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Bs → μ+ μ- in the Standard Model
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Bs is (pseudo)scalar – no photon penguin

Dominant operator in the SM
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Bs → μ+ μ- and New Physics
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Contribution of QS and QP are not helicity suppressed

Potentially large coefficients CS and CP in 2HDM
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Bs → μ+ μ- and New Physics

4

Contribution of QS and QP are not helicity suppressed

Potentially large coefficients CS and CP in 2HDM

Yet, only if contribution to ∆Ms is suppressed,
i.e. type 2 Higgs potential, λ5 ≪ 1 and type 3 Yukawas

which is the MSSM at tan β ≫ 1, with the Branching Ratio

                                  BR ∝ (tan β)6   MA-4 

Non-zero ∆Γs allows for another untagged observable 
beyond the BR via an effective lifetime measurement.
[Bruyn, Fleischer, Knegjens et.al. `12]



Theory Status at NLO
CS & CP can be neglected within the Standard Model

CA(mt / MW)NLO = 1.0113 CA(mt / MW)LO    
 – for QCD MS-bar mt = mt(mt) [Buras, Buchalla; Misiak, Urban `99]

For pure QCD determine < μ- μ+|QA|Bs > from 
< 0 |b ̄ γμ γ5 s|Bs > = i pμ fBs  (fBs= 227.7(4.5)MeV [FLAG])

QED & Electroweak were so far only known at LO –
this leads to a ±2% & ±7% uncertainty

Improved theory prediction will give us a precision probe 
of CA , CS and CP  (+ flipped Operators ... )
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Bs decay into a 2 lepton final state always helicity suppressed

QED corrections
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Bs decay into a 2 lepton final state always helicity suppressed

QED corrections

Soft photon radiation from muons:
Theoretical branching ratio is fully 
inclusive of bremsstrahlung.
There would be sizeable corrections 
otherwise [Buras, Girrbach, Guadagnoli, Isidori] 
arXiv:1208.0934.
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Bs decay into a 2 lepton final state always helicity suppressed

QED corrections

Soft photon radiation from muons:
Theoretical branching ratio is fully 
inclusive of bremsstrahlung.
There would be sizeable corrections 
otherwise [Buras, Girrbach, Guadagnoli, Isidori] 
arXiv:1208.0934.

Direct emission is IR safe (Bs is 
neutral) and phase space suppressed 
for invariant mass mμμ close to MBs.
[Aditya, Healey, Petrov] arXiv: 1212.4166 
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Consider an experimental signal window for
the invariant mass of the muon pair mμμ

Illustration
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Simulate signal 
fully inclusive of 
bremsstrahlung 

(PHOTOS)

Direct emission is 
a background in 

the signal window



Comparing Theory and Experiment 

Bremsstrahlung taken into account by the experiment and 
direct emission treated as background.

The Bs system has a non-zero decay width difference:
→ instantaneous ≠ time integrated branching ratio
[de Bruyn, Fleischer et. al. `12] This correction is precisely known.
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Comparing Theory and Experiment 

Bremsstrahlung taken into account by the experiment and 
direct emission treated as background.

The Bs system has a non-zero decay width difference:
→ instantaneous ≠ time integrated branching ratio
[de Bruyn, Fleischer et. al. `12] This correction is precisely known.

→ Only electroweak corrections and QED to CA(μb) are  
potentially large – enhanced by mtop/MW, 1/sW,  αe log2(MW/
mb). NNLO is important to remove the scale uncertainty.
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NLO EW and NNLO QCD

NLO EW calculation removes 7% 
scheme ambiguities
[Bobeth, MG, Stamou `14]

NNLO calculation removes
scale ambiguities – fixes top mass
[Hermann, Misiak, Steinhauser `14]
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Including QED-Log’s + combination with NNLO QCD
ñ Log-enhanced QED corrections known [Bobeth/Gambino/Gorbahn/Haisch hep-ph/0312090,

Huber/Lunghi/Misiak/Wyler hep-ph/0512066]

