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¥ Why chiral (massless) fermions in EM fields?
¥ Aspects and properties of chiral fermions
¥ Quantum Kientic Description of chiral fermions
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¥ Earth: 0.6 Gs! compass

¥ Hand-held magnet in dally life: 100
Gs

¥ Strongest steady fields in lab:
45110°Gs=45T

¥ Strongest magnetic pulse in lab (not

In HIC): 107 Gs

Surface fields of pulsars: 1013 Gs

Surface fields of magnetar: 101> Gs

High energy HIC: Au+Au at 200 GeV,
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Chirality — v. =500, vr =501+

Helicity h=o-

In chiral (massless) limit, m=0, chirality = £+ helicity

RH chirality LH chirality

Particle +1 -1

Anti-particle -1 +1
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¥ High energy HIC: <
Au+Au, 200 GeV/A, ?
=0.99995 '
vz ¢ .’.Sr-lmwj"’

¥ Electric field in cms frame
of nucleus,

- O
L=
Scale of strong
¥ Boost to Lab frame (v,= 0.99995 c), r interaction
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Kharzeev, McLerran, Warringa (2008), Skokov (2009), Deng & Huang (2012)
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C. S. Wu, etal,
Phys.Rev. 105(1957)1413-1414

Experimental Result: p, || (-B), implying
(1)!Neutrinos are left-handed, p || (-s) =
(2)!Anti-neutrinos are right-handed, p || s ‘,‘

T.D. Lee, C.N. Yang

Milestone discovery in history of weak interaction _
Nobel prize 1957

I Unification of electromagnetic and weak interaction
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¥ Vacuum of gauge field has topological
structure which can be characterized by
Chern-Simons (CS) number

Sphaleron
with enough energy

Chern-Simon numbers, N

¥ Transition between vacua is quantum
tunneling effect guantum anomaly
P and CP violatiion

¥ Two transitions: instanton (zero T) and
sphaleron (hight T)

Instanton
at ground state

¥ In electroweak theory, quantum anomaly
lepton and baryon non-conservation

leptogenesis and baryogenesis in the QCD poteta
early universe

¥ Quantum anomaly in QCD axial QCD vacuurtn h?s topological
charge non-conservation structure

High T + strong B z local P/CP violation of strong interaction in HIC?
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¥ Strong magnetic fields polarize quarks:
positive charged quarks || B, negative

charged quarks || (-B)
¥ RHquarks: s||p, LHquarks: s || (-p) +
¥ QCD anomaly non-conservation of

axial charge = asymmetry in the number |
Of RH and LH quarks. B _._._._._._._._._._._._..E .......................

¥ In one event, if there is an excess of
number RH quarks, positive charges go _
up and negative charges go down, and

vice versa.
¥ Charge separation effect (chiral magnetic _
effect) Spin
Momentum

D. Kharzeey, L. McLerran, H. Warringa, NPA803, 227 (2008).
K. Fukushima, J.F. Liao, D.T. Son, M. Stephanov, H. Yee, I. Zahed, ™
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(cos(¢p, + g — 2Wgp)) = (cosA¢, cosAdp)
— (sinA ¢, sinA¢ )

x10°

same opp.

() O  ALICE Pb-Pb @VS_NN =276 TeV &
* 7r  STAR Au-Au @V% =0.2TeV l
(ALICE) same+opp. mean 2

N -, —A—ﬁ ‘A( -
W )i (O LN
*

[ cos@, b, 20)) o VA2 * |

— CME expectatlon (same charge [ 3])
|

0 10 20 30 70
centrallty %

P-violation term

STAR Collab., PRL 103, 251601 (2009); PRC 81, 054908(2010)

ALICE Collab., PRL 110, 012301 (2013).

The interpretation of STAR and ALICE data is under debate. The
mechanism behind the Charge Separation Effect is still inconclusive.
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| 9 6 3 0 3 6 9
B (T)
Magnetoresistance (MR) at 20 K

for several angles of the applied field
with respect to the current as

depicted in the inset.

[Qiang Li, et al., arXiv:1412.6543]

20. (b) 0.04f3

Magnetoresistence (MR) in field
parallel to current Bj|a.

MR at T=20 K (red symbols)
Fitted with CME (blue line).

