⌫Ẋ
µẊ⌫ = �Ẋ0Ẋ0 + Ẋ1Ẋ1 + ...+ ẊD�1ẊD�1

ds2 = ⌘µ⌫dX
µdX⌫

= �dX0dX0 + dX1dX1 + ...+ dXD�1dXD�1
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- Here   is any coordinate along the worldline	


- X0=t is what we’d call time 	


!

worldline is extremized. Thus we take
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�⌘µ⌫ẊµẊ⌫d⌧

(2.2)

where ⌧ parameterizes the points along the worldline and Xµ(⌧) gives the location of the
particle in spacetime, i.e. the embedding coordinates of the worldline into spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations Xµ ! ⇤µ

⌫X
⌫ where ⇤T ⌘⇤ = ⌘. Secondly it is

reparameterization invariant under ⌧ ! ⌧ 0(⌧) for any invertible change of worldline
coordinate
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Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that ⌧ = X0

i.e. worldline ’time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
Ẋ i << 1. In this case we can expand

Spp = �m
Z q

1� �ijẊ iẊjd⌧ =
Z
�m +

1

2
m�ijẊ

iẊjd⌧ + . . . (2.5)

where the ellipses denotes terms with higher powers of the velocities Ẋ i. The second
term is just the familiar kinetic energy 1

2mv2. The first term is simply a constant and
doesn’t a↵ect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to Spp:
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- We could choose    = t then we’d find	


!
!
!
- This is just a low velocity expansion of the usual Lagrangian:	


!
!
- The equations of motion just correspond to straight lines with 
some velocity |v| <1	
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-The action is just the length of the worldline	


!

!

!

- A dot denotes differentiation w.r.t.   :
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-Now we want to quantize. This is difficult as the action is non-
linear. But there is a trick:	


!
- Introduce a new field e( ) and consider	


!
!
!
- e( ) is non-dynamical 	


- We can solve the equation of motion for e( ) to find	


!
!
!
- The rest of the equations of motion are the same as before	
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For those who know di↵erential geometry the vector potential is a connection one-form
on spacetime and AµẊµd⌧ is simply the pull-back of Aµ to the worldline of the particle.

The equation of motion is now
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q
�⌘�⇢Ẋ�Ẋ⇢
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To be more concrete we could choose static gauge again and we find

m
d

d⌧

 
vi

p
1� v2

!

= qFi0 + qFijv
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Here we see the Lorentz force magnetic law arising as it should from the second term
on the right hand side. The first term on the right hand side shows that an electric field
provides a driving force.

At this point we should pause to mention a subtlety. In addition to (2.15) there is also
the equation of motion for X0 = ⌧ . However the reparameterization gauge symmetry
implies that this equation is automatically satisfied. In particular the X0 equation of
motion is
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Problem: Show that if (2.15) is satisfied then so is (2.16)

Problem: Show that, in static gauge X0 = ⌧ , the Hamiltonian for a charged particle is

H =
q

m2 + (pi � qAi)(pi � qAi)� qA0 (2.17)

2.3 Quantization

Next we’d like to quantize the point particle. This is made di�cult by the highly non-
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equivalent to the old one. In particular consider
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◆
(2.18)

Here we have introduced a new field e(⌧) which is non-dynamical, i.e. has no kinetic
term. This action is now just quadratic in the fields Xµ. The point of it is that it
reproduces the same equations of motion as before. To see this consider the e equation
of motion:
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ẊµẊ⌫⌘µ⌫ + m2 = 0 (2.19)
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where ⌧ parameterizes the points along the worldline and Xµ(⌧) gives the location of the
particle in spacetime, i.e. the embedding coordinates of the worldline into spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations Xµ ! ⇤µ

⌫X
⌫ where ⇤T ⌘⇤ = ⌘. Secondly it is

reparameterization invariant under ⌧ ! ⌧ 0(⌧) for any invertible change of worldline
coordinate
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Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that ⌧ = X0

i.e. worldline ’time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
Ẋ i << 1. In this case we can expand

Spp = �m
Z q

1� �ijẊ iẊjd⌧ =
Z
�m +

1

2
m�ijẊ

iẊjd⌧ + . . . (2.5)

where the ellipses denotes terms with higher powers of the velocities Ẋ i. The second
term is just the familiar kinetic energy 1

2mv2. The first term is simply a constant and
doesn’t a↵ect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to Spp:
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@ Ẋ⌫

q
�⌘�⇢Ẋ�Ẋ⇢
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we can solve this to find e = m�1
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�ẊµẊ⌫⌘µ⌫ . We now compute the Xµ equation of

motion
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�Ẋ�Ẋ⇢⌘�⇢

1

A (2.20)

This is exactly what we want. Thus we conclude that SHT is classically equivalent to
Spp.

One way to think about this action is that we have introduced a worldline metric
�⌧⌧ = �e2 and its inverse �⌧⌧ = �1/e2 so that infinitesimal distances along the worldline
have length

ds2 = �⌧⌧d⌧ 2 (2.21)

Note that previously we never said that d⌧ represented the physical length of a piece of
worldline, just that ⌧ labeled points along the worldline.

There is another advantage to this form of the action; we can smoothly set m2 = 0
and describe massless particles, which was impossible with the original form of the
action.