Choose OS-2 as default scheme

Solution of RGE

CApµbq “

ÿ

i

“
Upµb, µ0q

‰
A,i Ci pµ0q

Ñ Upµb, µ0q = evolution operator

Ñ Ci pµ0q = Wilson coefficients at
high scale

!!! CApµbq µ0–independent

ñ full EW corr’s reduce Br by
4% compared to NNLO QCD 50 100 150 200 250 300

µ0 [GeV]

�0.98

�0.97

�0.96

�0.95

�0.94

�0.93
LO

+NLO QCD

+NNLO QCD

+QED Log

full (NNLO QCD + NLO EW)

for µb “ 5 GeV
Estimate of higher order uncertainties

1) µ0 variation between rmt {2, 2mt s Ñ about 0.2% (QCD) + 0.2% (EW)

2) additional EW scheme dep. from diff. of OS-2 and HY scheme Ñ about 0.2%
on

|CApµbq|
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FIG. 2. Comparison of the matching scale, µ
0

, dependence of C
10

at the scale µ
0

in four renormalization schemes (OS-2, OS-1,
HY and MS) at LO (dotted) and with NLO EW corrections (solid). See text for more details.

scale µ0, it is less than ±0.4% corresponding to ±0.8%
on the branching ratio. The strong reduction of the µ0

dependence in Fig. 2 is due to the inclusion of NLO cor-
rections in the relation of EW parameters, which are for-
mally not part of the e↵ective theory and hence cannot
be cancelled by the RGE in the e↵ective theory. At LO
in the e↵ective theory there is no renormalization group
mixing of C10 and the µ0 dependence may be used directly
as an uncertainty. As discussed in Sec. III, beyond LO in
QED the operator mixing will reduce the remaining µ0

dependence even further.
Before proceeding, we comment on the OS-1 and MS

scheme and why we shall discard them for the estimate of
residual higher-order uncertainties. The OS-1 scheme ex-
hibits the worst perturbative behavior of all four schemes,
as seen in Fig. 2. The sW -on-shell counterterm induces
this, for an electroweak correction, unnaturally large shift
at two-loop. As further discussed in App. C, the top-
quark mass dependence of the sW -on-shell counterterm
implies a significant higher-order QCD scale dependence,
which we consider artificial. On the other hand, the OS-2
and HY schemes do not exhibit this strong dependence
on the top-quark mass and the estimate of the size of
higher-order QCD contributions by varying the scale of
mt indicates much smaller corrections. In view of this, we
restrict ourselves to schemes with reasonable convergence
properties and leave OS-1 aside. In the case of the MS
scheme, the application of RG equations is required for
the iterative determination of the EW parameters from
the input given in Eq. (16). For the purpose of Fig. 2, the
presence of QCD could be ignored and lowest-order RG
equations were su�cient. However, in the general case
the solution of the according RG equations are rather in-
volved and we prefer to use the comparison of the HY
and OS-2 scheme to estimate higher order EW⇥QCD
corrections.

In the following, we include QCD e↵ects and discuss
C10 at the low-energy scale µb after applying the RGE
running presented in Sec. III. We express the Wilson co-
e�cient C10(µb) as a double series in the running cou-

plings ↵̃s and ↵̃e, see Eqs. (32) and (34), with five rel-
evant contributions C10,(mn), (mn = 11, 21, 02, 12, 22),
that depend on Wilson coe�cients of various other op-
erators at the matching scale µ0. So far, only the LO
⌘ (mn = 11) and the NLO QCD ⌘ (mn = 11 + 21)
contributions were known. Now, we can include the full
NLO EW correction with the additional contributions
(mn = 11 + 21 + 02 + 12 + 22) ⌘ NLO (QCD + EW)5.
For this purpose, also the scale dependence of mt that
originates from QCD will be taken into account when
varying the matching scale µ0. Note that C10(µb) is in-
dependent of the matching scale µ0 up to the considered
orders in couplings due to the inclusion of the RGE evo-
lution. However, the residual µb dependence will only be
cancelled by the according µb dependence of the matrix
elements of the relevant operators.