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 10



To describe dynamics of chiral fermions, we
have to explicitly know their helicity

(equivalently p), therefore we need to know
iInformation of (t,x,p), thatOs why we use
Kinetic approach
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T Let us consider a guantum system with two sets of parameters,

rapidly changing parameter ~and slowly changing one 3.
The Schroedinger equation is

M.V. Berry, 1984

0
= () = H(R() (1)

T The energy eigen -states satisfy at a moment when (3
changes slowly with time

HR(#)) [n, R(1)) = En(R(#)) [n, R(t))
(n, R(t)[n', R(t)) = 6,
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¥ We assume the initial state isin an  eigen -state

() = an(t)e™ Jo #E ) I, R(1))
¥ Substitute the above into  Schroedinger Eq. (1),

—i [t dt’ ’ dan(t
0 = e f‘)th"(t)T)W,R(t»

-, t / / d
et o dUEn(t )an(t)a n R(t))

¥ Then we have i ()

d d
Zaalt) = —au(t) (RO InR(H)
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. d o .
¥ We can verify that  7,(t) = (n,R(t)IEIn,R(t)) IS imaginary

(R R(D) = 1
(RIS 10, R() + [ 0, RO o, R (1)

0

(. R(1)| 5 [ R(0) + (1. R(0)] 2 [0 R = 0

¥ We can define a phase factor

an(t) = exp[—iv,(t)]an(0)

— t
= /0 dt' 3, (t')

Berry phase

Sanlt) = (Ot
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¥ The solution to the Schroedinger equation becomes

(1) = 3 n(0) explina(t) — i / 0, (R(#))] |, R(1))

Berry phase
¥ If we consider a loop in parameter space  R(ts) = R(to)

(€)= — / X (0, R(1)| Ve In. R(1)
— 550 dR - (n, R()| Vi |1, R(2))
¥ This induces a Berry connection in parameter space (R-space)
AR) = —i(n,R|Vgr|n,R) Berry connection

T (C) = yng'A(R) :/A do -|(V x A)| ——> Berry curvature
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¥ Berry curvature ¥ Magnetic field
Q(R) B(r)
¥ Berry connection ¥ Vector potential
a(R) A(r)
¥ Geometric phase ¥ Ahanonrov-Bohm phase
yﬁdR a(R //da Q(R yidr.A(r) . //dS~B(r)
¥ Chern-Simons number ¥ Dirac monopole
# do-Q(R) = integer #dS-B(r) = integerx%
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T Now we consider chiral fermion with Hamiltonian H=o0-p,

Hup(e) = e|plup(e)

. cosf e sinf

ag-p = .
e'?sinf  — cosb

T The positive and negative helicity states

e~ cos & —e @gin g
up(t) = 4 ’ up(d) = o ’
sin 5 cos &
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¥ The Berry connection can be evaluated as,

a(p) = —iul (1) Vpup(T)

(o 0 . «9) o L0 1 9\ (e cost
= —i(e' cos =, sin ——
27727 \ M pl 89 | |p|sin(9 0o sin 2
6 1 6/2
_ e, 1. o2 cos(0/2)
Ip|siné 2 2|p| sin(#/2)

¥ where in spherical coordinates,

AN SN B
"Olpl el 06 “Tplsing do

Vp
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T The Berry curvature for chiral fermion is
1 o, .6

cos” =)p =

P
Ip|? Sinﬁﬁﬁ( 2

2|p?

2=V, xa(p) =

T This is a monopole, for = MU the divergence is vanishing
because

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 19



¥ But it is non-vanishing when calculating the total flux on a

sphere

P P
/d3pVP'(W) :¢da'wz4”

¥ Therefore we obtain the monopole form of the Berry curvature
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¥ Action for chiral fermions in magnetic field,

S(e.p) = [ dHlip+ Aw) &~ alp) - oe) ~ )] poronia

$(6) = [ dtbal©)é - $= (x D)
\> Y(§) = (p+ A(x), —a(p))

¥ EOM follows from Euler-Lagrangian equatlon

dJoL  OL 8%(6)5-6 _ 8vfb(§)€~b_ OH (&)
dt oga — O¢a ~ OLb S Oga oga

: OH (§) 0l ow©)
Wl = — T EOM  Tab = 53 Dee
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¥ EOM can be rewritten into a form which can be compared to