Now the action is quadratic in the fields Xµ we calculate the Hamiltonian and
quantize more easily. The first step here is to obtain the momentum conjugate to each
of the Xµ

pµ =
@L

@Ẋµ
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1
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⌘µ⌫Ẋ

⌫

(2.22)

There is no conjugate momentum to e, it acts as a constraint and we will deal with it
later. The Hamiltonian is

H = pµẊ
µ � L

=
e

2

⇣
⌘µ⌫p

µp⌫ + m2
⌘

(2.23)

To quantize this system we consider wavefunctions  (X, ⌧) and promote Xµ and pµ

to the operators

X̂µ = Xµ p̂µ = �i
@ 

@Xµ
(2.24)

We then arrive at the Schrodinger equation

i
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(2.25)
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Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that ⌧ = X0

i.e. worldline ’time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
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where the ellipses denotes terms with higher powers of the velocities Ẋ i. The second
term is just the familiar kinetic energy 1

2mv2. The first term is simply a constant and
doesn’t a↵ect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to Spp:
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�ẊµẊ⌫⌘µ⌫ . We now compute the Xµ equation of

motion

0 =
d

d⌧

✓
1

e
Ẋµ
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This is exactly what we want. Thus we conclude that SHT is classically equivalent to
Spp.

One way to think about this action is that we have introduced a worldline metric
�⌧⌧ = �e2 and its inverse �⌧⌧ = �1/e2 so that infinitesimal distances along the worldline
have length

ds2 = �⌧⌧d⌧ 2 (2.21)

Note that previously we never said that d⌧ represented the physical length of a piece of
worldline, just that ⌧ labeled points along the worldline.

There is another advantage to this form of the action; we can smoothly set m2 = 0
and describe massless particles, which was impossible with the original form of the
action.

Now the action is quadratic in the fields Xµ we calculate the Hamiltonian and
quantize more easily. The first step here is to obtain the momentum conjugate to each
of the Xµ
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There is no conjugate momentum to e, it acts as a constraint and we will deal with it
later. The Hamiltonian is

H = pµẊ
µ � L
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To quantize this system we consider wavefunctions  (X, ⌧) and promote Xµ and pµ

to the operators

X̂µ = Xµ p̂µ = �i
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We then arrive at the Schrodinger equation
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�Ẋ�Ẋ⇢⌘�⇢

1

A (2.20)

This is exactly what we want. Thus we conclude that SHT is classically equivalent to
Spp.

One way to think about this action is that we have introduced a worldline metric
�⌧⌧ = �e2 and its inverse �⌧⌧ = �1/e2 so that infinitesimal distances along the worldline
have length

ds2 = �⌧⌧d⌧ 2 (2.21)

Note that previously we never said that d⌧ represented the physical length of a piece of
worldline, just that ⌧ labeled points along the worldline.

There is another advantage to this form of the action; we can smoothly set m2 = 0
and describe massless particles, which was impossible with the original form of the
action.

Now the action is quadratic in the fields Xµ we calculate the Hamiltonian and
quantize more easily. The first step here is to obtain the momentum conjugate to each
of the Xµ

pµ =
@L

@Ẋµ
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(2.2)

where ⌧ parameterizes the points along the worldline and Xµ(⌧) gives the location of the
particle in spacetime, i.e. the embedding coordinates of the worldline into spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations Xµ ! ⇤µ

⌫X
⌫ where ⇤T ⌘⇤ = ⌘. Secondly it is

reparameterization invariant under ⌧ ! ⌧ 0(⌧) for any invertible change of worldline
coordinate
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Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that ⌧ = X0

i.e. worldline ’time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
Ẋ i << 1. In this case we can expand

Spp = �m
Z q

1� �ijẊ iẊjd⌧ =
Z
�m +

1

2
m�ijẊ

iẊjd⌧ + . . . (2.5)

where the ellipses denotes terms with higher powers of the velocities Ẋ i. The second
term is just the familiar kinetic energy 1

2mv2. The first term is simply a constant and
doesn’t a↵ect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to Spp:
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@ Ẋ⌫

q
�⌘�⇢Ẋ�Ẋ⇢
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Lastly we must deal with e which we saw has no conjugate momentum. Classically its
equation of motion imposes the constraint

pµpµ + m2 = 0 (2.26)

which is the mass-shell condition for the particle. Quantum mechanically we realize
this by restricting our physical wavefunctions to those that satisfy the corresponding
constraint

�⌘µ⌫ @2 

@Xµ@X⌫
+ m2 = 0 (2.27)

However this is just the condition that Ĥ = 0 so that the wavefunctions are ⌧ indepen-
dent. If you trace back the origin of this time-independence it arises as a consequence
of the reparameterization invariance of the worldline theory. It simply states that wave-
functions must also be reparameterization invariant, i.e. they can’t depend on ⌧ . This
is deep issue in quantum gravity. In e↵ect it says that there is no such thing as time in
the quantum theory.

This equation should be familiar if you have learnt quantum field theory. In partic-
ular if we consider a free scalar field  in D-dimensional spacetime the action is

S = �
Z

dDx
✓

1

2
@µ 

⇤@µ +
1

2
m2 ⇤ 

◆
(2.28)

and the corresponding equation of motion is

@2 �m2 = 0 (2.29)

which is the same as our Schrodinger equation (when restricted to the physical Hilbert
space).

Thus we see that there is a natural identification of a free scalar field with a quantum
point particle. In particular the quantum states of the point particle are in a one-to-
one correspondence with the classical solutions of the free spacetime e↵ective action.
However one important di↵erence should be stressed. The quantum point particle gave
a Schrodinger equation which could be identified with the classical equation of motion
for the scalar field. In quantum field theory one performs a second quantization whereby
particles are allowed to be created and destroyed. This is beyond the quantization of the
point particle that we considered since by default we studied the e↵ective action on the
worldline of a single particle: it would have made no sense to create or destroy particles.
Thus the second quantized spacetime action provides a more complete physical theory.

Here we also can see that the quantum description of a point particle in one dimen-
sion leads to a classical spacetime e↵ective action in D-dimensions. This is an important
concept in String theory where the quantum dynamics of the two-dimensional worldvol-
ume theory, with interactions included, leads to interesting and non-trivial spacetime
e↵ective actions.

9

⌘µ⌫Ẋ
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we can solve this to find e = m�1
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This is exactly what we want. Thus we conclude that SHT is classically equivalent to
Spp.

