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Just to give a kind of definition ...

A synchrotron is a type of circular accelerator that needs:

A bending field
to keep the particles on a closed orbit

A mechanism to lock this B-field to the particle energy
= constant orbit

Focusing fields that follow the energy gain to keep the particles together
2> well defined beam size .

A RF structure to accelerate the particles
- energy gain per turn

A mechanism to synchronise the rf frequency to
the particle timing
= phase focusing / synchrotron principle
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Introduction and Basic Ideas

» - in the end and after all it should be a kind of circular machine “
= need transverse deflecting force

Lorent force F=gq *X‘F VX B)

N

typical velocity in high energy machines:

Example:
B=1T — F-= q*3*108—*11§
s m
M
F=q*3OO—V
m
H_J

equivalent el field E

MV
technical limit for a el. field E=<1——



The ideal circular orbit

condition for circular orbit:

S
Lorent; force F, =evB circular coordinate system
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I'he arrangement and Strengtn of the dipole magnets define the maximum par:
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momentum that can be carried by the Syncnrotron.




The Magnetic Guide Field
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Magn. Induktion B(T)
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field map of a storage ring dipole magnet

convenient units:

Normalise magnetic field to momentum:

Vi GeV
gy e len pelr- 2] pe[]
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Example LHC:
B =83T
. p =2.53km
p=70002¢Y
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Focusing Properties - Transverse Beam Optics

Classical Mechanics: f there is a restoring force, proportional
pendulum to the elongation x:
d’x
F=m*—7F=-k*x
dt

Ansatz  x(t) = A*cos(awt + @)

general solution: free harmonic oszillation

Storage Ring: we need a Lorentg force that rises as a function
of the distance to the design orbit

F(x)=qg*v*B(x)

Quadrupole Magnets:

required:  focusing forces to keep trajectories in vicinity of the ideal orbit
linear increasing Lorent; force

linear increasing magnetic field B y -8 X B. =gy



Normalised quadrupole field:

Field in a quadrupole B, =gx B =gy

X

Normalised gradient of a quadrupole —— k = 1

ple
what about the vertical plane: ﬁ % E =%_ % _ oB v _ 0B
... Maxwell ox ay
The Equation of Motion:
) _ 1 gx s DNaes iy 1 T w
p/e P - 3 e
= g —m
only terms linear in x, y taken into account 1 g T . "‘-’*ﬁ 7. #: '
dipole fields e LA oL N
quadrupole fields i N i \

Separate Function Machines: i




The Equation of Motion:

Equation for the horizontal motion

of a particle inside a storage ring magnet:

" 1
X +x(—-k)=0
P
Equation for the vertical motion:

— =0 no dipoles ... in general ...

k <= -k quadrupole field changes sign

y'+ky=0




Solution of Trajectory Equations

Define ... hor. plane: K = 1/,02 —k

14
+K x=
...vert. Plane: K =k X x=0

Differential Equation of harmonic oscillator ... with spring constant K

Ansatz: x(s) =a, -cos(ws)+a, -sm(ws)

general solution: linear combination of two independent solutions
x'(s) = —a,wsin(w s) + a,w cos(ws)
x"(s) = —a,w’ cos(ws) - a,w’ sin(ws) = —w’x(s) —— w=-JK

general solution:

x(s)=aq, cos(\/E s)+a, sin(\/E s)



determine a,; , a, by boundary conditions:

s=0

Hor. Focusing Quadrupole K > 0:

| B

x(0)=x, , a =x,

X(0)=x, . a, =

x(s) = x, -cos(\/mS) + X, -fsm(\/@s)
K]
x'(8) = —xg * /|K| - sin(, /|K|S) + x(, - cos(4 /|K|S)

For convenience expressed in matrix formalism:

X M " X
xl ; foc x/ y

cos(4/|K]|s) ! sin(,/|K|s
JIK] I8 JIK]
—JIK|sin(|K]s)  cos(y|K]s)

Mfoc =




s=sl1
hor. defocusing quadrupole: |

wet
----
ws®
wer®
.
ws®
ws®
wst
.t
we
-----
.......
e

x'-Kx=0

Remember from school:

f(s)=cosh(s) , f'(s)=sinh(s)

Ansatz: x(s) = a, -cosh(ws) + a, - smh(ws)

1
cosh /| K|/ sinh /| K|/
Mdefoc = | | V|K| | |

\/@ sinh \/EI cosh \/EI

drift space: _ 1 !
K=0 M gy = ( 0 1
!

with the assumptions made, the motion in the horizontal and vertical planes are
independent ,, ... the particle motion in x & y is uncoupled “




Transformation through a system of lattice elements

combine the single element solutions by multiplication of the matrices

M. =M M Mo M.  *M gt "9/« e
total OF D (0] Bend D*..... (:,/ ’ D %‘\ dlpole magnet
Ay ‘
w-gB- = e—— defocusing lens

= M(s,,s,)*

s2 X sl

X

7 court. K. Wille

in each accelerator element the particle trajectory corresponds to the movement of a
harmonic oscillator ,,

P s 1
x(s) Teilchenbahnen und Enveloppe

typical values

in a strong

foc. machine:
xX~mm,x <mrad
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Relevant for beam stability:

non integer part

LHC revolution frequency: 11.3 kHz 0.31*11.3=3.5kHz?
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Question: what will happen, if the particle performs a second turn ?