Hamiltonian representation

- OH(§) ' _1y OH(E)
b b 1
fa = — ::> _ — |V a
S Dea 3 b oea
[0 -B, B, 1 0 0 )
By 0 —-By 0 1 0 .
det(y) = (1+ B -Q)?
—Bz B1 0 0 0 1 ‘
h{ab] — 0=V
1 0 0 0 Q5 —Q =V, X a(p)
0o -1 0 =Q3 0 € Berry curvature

\00—1Q2—§210/

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 22



where we have the inverse matrix

[ 0 Q4 —Q, -1-BQ, -BQ  -BQ;
—Q, 0 0, By, —1-ByY —B
L o —Q 0 By —BsQy  —1— By
" T ITB 9| 1ipo, B B 0 _By Bs
B 1+4B,Q B, B, 0 _B,
\ B B 14BS B B, 0
g'a - _[7—1]“1’821—5(5) -3 from Euler-Lagrange equation

a

P =1 {$ HG=! {$a,$b}%$B

-3 from Hamiltonian equation
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¥ Comparing Lagranian and Hamiltonian, we arrive at

{e,¢ = [

O Chang & Niu, PRL 75, 1348 (1995);
{25, 2;} = - ;JB 5 Xiao,Chang,Niu, RMP 82,1959(2010);
—) By Duval,et al, MPLB 20,373(2006)
vt = 5 B O
{zi,pi} = —5” 5k Non-commutative dynamics
1+B-Q y
¥ where
) oH oOH . oOH OH
&= e mlge | —{ropig - b= AP tikgs — b pilg -
1 1
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¥ The above can be re-written as ( \/det(y) = 1+ B - Q )

det(v)x = v+ E xQ+ B(v-Q) symmetry T <P

— E
det(7)p = E+vxB+(E-B)Q "]’3‘:9

¥ Then we can evaluate
Chiral Kinetic Eq. in 3D:

det(n 3\/ det(~ 0:1:, \/ det(y 8p1 " det(y D.T. Son, N. Yamamoto

dt ox; Ip; (2012); M.A. Stephanoyv,
anomaly = 0. B+ (V.xE)-Q+(E-B)(V,-Q) Y. Yin (2012)

=(E-B)(V,-Q)

¥ where we have used Maxwell equations

V.-B =0
V.xE+B =0
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¥ Then we can prove the conservation of invariant phase space
volume is violated by anomaly [with V,, - @ = 2163 (p) ]

d3a:d3 d [ dzd*p d*z
P /det(y) o) pn 2m)? \/det = 27r/ =(E - B)

¥ If CEza—) is conserved in normal phase space

of of of

ot T Ox; apz-

¥ Then we have chiral kinetic equation in 3D

=0

Bf,/det 8f:cz\/det ) afpi det(y) |
oz, 3}%‘ - 2W53(p)(E ) B)f(t,:l?,p)

anomaly
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Gauge invariant Wigner operator/function
W (z,p) =<: W(z,p) :>
d4y

e e e e

Wag(x,p) = (2m)%

. 1 1 1 1
Gauge link  PU (A, x + SY T = Ey) = PExp (—iey“/o dsAy (m — Y -+ sy))

Dirac equation in electromagnetic field
[ Du(x) —m](z) = 0,  &(z) |ir"Df() +m| =0

Quantum Kinetic Equation for Wigner function for massless fermion

In homogeneous electromagnetic field
phase space derivative

1.
i (p“ * §ZV“> W(z,p) =0 VI =0 —QFM oY
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Decomposition of Wigner function (16 generators of Clifford algebra):

1

1
W = Z F + 275@ + ’Y'un//,u + 75’7M%M + 50'/“/15/;“/

scalar p-scalar vector axial-vector tensor

Decoupled equations for RH (s=+) and LH (s=-) components

H3 S — Vasak, Gyulassy and Elze,
P~ H (X, p) 0, Annals Phys. 173, 462 (1987);
" K] HS(X’ p) = 0, Elze, Gyulassy and Vasak,
1 % oor s Nucl. Phys. B 276, 706(1986).
— " S
2s(p®d J° p’3 Q) = P#TT T 2
"H =M mbypp
where RH and LH components are b QR

3 0p) = SNVux,p)+ ALK
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Expand vector and axial vector in powers of dY and F*”

J“S - J;(O)-l_‘]LIS(1)+‘JMS(2)+‘J§(3)é‘é

O-thorder J @, (15)°=1, (Fu.)’=1

1-st order J 5(1), (! l’j)l =15 (Fu )t = Fp

Iterative equations:
ZS(p"J S#(1) | p#J S (1)) — o R .J !s(O)

Gao, Liang, Pu, Q.Wang, X.N.Wang,
PRL 109, 232301(2012)
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Solution to RH and LH Wigner functions up to 15t order

J os(xp) = pfs#(p?)