One way to think about this action is that we have introduced a worldline metric
�⌧⌧ = �e2 and its inverse �⌧⌧ = �1/e2 so that infinitesimal distances along the worldline
have length

ds2 = �⌧⌧d⌧ 2 (2.21)

Note that previously we never said that d⌧ represented the physical length of a piece of
worldline, just that ⌧ labeled points along the worldline.

There is another advantage to this form of the action; we can smoothly set m2 = 0
and describe massless particles, which was impossible with the original form of the
action.

Now the action is quadratic in the fields Xµ we calculate the Hamiltonian and
quantize more easily. The first step here is to obtain the momentum conjugate to each
of the Xµ
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⌫

(2.22)

There is no conjugate momentum to e, it acts as a constraint and we will deal with it
later. The Hamiltonian is
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To quantize this system we consider wavefunctions  (X, ⌧) and promote Xµ and pµ
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There is another advantage to this form of the action; we can smoothly set m2 = 0
and describe massless particles, which was impossible with the original form of the
action.

Now the action is quadratic in the fields Xµ we calculate the Hamiltonian and
quantize more easily. The first step here is to obtain the momentum conjugate to each
of the Xµ

pµ =
@L

@Ẋµ

=
1

e
⌘µ⌫Ẋ

⌫

(2.22)

There is no conjugate momentum to e, it acts as a constraint and we will deal with it
later. The Hamiltonian is

H = pµẊ
µ � L

=
e

2

⇣
⌘µ⌫p

µp⌫ + m2
⌘

(2.23)

To quantize this system we consider wavefunctions  (X, ⌧) and promote Xµ and pµ

to the operators

X̂µ = Xµ p̂µ = �i
@ 

@Xµ
(2.24)

We then arrive at the Schrodinger equation

i
@ 

@⌧
=

e

2

 

�⌘µ⌫ @2 

@Xµ@X⌫
�m2 

!

(2.25)
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- But recall that we have the constraint 	


!
!
- In the quantum theory we implement this by requiring that all 
wavefunctions are annihilated by the corresponding operator:	


!
!
!
- This gives the Klein-Gordon equation for a scalar field in 
spacetime.	


!
- Note that it has arisen as a constraint from the point of view 
of the worldline theory. 	


!
- Note also that we have a spacetime boson. To get fermions we 
need more: supersymmetry on the worldline.	


!

Lastly we must deal with e which we saw has no conjugate momentum. Classically its
equation of motion imposes the constraint

pµpµ + m2 = 0 (2.26)

which is the mass-shell condition for the particle. Quantum mechanically we realize
this by restricting our physical wavefunctions to those that satisfy the corresponding
constraint

�⌘µ⌫ @2 

@Xµ@X⌫
+ m2 = 0 (2.27)

However this is just the condition that Ĥ = 0 so that the wavefunctions are ⌧ indepen-
dent. If you trace back the origin of this time-independence it arises as a consequence
of the reparameterization invariance of the worldline theory. It simply states that wave-
functions must also be reparameterization invariant, i.e. they can’t depend on ⌧ . This
is deep issue in quantum gravity. In e↵ect it says that there is no such thing as time in
the quantum theory.

This equation should be familiar if you have learnt quantum field theory. In partic-
ular if we consider a free scalar field  in D-dimensional spacetime the action is

S = �
Z

dDx
✓

1

2
@µ 

⇤@µ +
1

2
m2 ⇤ 

◆
(2.28)

and the corresponding equation of motion is

@2 �m2 = 0 (2.29)

which is the same as our Schrodinger equation (when restricted to the physical Hilbert
space).

Thus we see that there is a natural identification of a free scalar field with a quantum
point particle. In particular the quantum states of the point particle are in a one-to-
one correspondence with the classical solutions of the free spacetime e↵ective action.
However one important di↵erence should be stressed. The quantum point particle gave
a Schrodinger equation which could be identified with the classical equation of motion
for the scalar field. In quantum field theory one performs a second quantization whereby
particles are allowed to be created and destroyed. This is beyond the quantization of the
point particle that we considered since by default we studied the e↵ective action on the
worldline of a single particle: it would have made no sense to create or destroy particles.
Thus the second quantized spacetime action provides a more complete physical theory.

Here we also can see that the quantum description of a point particle in one dimen-
sion leads to a classical spacetime e↵ective action in D-dimensions. This is an important
concept in String theory where the quantum dynamics of the two-dimensional worldvol-
ume theory, with interactions included, leads to interesting and non-trivial spacetime
e↵ective actions.
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- Something interesting has happened: from the Schrodinger 
equation we have must have, for physical states, 	


!
!
!
- So the wavefunctions are independent of the coordinate   
along the worldline	


!
- This arises because the theory has general covariance: any 
choice of parameterization    is a good as any other	


!
- In other words we have worldline gravity and this is an 
example of the problem of time in quantum gravity.	


!
!
 

⌘µ⌫Ẋ
µẊ⌫ = �Ẋ0Ẋ0 + Ẋ1Ẋ1 + ...+ ẊD�1ẊD�1

ds2 = ⌘µ⌫dX
µdX⌫

= �dX0dX0 + dX1dX1 + ...+ dXD�1dXD�1

L =
1

2
mv2 �m = K � V

Xµ(⌧)

ds2 = �e2(⌧)d⌧d⌧

 (Xµ, ⌧)

Xµ

pµ

[X̂µ, p̂⌫ ] = i�µ⌫

i
@ 

@⌧
= 0

1

worldline is extremized. Thus we take

Spp = �m
Z

ds

= �m
Z q

�⌘µ⌫ẊµẊ⌫d⌧

(2.2)

where ⌧ parameterizes the points along the worldline and Xµ(⌧) gives the location of the
particle in spacetime, i.e. the embedding coordinates of the worldline into spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations Xµ ! ⇤µ