... OF a third one or ... 10" turns

Teilchenbahnen und Enveloppe
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Astronomer Hill:

differential equation for motions with periodic focusing properties
»Hill 's equation “

Example: particle motion with
periodic coefficient

equation of motion: x"(8)=k(s)x(s)=0

restoring force # const,
k(s) = depending on the position s
k(s+L) = k(s), periodic function




The Beta Function

General solution of Hill's equation:
D x(s)=eBls) -cos@(s) +9)

& D = integration constants determined by initial conditions

P(s) periodic function given by focusing properties of the lattice < quadrupoles

p(s+L)=p(s)
Inserting (i) into the equation of motion ...
" ds
Y(s)=[——
{ p(s)

Y(s) =, phase advance “ of the oscillation between point ,,0“ and ,,s “ in the lattice.
For one complete revolution: number of oscillations per turn ,, Tune “

1 ds
Q'znﬁﬂu>




The Beta Function

Amplitude of a particle trajectory:

x(s5) = Ve *~/B(s) * cos((s) + @)

Maximum size of a particle amplitude

i(s) = Ve B(s)

Teilchenbahnen und Enveloppe

f determines the beam size

(... the envelope of all particle
trajectories at a given position
“s” in the storage ring.

x/mm —==>

It reflects the periodicity of the
magnet structure.




Beam Emittance and Phase Space Ellipse

r

general solution of @ x(s) = Ve VB(s) cos®(s) +¢)

Hill equation < /e
€

2)  x(s)=- 56 {a(s) cos@ (s) + ) +sin@ (s) + P)}

from (1) we get

-1,
_x(s) Of(S)=7/6(S)
cos(¢(S)+¢)—\/;m }/(S)=1+a(s)2
B(s)

Insert into (2) and solve for &

& = y(s) x°(5) +2a(5)x(s)x'(s) + B(s) x"*(s)




Beam Emittance and Phase Space Ellipse

& =y(s) X*(s) + 2a(s)x(5)X'(s) + B(s) X" (s)

Liouville: in reasonable storage rings
area in phase space is constant.

A = nw*e=const

/;
a




Emittance of the Particle Ensemble:

(Z.X.Y)

-0.04 —

-0.1 0
x’l.l :x]|,|2 ’x]'l|3 ’x]'l,4

0.1




Phase Space Ellipse
x(s) = Ve B(s) cos{y(s) + ¢}

particel trajectory:
max. Amplitude: x(s)=+/&B xat that position ...?

.. put x(s)into

£=y(s) x*(s) + 20(5)x(5)x'(s) + B(s) x"(s)

and solve for x’

7 Jer
e=y-eB+2a.eB - x + B /

X' =—a- el

The optical functions determine the shape
and orientation of the phase space ellipse.

% A high p-function means a large beam size
and a small beam divergence.
... etviceversall!



Emittance of the Particle Ensemble:

x(s) = e /B(s) - cos(W(s) + §) i(s) = Ve B(s)

Gauf o(x) N-e
. . . . . x = —————" e
Particle Distribution: /2 o,

particle at distance 1 o from centre
> 68.3 % of all beam particles

single particle trajectories, N = 10 ! per bunch

LHC: B =180m

e=5%10"mrad

o=+Je* B =/5%10""m*180m = 0.3 mm

2 T T T T T T T

05—

aperture requirements: r ,= 12 * ¢

0.15 02



13.) Errors in Field and Gradient:
Dispersion: trajectories for Ap /p # 0

Forces acting on the particle

2
Radial acceleration a = M —(p+x) ﬁ
' dt’ dt

Is counter vailed by the Lorenz force

remember: x=mm ,p =~m ... > develop for small x

d’x mv
m— ! ——) eB v
a> p  p
0B,
consider only linear fields, and change independent variable: t — s o

x”—l(l—ﬁ)—eBO+ex
o0 o) o)

.. but now take a small momentum error into account !!! p=p;+4p



Dispersion:

1 1 A
develop for small momentum error Ap << p, = ~ — g

Po+ApP  p, P

A A
x”_l_l_ x2 ze Bo _ geBo+%—xeg—€
P P Po Po Po Po
w_J H_j —
_L k*x zO
0
x”+ x2 Ap*( eBO)_I_k*x Ap*i_l_k*x
r Do Po Po P
——
1
e,
144 l A l
x”+i2—k.avc=A—pi —_— X +x(—2—k)=—p—
P Po P P Po P

Momentum spread of the beam adds a term on the r.h.s. of the equation of motion.
- inhomogeneous differential equation.