S . S .
3 hstep) = 1 S dpo#(p )1 QR prfsi(p?)
Fermion number distribution with [Hs = KU+ SHs
2
fs(x,p) = 29)3 [ (Po)fr(Po! Hs)+ ™ (! Po)fe(! Po+ Ms)]
F'-#" — 1‘!!#"“! FIJI pol: uép \ ¢ 1
2 ' fF(y) = e$y +1

- %8&— }--%&!‘, . |, = }(! u !l how) Fermi-Dirac
' 2 o ' 2" ' distribution
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By integration over p, we get RH and LH currents

js(x) = d*pd 5 (x,p) = jé(O) + jé(l)
0
je ) = d'pd o (x.p)
0]
= d*pfs(po)p ! (P?)
;

=2 9P ot F (PR (! Pot Hs)
o=l =2 ! OB (R
1

" ﬁ[! (Po! Ep)+ !(po+ Ep)I[u' po+ 9]

U 3
= U (3..‘)’3 [fr(Ep! Ms)! fr(Ep+ Ws)]

fermion number density
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P’ : spatial part
not contribute
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The first order contribution of RH and LH currents (EM part)

- S " ” |
i) = SQ#F MFu  d'pfs(po)p-!(p7) =1 i
< 0 1 P vanishing
= — tou# __I
QR 0d pfs(po)p o dpo Ep) ) /
S d S -
— - p# 4~ 2 L 2 = p# :
- 4Q# Fu#d d pgpo fs(po) 00 (p )"‘ 4Q#! Fus pdpo EEIE
= 1 Soy u do Lo P § B2
= ! 4QF TFu p f<(Po) o ! s(Po) 7 H(p7) -
o 0 spatial part
= gQB! d*pf L (po)! (p?) > not contribute
0
S 1 _, 1.
= | EQB' d4pffs'(po)[! (Po! Ep)+ !'(po+ Ep)] B = > Uy Py
(-j Ii) n
S d°p 1 d d | |
= I — | | o= :

CME conductivity
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Charge and axial-charge currents and stress tensor can be obtained
from ¥, and <, Dby integrating over momenta:

= /d4p7/”:nu“+€w”+585”a mm— CME/CVE
1

Wy = 5€up O_ul/apu

ji = fd‘lpgzi“ = nsu! + &wh' + Egs BY, ' i ”p

v
Bcr — §€U,uupuMF P

a

%/d‘lp(p””//” +p' Y

= (e+ P)ul'u” — Pg"" + ns(u""w” + u”w")
1
+5QE(W B + u’ BY)

T

-----
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Consider 3-flavor quark matter (u,d,s), the vector current can be

electromagnetic or baryonic

Since ), Qs =0 for the three-flavor quark matter, we have

baryon
§B — gEM _

0

Baryonic current is blind to B
EM-current is blind to !

D.Kharzeev and D.T.Son, PRL 106, 062301(2011);
J.H.Gao, Z.T.Liang, S.Pu, Q.Wang, X.N. Wang, PRL109, 232301(2012)
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Consider 3-flavor quark matter (u,d,s), the axial baryonic current

Jje = nsu’ +&w’ + EpB° Quadratic in
1 1 temperature,
AN |2 2 2 ‘ chemical potential,
& = Ne [6T + 92 (1 +'“'5)] ’ chiral chemical potential
N, .
¢ - < — No cancellation!
SB5S — 67'('2 quf:Qf = 0.
Leading to Local Polarization Effects! A

(either for high or low energy HIC)

&l

The LPE can be measured in
heavy ion collisions by the hadron
(e.g. hyperon) polarization along
the VOI"[ICI'[y direction once it is J.H.Gao, Z.T.Liang, S.Pu, Q.Wang, X.N. Wang,

fixed in the event. PRL109, 232301(2012)
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Simulation of such
guantum phenomena
In a semi-classical
transport approach
possible and reliable

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 30



Thanks to:

Jiunn-wel Chen,
Jian-hua Gao,
Zuo-tang Liang,
Jin-yi Pang,
Shi Pu,
Xin-nian Wang

37