⌫X
⌫ where ⇤T ⌘⇤ = ⌘. Secondly it is

reparameterization invariant under ⌧ ! ⌧ 0(⌧) for any invertible change of worldline
coordinate

d⌧ =
d⌧

d⌧ 0 d⌧ 0 , Ẋµ =
dXµ

d⌧
=

d⌧ 0

d⌧

dXµ

d⌧ 0 (2.3)

thus

Spp = �m
Z s

�⌘µ⌫
dXµ

d⌧

dX⌫

d⌧
d⌧

= �m
Z
vuut�⌘µ⌫

 
d⌧ 0

d⌧

!2
dXµ

d⌧ 0
dX⌫

d⌧ 0
d⌧

d⌧ 0 d⌧ 0

= �m
Z s

�⌘µ⌫
dXµ

d⌧ 0
dX⌫

d⌧ 0 d⌧ 0

(2.4)

Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that ⌧ = X0

i.e. worldline ’time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
Ẋ i << 1. In this case we can expand

Spp = �m
Z q

1� �ijẊ iẊjd⌧ =
Z
�m +

1

2
m�ijẊ

iẊjd⌧ + . . . (2.5)

where the ellipses denotes terms with higher powers of the velocities Ẋ i. The second
term is just the familiar kinetic energy 1

2mv2. The first term is simply a constant and
doesn’t a↵ect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to Spp:

d

d⌧

0

@ Ẋ⌫

q
�⌘�⇢Ẋ�Ẋ⇢

1

A = 0 (2.6)
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QUANTIZING A STRING 
- Next we do the same for a string in spacetime	


!
!
!
!
!
!

!
!
 	


-The action is taken to be the area of the worldvolume

Problem: Find the Schödinger equation, constraint and e↵ective action for a quantized
particle in the background of a classical electromagnetic field using the action

Spp = �
Z 1

2
e

✓
� 1

e2
ẊµẊ⌫⌘µ⌫ + m2

◆
� AµẊ

µ (2.30)

3 Classical and Quantum Dynamics of Strings

3.1 Classical Action

Having studied point particles from their worldline perspective we now turn to our main
subject: strings. Our starting point will be the action the worldvolume of a string, which
is two-dimensional. The natural starting point is to consider the action

Sstring =
1

2⇡↵0

Z
d2�

q
� det(@↵Xµ@�X⌫⌘µ⌫) (3.1)

which is simply the area of the two-dimensional worldvolume that the string sweeps out.
Here �↵, ↵ = 0, 1 labels the spatial and temporal coordinates of the string: ⌧,�. Herep

↵0 is a length scale that determines the size of the string.
Again we don’t want to work directly with such a highly non-linear action. We saw

above that we could change this by coupling to an auxiliary worldvolume metric �↵�.

Problem: Show that by solving the equation of motion for the metric �↵� on a d-
dimensional worldsheet the action

SHT = �1

2

Z
dd�
p
��

⇣
�↵�@↵Xµ@�X⌫⌘µ⌫ + m2(d� 2)

⌘
(3.2)

one finds the action

SNG = m2�d
Z

dd�
q
� det (@↵Xµ@�X⌫⌘µ⌫) (3.3)

for the remaining fields Xµ, i.e. calculate and solve the �↵� equation of motion and then
substitute the solution back into SHT to obtain SNG. Note that the action SHT is often
referred to as the Howe-Tucker form for the action whereas SNG is the Nambu-Goto
form. (Hint: You will need to use the fact that �

p
��/��↵� = �1

2�↵�

p
��). If you have

not yet learnt much about metrics just consider the case of d = 1 where �↵� just has a
single component �⌧⌧ .

So we might instead start with

Sstring = � 1

4⇡↵0

Z
d2�
p
���↵�@↵Xµ@�X⌫⌘µ⌫ (3.4)

where we have taken d = 2 in (3.2).
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µ (2.30)

3 Classical and Quantum Dynamics of Strings

3.1 Classical Action

Having studied point particles from their worldline perspective we now turn to our main
subject: strings. Our starting point will be the action the worldvolume of a string, which
is two-dimensional. The natural starting point is to consider the action

Sstring =
1

2⇡↵0

Z
d2�

q
� det(@↵Xµ@�X⌫⌘µ⌫) (3.1)

which is simply the area of the two-dimensional worldvolume that the string sweeps out.
Here �↵, ↵ = 0, 1 labels the spatial and temporal coordinates of the string: ⌧,�. Herep

↵0 is a length scale that determines the size of the string.
Again we don’t want to work directly with such a highly non-linear action. We saw

above that we could change this by coupling to an auxiliary worldvolume metric �↵�.

Problem: Show that by solving the equation of motion for the metric �↵� on a d-
dimensional worldsheet the action

SHT = �1

2

Z
dd�
p
��

⇣
�↵�@↵Xµ@�X⌫⌘µ⌫ + m2(d� 2)

⌘
(3.2)

one finds the action

SNG = m2�d
Z

dd�
q
� det (@↵Xµ@�X⌫⌘µ⌫) (3.3)

for the remaining fields Xµ, i.e. calculate and solve the �↵� equation of motion and then
substitute the solution back into SHT to obtain SNG. Note that the action SHT is often
referred to as the Howe-Tucker form for the action whereas SNG is the Nambu-Goto
form. (Hint: You will need to use the fact that �

p
��/��↵� = �1

2�↵�

p
��). If you have

not yet learnt much about metrics just consider the case of d = 1 where �↵� just has a
single component �⌧⌧ .

So we might instead start with

Sstring = � 1

4⇡↵0

Z
d2�
p
���↵�@↵Xµ@�X⌫⌘µ⌫ (3.4)

where we have taken d = 2 in (3.2).