Dispersion:

x"+x(i2—k)=A—p-l
P p p

general solution: xg (s)+K(s) x,(s)=0
x(5) = 3, (5)
h X(5) + K (5) x,(s) = -

Normalise with respect to Ap/p:

D(S) - xi(S)

A]/
P




Dispersion:
Example: homogenous dipole field

bit for Ap/p > 0

Matrix formalism:

e.g. matrix for a quadrupole lens:

1
K R K
v, - cos(+/|K|s \/@sm(ﬁ‘ s =(C S)
—|K|sin(y/|K|s  cos(+/|K]s

x(s) =x5(s)+ D(s) &
P

X(s) = C(s)" %+ () ) + D(5) 2
P

Amplitude of Orbit oscillation:

Xg =1...2mm

D(s)~1..2m

A7z1-10'3
P

contribution due to dispersion
< beam size



16.) Chromaticity:
A Quadrupole Error for Ap/p # 0

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

B dl
dipole magnet a= L x,(s) = D(s) %

focusing lens k = £

v

cell length . .
Figure 20: FODO cel : particle having ...

to high energy
to low energy
ideal energy



Chromaticity: Q'

7 p=p,+Ap
e

in case of a momentum spread.:

k% ¢y koK
po+Ap ) 2
Ak = — Apk
V2

.. which acts like a quadrupole error in the machine and leads to a tune spread:

AQ = —L&koﬂ(s)ds
4z p,

definition of chromaticity:

AQ-Q % 0= fkB)ds



. what is wrong about Chromaticity:

Problem: chromaticity is generated by the lattice itself !!

Q' is a number indicating the size of the tune spot in the working diagram,
Q' is always created if the beam is focussed

- it is determined by the focusing strength k of all quadrupoles

Tune signal for a nearly
uncompensated cromaticity

(Q'~20)

7 2% 029 03 031 032 0.

Ideal situation: cromaticity well corrected,

(Q'~1)

026 027 028 020 03 031 032 04

Example: LHC A
Q'=250
Ap/lp=+/-0.2 *107
A0=0.256 ... 0.36

—>Some particles get very close to

. resonances and are lost

in other words: the tune is not a point
/ it is a pancake




Correction of Chromaticity

Ap
1.) sort the particles according to their momentum  Xp(s) = D(s) ?

2.) apply a magnetic field that rises quadratically with x (sextupole field)

B =gxz
oB 0B B linear rising
1. - > S =—==gx »gradient “:
B =—g(x"-z7) 0z ox
2
Sextupole Magnets:
z normalised quadrupole strength:
Eisenjoch : isenioen sper ~
ﬁ % | _gx
%/1J \ . sext p /e — lsext.
_;< X | - !h,.., A_,-,%_._. ._x A
$ £/ p
Spuen@ sl ‘ nxl ksext = msext.D—
P

corrected chromaticity: Q' =-— ﬁ § {K (s)- mD(S)} B(s)ds



Resume:

The geometry and the maximum momentum of the particles P_p P
is defined by the dipole strength €

Strong focusing quadrupole lenses lead to a x"+x (L2 -k)=0
transverse oscillation of the particles i

cos( |K|s) Lsin( |K|s
JEl N JEl
—\/m sin(\/MS) cos(\/@s)
cosh\/ﬁl ﬁsinhﬁl
K

Focusing properties of a magnet M, =

Foc. & defoc. lenses have to be combined

to lead to an overall focusing scheme M,,, =

in both planes. \/@ sinh \/@; cosh \/@g
The B-function defines an envelope enclosing the single particle 3(s) = [ &
trajectories and together with the emittance it defines the beam size

Number of oscillations per turn (the tune) depends on the _ 1 g9
overall focusing fields in the ring 27" pls)

The beam emittance is a intrinsic beam property and describes | .
the quality of the particle distribution. It corresponds to the area d /7

of an ellipse in x, x* phase space and is constant (for a given energy). C//




Resume:

Dispersion: effect of a momentum error (spread) on x(s) =x4(s)+D(s)- &
the particle orbit
Chromaticity: ... on the focusing properties (tune) AQ=0Q' Ap

P
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