Fig. 3 shows the µ0 dependence of C10(µb = 5GeV) at
LO, NLO QCD and NLO (QCD + EW) in the OS-2 and
HY schemes. It is clearly visible that the dependence
on the renormalization scale of mt reduces when going
from LO to NLO QCD and that the LO results coincide
with the ones at NLO QCD at the scale µ0 ⇡ 150 GeV.
A further reduction of this scheme dependence requires
the inclusion of NNLO QCD corrections [36]. The NLO
QCD result is quite di↵erent in the OS-2 and HY scheme
comprising values of C10(µb) 2 [�8.54, �7.97] · 10�8.
The NLO (QCD + EW) result shows again rather large
shifts with respect to NLO QCD and a clear convergence
of both schemes towards the same value. The results
of the OS-2 and HY schemes are now confined within
C10(µb) 2 [�8.34, �8.11] · 10�8 reducing the combined
uncertainty due to scheme dependencies of both QCD
and EW interactions to ±1.4%. Again, we would like to
remind that a substantial part of this uncertainty is due
to so far unknown NNLO QCD corrections. We estimate

5

These corrections were discussed in the large top-quark-mass

limit including the RGE e↵ects in Ref. [10], whereas RGE e↵ects

were neglected in Ref. [22] for (mn = 02, 12, 22).



Theory Prediction
We find for the time integrated BR @ NNLO & EW 
[Bobeth MG, Hermann, Misiak, Steinhauser, Stamou `13]

Brthe = (3.65 ± 23) 10-9            Brexp = ( 2.9 ± 0.7 ) 10-9

10

fBs [MeV] τBs [ps-1] |Vtb Vts| Mt [GeV]

227.7(45) 1.516(11) 0.0415(13) 173.1(9)
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long-lasting tension between its determinations from the
inclusive and exclusive semileptonic decays [11]. Here,
we adopt the recent inclusive fit from Ref. [18]. It is
the first one where both the semileptonic data and the
precise quark mass determinations from flavor-conserving
processes have been taken into account. Once |Vcb| is
fixed, we evaluate |V ⋆

tbVts| using the accurately known
ratio |V ⋆

tbVts/Vcb|.
Apart from the parameters listed in Table I, our re-

sults depend on two renormalization scales µ0 ∼ Mt and
µb ∼ mb used in the calculation of the Wilson coefficient
CA. This dependence is very weak thanks to our new cal-
culations of the NLO EW and NNLO QCD corrections.
Since this issue is discussed at length in the parallel arti-
cles [5, 6], we just fix here these scales to µ0 = 160GeV
and µb = 5GeV. Our results for the Wilson coefficient
CA are then functions of the first seven parameters in
Table I. Allowing only the top-quark mass and the strong
coupling constant to deviate from their central values, we
find the following fits for CA

CA(µb) = 0.4802 R1.52
t R−0.09

α − 0.0112 R0.89
t R−0.09

α

= 0.4690 R1.53
t R−0.09

α , (4)

CA(µb) = 0.4802 !R1.50
t R0.015

α − 0.0112 !R0.86
t R−0.031

α

= 0.4690 !R1.51
t R0.016

α , (5)

where Rα = αs(MZ)/0.1184, Rt = Mt/(173.1GeV) and
!Rt = mt/(163.5GeV). The fits are accurate to bet-
ter than 0.1% in CA for αs(MZ) ∈ [0.11, 0.13], Mt ∈
[170, 175]GeV, and mt ∈ [160, 165]GeV.
In the first lines of Eqs. (4) and (5), CA is given as

as a sum of two terms. The first one corresponds to
the leading order EW but NNLO QCD matching calcu-
lation [6]. The second one accounts for the NLO EW
matching corrections [5] at the scale µ0, as well as for
the logarithmically enhanced QED corrections that orig-
inate from the renormalization group evolution between
µ0 and µb [23, 24].
Inserting Eq. (4) into Eq. (3), we obtain for Bsµ

Bsµ × 109 = (3.65± 0.06)RtαRs = (3.65± 0.23), (6)

where Rtα = R3.06
t R−0.18

α = !R3.02
t R0.032

α and

Rs =

"
fBs

[MeV]

227.7

#2" |Vcb|

0.0424

#2" |V ⋆
tbVts/Vcb|

0.980

#2 τsH [ps]

1.615
.