10

worldline is extremized. Thus we take

Spp = �m
Z

ds

= �m
Z q

�⌘µ⌫ẊµẊ⌫d⌧
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where ⌧ parameterizes the points along the worldline and Xµ(⌧) gives the location of the
particle in spacetime, i.e. the embedding coordinates of the worldline into spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations Xµ ! ⇤µ

⌫X
⌫ where ⇤T ⌘⇤ = ⌘. Secondly it is

reparameterization invariant under ⌧ ! ⌧ 0(⌧) for any invertible change of worldline
coordinate
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Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that ⌧ = X0

i.e. worldline ’time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
Ẋ i << 1. In this case we can expand

Spp = �m
Z q

1� �ijẊ iẊjd⌧ =
Z
�m +

1

2
m�ijẊ

iẊjd⌧ + . . . (2.5)

where the ellipses denotes terms with higher powers of the velocities Ẋ i. The second
term is just the familiar kinetic energy 1

2mv2. The first term is simply a constant and
doesn’t a↵ect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to Spp:

d
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@ Ẋ⌫

q
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A = 0 (2.6)
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3 Classical and Quantum Dynamics of Strings

3.1 Classical Action

Having studied point particles from their worldline perspective we now turn to our main
subject: strings. Our starting point will be the action the worldvolume of a string, which
is two-dimensional. The natural starting point is to consider the action
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- Again horribly non-linear but again there is a trick:	


!
!
!
- Where we have introduced an auxiliary two-dimensional 
metric	


!
!
- Its equation of motion imposes the constraint:	


!
!
!
- Which states that there is no energy-momentum that could 
act as a source for gravity (because gravity is non-dynamical in 
two dimensions)	



Problem: Find the Schödinger equation, constraint and e↵ective action for a quantized
particle in the background of a classical electromagnetic field using the action
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3 Classical and Quantum Dynamics of Strings
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which is simply the area of the two-dimensional worldvolume that the string sweeps out.
Here �↵, ↵ = 0, 1 labels the spatial and temporal coordinates of the string: ⌧,�. Herep

↵0 is a length scale that determines the size of the string.
Again we don’t want to work directly with such a highly non-linear action. We saw

above that we could change this by coupling to an auxiliary worldvolume metric �↵�.

Problem: Show that by solving the equation of motion for the metric �↵� on a d-
dimensional worldsheet the action

SHT = �1

2

Z
dd�
p
��

⇣
�↵�@↵Xµ@�X⌫⌘µ⌫ + m2(d� 2)

⌘
(3.2)

one finds the action

SNG = m2�d
Z

dd�
q
� det (@↵Xµ@�X⌫⌘µ⌫) (3.3)

for the remaining fields Xµ, i.e. calculate and solve the �↵� equation of motion and then
substitute the solution back into SHT to obtain SNG. Note that the action SHT is often
referred to as the Howe-Tucker form for the action whereas SNG is the Nambu-Goto
form. (Hint: You will need to use the fact that �

p
��/��↵� = �1

2�↵�

p
��). If you have

not yet learnt much about metrics just consider the case of d = 1 where �↵� just has a
single component �⌧⌧ .

So we might instead start with

Sstring = � 1

4⇡↵0

Z
d2�
p
���↵�@↵Xµ@�X⌫⌘µ⌫ (3.4)

where we have taken d = 2 in (3.2).
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⌘µ⌫Ẋ
µẊ⌫ = �Ẋ0Ẋ0 + Ẋ1Ẋ1 + ...+ ẊD�1ẊD�1

ds2 = ⌘µ⌫dX
µdX⌫

= �dX0dX0 + dX1dX1 + ...+ dXD�1dXD�1

L =
1

2
mv2 �m = K � V

Xµ(⌧)

ds2 = �e2(⌧)d⌧d⌧

 (Xµ, ⌧)

Xµ

pµ

[X̂µ, p̂⌫ ] = i�µ⌫

i
@ 

@⌧
= 0

ds2 = �↵�(�, ⌧)d�
↵d�� �0 = ⌧, �1 = �

1

Problem: What transformation law must �↵� have to ensure that Sstring is reparame-
terization invariant? (Hint: Use the fact that

@�0�

@�↵

@��

@�0� = ��
↵ (3.5)

why?)

However this case is very special. If we evaluate the �↵� equation of motion we find

T↵� = @↵Xµ@�X⌫⌘µ⌫ �
1

2
�↵����@�X

µ@�X
⌫⌘µ⌫ = 0 (3.6)

Once again we see that �↵� = b@↵Xµ@�X⌫⌘µ⌫ for some b. However in this case nothing
fixes b, it is arbitrary. This occurs because there is an addition symmetry of the action
that is unique to two-dimensions: it is conformally invariant. That means that under a
worldvolume conformal transformation

�↵� ! e2'�↵� (3.7)

(here ' is any function of the worldvolume coordinates) the action is invariant.
There are other features that are unique to two-dimensions. The first is that, up

to a reparameterization, we can always choose the metric �↵� = e2⇢⌘↵�. To see this we
note that under a reparameterization we have

�0
↵� =

@��

@�0↵
@��

@�0� ��� (3.8)

Thus we simply choose our new coordinates to fix �0
01 = 0 and �0

00 = ��0
11. This requires

that
@��

@�00
@��

@�01��� = 0 (3.9)

and
@��

@�01
@��

@�01��� +
@��

@�00
@��

@�00��� = 0 (3.10)

These are two (complicated) di↵erential equation for two functions �0(�00, �01) and
�1(�00, �01). Hence there will be a solution (at least locally).

The second feature is that in two-dimensions the Einstein equation

R↵� �
1

2
�↵�R = 0 (3.11)

vanishes identically. The reason for this is that in two-dimensions there is only one
independent component for the Riemann tensor: R0101 = �R0110 = �R1001 = R1010.
Therefore R00 = R0101�11, R11 = R0101�00 and R01 = �R0101�01. Thus we see that

R = 2R0101(�
00�11 � �01�01)

= 2R0101 det(��1)

=
2

det(�)
R0101 (3.12)
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- First String miracle: There is an additional symmetry in two-
dimensions:	


!
- As a result one can choose coordinates   and   to fix 	


!
!
!
- The theory is now just that of D free scalar fields but with a 
constraint: 	


!
!
- The constraint implies that the worldsheet theory is a 
quantum conformal theory (has no mass or length scales).	


!
- Consistency of the quantum theory requires D=10 (with 
supersymmetry and fermions)	



worldline is extremized. Thus we take

Spp = �m
Z

ds

= �m
Z q

�⌘µ⌫ẊµẊ⌫d⌧

(2.2)

where ⌧ parameterizes the points along the worldline and Xµ(⌧) gives the location of the
particle in spacetime, i.e. the embedding coordinates of the worldline into spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations Xµ ! ⇤µ

⌫X
⌫ where ⇤T ⌘⇤ = ⌘. Secondly it is

reparameterization invariant under ⌧ ! ⌧ 0(⌧) for any invertible change of worldline
coordinate

d⌧ =
d⌧

d⌧ 0 d⌧ 0 , Ẋµ =
dXµ

d⌧
=

d⌧ 0

d⌧

dXµ

d⌧ 0 (2.3)

thus

Spp = �m
Z s

�⌘µ⌫
dXµ

d⌧

dX⌫

d⌧
d⌧

= �m
Z
vuut�⌘µ⌫

 
d⌧ 0

d⌧

!2
dXµ

d⌧ 0
dX⌫

d⌧ 0
d⌧

d⌧ 0 d⌧ 0

= �m
Z s

�⌘µ⌫
dXµ

d⌧ 0
dX⌫

d⌧ 0 d⌧ 0

(2.4)

Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that ⌧ = X0

i.e. worldline ’time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
Ẋ i << 1. In this case we can expand

Spp = �m
Z q

1� �ijẊ iẊjd⌧ =
Z
�m +

1

2
m�ijẊ

iẊjd⌧ + . . . (2.5)

where the ellipses denotes terms with higher powers of the velocities Ẋ i. The second
term is just the familiar kinetic energy 1

2mv2. The first term is simply a constant and
doesn’t a↵ect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to Spp:

d

d⌧

0

@ Ẋ⌫

q
�⌘�⇢Ẋ�Ẋ⇢

1

A = 0 (2.6)

5

Problem: Find the Schödinger equation, constraint and e↵ective action for a quantized
particle in the background of a classical electromagnetic field using the action

Spp = �
Z 1

2
e

✓
� 1

e2
ẊµẊ⌫⌘µ⌫ + m2

◆
� AµẊ

µ (2.30)
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Now we note that ✓
�00 �01

�01 �11

◆
=

1

det(�)

✓
�11 ��01

��01 �00

◆
(3.13)

and the result follows.
Thus Einstein’s equation

R↵� �
1

2
�↵�R = T↵� (3.14)

will imply that T↵� = 0. Hence even if we include two-dimensional gravity the �↵�

equation of motion imposes the constraint that the energy-momentum tensor vanishes

T↵� =
@L

@�↵�
= 0 (3.15)

These facts together imply that the worldvolume metric �↵� actually decouples from
the fields Xµ. This conformal invariance of two-dimensional gravity coupled to the
embedding coordinates (viewed as scalar fields) will be our fundamental principle. It
allows us to simply set �↵� = ⌘↵�. Thus to consider strings propagating in flat spacetime
we use the action (known as the Polyakov action)

Sstring = � 1

4⇡↵0

Z
d2�⌘↵�@↵Xµ@�X⌫⌘µ⌫ (3.16)

subject to the constraint (3.15) which becomes

@↵Xµ@�X⌫⌘µ⌫ �
1

2
⌘↵�⌘��@�X

µ@�X
⌫⌘µ⌫ = 0 (3.17)

3.2 Spacetime Symmetries and Conserved Charges

We should also pause to outline how the spacetime symmetries lead to conserved currents
and hence conserved charges in the worldsheet theory.

First we summarize Noether’s theorem. Suppose that a Lagrangian L(�A, @↵�A),
where we denoted the fields by �A, has a symmetry: L(�A) = L(�A + ��A). This
implies that

@L
@�A

��A +
@L

@(@↵�A)
�@↵�A = 0 (3.18)

This allows us to construct a current:

J↵ =
@L

@(@↵�A)
��A (3.19)

which is conserved

@↵J↵ = @↵

 
@L

@(@↵�A)

!

��A +
@L

@(@↵�A)
@↵��A

= @↵

 
@L

@(@↵�A)

!

��A �
@L
@�A

��A

= 0

(3.20)
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Virasoro constraints

⌘µ⌫Ẋ
µẊ⌫ = �Ẋ0Ẋ0 + Ẋ1Ẋ1 + ...+ ẊD�1ẊD�1

ds2 = ⌘µ⌫dX
µdX⌫

= �dX0dX0 + dX1dX1 + ...+ dXD�1dXD�1

L =
1

2
mv2 �m = K � V

Xµ(⌧)

ds2 = �e2(⌧)d⌧d⌧

 (Xµ, ⌧)

Xµ

�↵� =

 
�1 0

0 1

!

pµ

[X̂µ, p̂⌫ ] = i�µ⌫

i
@ 

@⌧
= 0

ds2 = �↵�(�, ⌧)d�
↵d�� �0 = ⌧, �1 = �

�↵� ! e2�(�,⌧)�↵�

��00 = �11 = 1 �01 = �10 = 0

M10 = R4 ⇥ Y6

1



- Quantization is conceptually similar (each fourier mode acts 
like a point particle).	