Correlations between fBs
and αs have been ignored

above. Uncertainties due to parameters that do not oc-
cur in the quantities Rα, Rt and Rs have been absorbed
into the residual error in the middle term of Eq. (6). This
residual error is actually dominated by a non-parametric
uncertainty, which we set to 1.5% of the branching ra-
tio. Such an estimate of the non-parametric uncertainty
is supposed to include:

• Effects of the neglected O(αem) term in Eq. (3).
They account for the fact that |CA(µb)|2 changes

fBq CKM τ q
H Mt αs other non-

!

param. param.

Bsℓ 4.0% 4.3% 1.3% 1.6% 0.1% < 0.1% 1.5% 6.4%

Bdℓ 4.5% 6.9% 0.5% 1.6% 0.1% < 0.1% 1.5% 8.5%

TABLE II: Relative uncertainties from various sources in Bsℓ

and Bdℓ. In the last column they are added in quadrature.

by around 0.3% when µb is varied between mb/2
and 2mb. Such a dependence on µb must cancel
order-by-order in perturbation theory.

• Higher-order O(α3
s,α

2
em,αsαem) matching correc-

tions to CA at the electroweak scale µ0. Such cor-
rections must remove the residual µ0-dependence
of CA(µb). When µ0 is varied between mt/2 and
2mt, the variation of |CA(µb)|2 due to EW and
QCD interactions amounts to around 0.2% in each
case [5, 6]. Effects of similar size in the branch-
ing ratio are observed in Ref. [5] when comparing
several EW renormalization schemes.

• Higher-order O(M2
Bq

/M2
W ) power corrections.

• Uncertainties due to evaluation of mt from the ex-
perimentally determined Mt using a three-loop re-
lation. Note that half of the three-loop correction
shifts mt by about 200MeV, which affects Bsµ by
around 0.3%. Non-perturbative uncertainties at
this point (renormalons, color reconnection) are ex-
pected to be of the same order of magnitude.

• TinyO(∆Γq/Γq) corrections due to deviations from
the relation Bqℓ = Γ[Bq → ℓ+ℓ−]/Γq

H , i.e. due to
decays of the lighter mass eigenstate in the BqB̄q

system. At the leading order in αem andM2
Bq

/M2
W ,

such corrections are non-vanishing only because of
CP-violation in the absorptive part of the BqB̄q

mixing matrix. Apart from being suppressed by
∆Γq/Γq, they vanish in the limit mc → mu, and
receive additional CKM suppression in the Bs case.
Beyond the leading order in αem or M2

Bq
/M2

W , the
lighter eigenstate can decay to leptons also in the
CP-conserving limit of the SM.

All the other Bqℓ branching ratios are calculated along
the same lines. We find

Bse × 1014 = (8.54± 0.13)RtαRs = 8.54± 0.55,

Bsτ × 107 = (7.73± 0.12)RtαRs = 7.73± 0.49,

Bde × 1015 = (2.48± 0.04)RtαRd = 2.48± 0.21,

Bdµ × 1010 = (1.06± 0.02)RtαRd = 1.06± 0.09,

Bdτ × 108 = (2.22± 0.04)RtαRd = 2.22± 0.19, (7)

with

Rd =

"
fBd

[MeV]

190.5

#2 " |V ⋆
tbVtd|

0.0088

#2 τavd [ps]

1.519
.

where we have used Vcb = 0.0424(9) [Gambino, Schwanda `13]

LHCb CMS Combination



Conclusions
Largest theory uncertainty (@ NLO EW and NNLO) :
- from fBs (4%), which will be reduced in the future
- rest ( <2 %)

But dependence on Vcb results in parametric uncertainty,
might be reduced in the future or removed by normalising to ∆Ms

Significantly smaller than experimental uncertainty

A reduced experimental uncertainty would by very useful, given 
the reliable theory prediction.

Precision test of the Z-Penguin, Z‘, Scalar Operators ...

One should also consider observables beyond the branching ratio.
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