!
- So there is an infinite tower of states with their spacetime 
mass2 = fourier mode number	


!
-Second String Miracle: The states obtained from lightest 
(massless) fourier modes are:	


!
!
!
!
!
!
(along with other ‘stuff ’ such as matter fields)

gravity (closed string)	


!

gauge fields (open string)

Thus we again find a tachyonic ground state. No one knows what to do with this
instability. It turns out to be much more serious than the open string tachyon that we
saw, which can sometimes be dealt with. Most people today would say that the Bosonic
string is inconsistent although this hasn’t been demonstrated. However for us the cure
is the same as for the open string: in the superstring this mode is projected out. So we
continuing by simply ignoring it, as our discussion of the other modes still holds in the
superstring.

ext we have level 1. Here the states are of the form

|Gµ⌫ >= Gµ⌫a
µ
�1ã

⌫
�1|0; p > (3.108)

Just as for the open string these will be massless, i.e. p2 = 0 (again only if a = 1). Next
we consider the constraints Lm|Gµ⌫ >= L̃m|Gµ⌫ >= 0 with m > 0.

Problem: Show that these constraints imply that pµGµ⌫ = p⌫Gµ⌫ = 0

The matrix Gµ⌫ is a spacetime tensor. Under the Lorentz group SO(1, D� 1) it will
decompose into a symmetric traceless, anti-symmetric and trace part. What this means
is that under spacetime Lorentz transformations the tensors

gµ⌫ = G(µ⌫) �
1

D
⌘�⇢G�⇢⌘µ⌫

bµ⌫ = G[µ⌫]

� = ⌘�⇢G�⇢ (3.109)

will transform into themselves

Problem: Show this.

Thus from the spacetime point of view there are three independent modes labeled
by gµ⌫ , bµ⌫ and �. Just as for the open string there is a gauge symmetry

|Gµ⌫ >! |Gµ⌫ > +i⇠µL�1ã
µ
�1|0; p > +i⇣µL̃�1a

µ
�1|0; p > (3.110)

where we have used the fact that ⇠µL�1ã
µ
�1|0; p > and ⇣µL̃�1a

µ
�1|0; p > are null states,

provided that p2 = 0. The proof of this is essentially the same as it was for the open
string. We need only ensure that the level matching condition is satisfied, which is clear,
and that L̃nL�1ã�1|0; p >= LnL̃�1a�1|0; p >= 0 for n > 0. Thus we need only check
that

LnL̃�1a
µ
�1|0; p > =

1

2
L̃�1

X

m

⌘�⇢a
�
n+ma⇢

�maµ
�1|0; p >= 0

(3.111)
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be a very high mass scale so that only the massless modes are physically relevant. Note
that the number of states at level n grows exponentially in n as the number of possible
oscillations will be of order of the number of partitions of n into smaller integers. This
exponentially growing tower of massive modes a unique feature of strings as opposed to
point particles.

Of course we must not forget the other physical state condition Ln|phys >= 0 for
n > 0. This constraint will take the form of a gauge fixing condition . Let us consider
the lowest lying states.

At level zero we have the vacuum |0; p >. We see that the mass-shell condition is

p2 � ↵0�1 = 0 (3.93)

The other constraint, Ln|0; p >= 0 with n > 0, is automatically satisfied. This has a
negative mass-squared! Such a mode is called a Tachyon. Tachyons arise in field theory
if rather than expanding a scalar field about a minimum of the potential one expands
about a maximum. Thus they are interpreted as instabilities. The problem is that
no one knows in general whether or not the instability associated to this open string
tachyon is ever stabilized. We will simply ignore the tachyon. Our reason for doing this
is that it naturally disappears once one includes worldsheet Fermions and considers the
superstring theories. However the rest of the physics of Bosonic strings remains useful
in the superstring. Hence we continue to study it.

Next consider level 1. Here we have

|Aµ >= Aµ(p)aµ
�1|0; p > (3.94)

Since these modes have N = 1 it follows from the mass shell condition that they are
massless (for a = 1!), i.e. the L0 constraint implies that p2Aµ = 0. Note that this
depends crucially on the fact that a = 1. If a > 1 then |Aµ > would be tachyonic
whereas if a < 1 |Aµ > would be massive. In either case there is no known constituent
theory of a massive (or tachyonic) vector field.

But we must also check that Ln|A >= 0 for n > 0. Thus

Ln|Aµ > =
1

2
Aµ

X

m

⌘⌫�a
⌫
n�ma�

maµ
�1|0; p >

=
1

2
Aµ⌘⌫�

X

m1

a⌫
n�ma�

maµ
�1|0; p >

=
1

2
Aµ⌘⌫�

X

n�1m1

a⌫
n�ma�

maµ
�1|0; p >

(3.95)

In the second line we’ve noted that if m > 1 we can safely commute a�
m past aµ

�1 where
it annihilates the vacuum. In the third line we’ve observed that if n�m > 1 then we can
safely commute a⌫

n�m through the other two oscillators to annihilate the vacuum (recall
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- Third String Miracle:  A single string knows about interactions 
without adding any new information:	


!
!
!
!
!
!
!
!
!
!
!
- unlike particles, anywhere you cut the worldsheet you see a 
smooth string, the worldsheet topology tells you the physics.	


!
- leads to a finite quantum theory of gravity and gauge forces	





THE BIG PICTURE
-We now think that strings are just an (important) part of 
‘String Theory’. There are also ‘branes’ with higher dimensional 
worldvolumes living in a ten dimensional space with 
complicated topology: 
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theory of a massive (or tachyonic) vector field.

But we must also check that Ln|A >= 0 for n > 0. Thus

Ln|Aµ > =
1

2
Aµ

X

m

⌘⌫�a
⌫
n�ma�

maµ
�1|0; p >

=
1

2
Aµ⌘⌫�

X

m1

a⌫
n�ma�

maµ
�1|0; p >

=
1

2
Aµ⌘⌫�

X

n�1m1

a⌫
n�ma�

maµ
�1|0; p >

(3.95)

In the second line we’ve noted that if m > 1 we can safely commute a�
m past aµ

�1 where
it annihilates the vacuum. In the third line we’ve observed that if n�m > 1 then we can
safely commute a⌫

n�m through the other two oscillators to annihilate the vacuum (recall

25

be a very high mass scale so that only the massless modes are physically relevant. Note
that the number of states at level n grows exponentially in n as the number of possible
oscillations will be of order of the number of partitions of n into smaller integers. This
exponentially growing tower of massive modes a unique feature of strings as opposed to
point particles.

Of course we must not forget the other physical state condition Ln|phys >= 0 for
n > 0. This constraint will take the form of a gauge fixing condition . Let us consider
the lowest lying states.

At level zero we have the vacuum |0; p >. We see that the mass-shell condition is

p2 � ↵0�1 = 0 (3.93)

The other constraint, Ln|0; p >= 0 with n > 0, is automatically satisfied. This has a
negative mass-squared! Such a mode is called a Tachyon. Tachyons arise in field theory
if rather than expanding a scalar field about a minimum of the potential one expands
about a maximum. Thus they are interpreted as instabilities. The problem is that
no one knows in general whether or not the instability associated to this open string
tachyon is ever stabilized. We will simply ignore the tachyon. Our reason for doing this
is that it naturally disappears once one includes worldsheet Fermions and considers the
superstring theories. However the rest of the physics of Bosonic strings remains useful
in the superstring. Hence we continue to study it.

Next consider level 1. Here we have

|Aµ >= Aµ(p)aµ
�1|0; p > (3.94)

Since these modes have N = 1 it follows from the mass shell condition that they are
massless (for a = 1!), i.e. the L0 constraint implies that p2Aµ = 0. Note that this
depends crucially on the fact that a = 1. If a > 1 then |Aµ > would be tachyonic
whereas if a < 1 |Aµ > would be massive. In either case there is no known constituent
theory of a massive (or tachyonic) vector field.

But we must also check that Ln|A >= 0 for n > 0. Thus

Ln|Aµ > =
1

2
Aµ

X

m

⌘⌫�a
⌫
n�ma�

maµ
�1|0; p >

=
1

2
Aµ⌘⌫�

X

m1

a⌫
n�ma�

maµ
�1|0; p >

=
1

2
Aµ⌘⌫�

X

n�1m1

a⌫
n�ma�

maµ
�1|0; p >

(3.95)

In the second line we’ve noted that if m > 1 we can safely commute a�
m past aµ

�1 where
it annihilates the vacuum. In the third line we’ve observed that if n�m > 1 then we can
safely commute a⌫

n�m through the other two oscillators to annihilate the vacuum (recall

25

be a very high mass scale so that only the massless modes are physically relevant. Note
that the number of states at level n grows exponentially in n as the number of possible
oscillations will be of order of the number of partitions of n into smaller integers. This
exponentially growing tower of massive modes a unique feature of strings as opposed to
point particles.

Of course we must not forget the other physical state condition Ln|phys >= 0 for
n > 0. This constraint will take the form of a gauge fixing condition . Let us consider
the lowest lying states.

At level zero we have the vacuum |0; p >. We see that the mass-shell condition is

p2 � ↵0�1 = 0 (3.93)

The other constraint, Ln|0; p >= 0 with n > 0, is automatically satisfied. This has a
negative mass-squared! Such a mode is called a Tachyon. Tachyons arise in field theory
if rather than expanding a scalar field about a minimum of the potential one expands
about a maximum. Thus they are interpreted as instabilities. The problem is that
no one knows in general whether or not the instability associated to this open string
tachyon is ever stabilized. We will simply ignore the tachyon. Our reason for doing this
is that it naturally disappears once one includes worldsheet Fermions and considers the
superstring theories. However the rest of the physics of Bosonic strings remains useful
in the superstring. Hence we continue to study it.

Next consider level 1. Here we have

|Aµ >= Aµ(p)aµ
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Since these modes have N = 1 it follows from the mass shell condition that they are
massless (for a = 1!), i.e. the L0 constraint implies that p2Aµ = 0. Note that this
depends crucially on the fact that a = 1. If a > 1 then |Aµ > would be tachyonic
whereas if a < 1 |Aµ > would be massive. In either case there is no known constituent
theory of a massive (or tachyonic) vector field.
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In the second line we’ve noted that if m > 1 we can safely commute a�
m past aµ

�1 where
it annihilates the vacuum. In the third line we’ve observed that if n�m > 1 then we can
safely commute a⌫

n�m through the other two oscillators to annihilate the vacuum (recall
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ds2 = ⌘µ⌫dX
µdX⌫

= �dX0dX0 + dX1dX1 + ...+ dXD�1dXD�1

L =
1

2
mv2 �m = K � V

Xµ(⌧)

ds2 = �e2(⌧)d⌧d⌧

 (Xµ, ⌧)

Xµ

pµ

[X̂µ, p̂⌫ ] = i�µ⌫

i
@ 

@⌧
= 0

ds2 = �↵�(�, ⌧)d�
↵d�� �0 = ⌧, �1 = �

�↵� ! e2�(�,⌧)�↵�

��00 = �11 = 1 �01 = �10 = 0

M10 = R4 ⇥ Y6

1



- D-branes can be obtained as end-points of open strings	


!
!
!
!
!
!
!
!
!
- The open strings give rise to gauge dynamics	


!
- Closed strings give rise to gravity	


!
- In addition the whole structure is actually eleven dimensional 
and is known as M-theory (where there are no strings just 
branes!)	





- Even more remarkable is that gravity and gauge theory are not 
just unified within string theory but also we learn that they are 
two aspects of the same thing:	


 	


AdS/CFT: quantum gravity in d+1 dimensions is the same as a 
conformal field theory without gravity in d dimensions	


!
!
!
!
!
!
!
!
- These ideas are now finding applications in Quark-Gluon 
Plasmas and Condensed Matter Theory
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