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¥! Why chiral (massless) fermions in EM fields?  
¥! Aspects and properties of chiral fermions 
¥! Quantum Kientic Description of chiral fermions 
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¥! Earth: 0.6 Gs !  compass 
¥! Hand-held magnet in daily life: 100

 Gs 
¥! Strongest steady fields in lab:

 4.5!10 5 Gs = 45 T 
¥! Strongest magnetic pulse in lab (not

 in HIC): 107 Gs 
¥! Surface fields of pulsars: 1013 Gs 
¥! Surface fields of magnetar: 1015 Gs 
¥! High energy HIC: Au+Au at 200 GeV,

 eB " 10 18 Ð 1019 Gs  

Magnetic fields in Nature��

3 Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 



Chirality and Helicity of Fermions��

Helicity �� RH chirality �� LH chirality ��

Particle�� +1�� -1��

Anti-particle�� -1�� +1��

4 Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

Chirality 

 

Helicity 

 

In chiral (massless) limit, mf=0, chirality = ± helicity��



Magentic Fields in HIC��
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¥! High energy HIC:   
    Au+Au, 200 GeV/A,  
    vz=0.99995 c 
¥! Electric field in cms frame  
    of nucleus, 

 
 
¥! Boost to Lab frame (vz= 0.99995 c),  
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�‡ 非对心碰撞产生磁场 
      和轨道角动量 
�‡ 磁场强度估计 
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王群 (中科大  物理学院), 中高能重离子碰撞的手征电磁效应和手征涡旋效应 

强作用能标 
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Scale of strong  
interaction��

Kharzeev, McLerran, Warringa (2008), Skokov (2009), Deng & Huang (2012) ��



P-violation in beta-decay��
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T.D. Lee, C.N. Yang 
Nobel prize 1957 

C.S. Wu, 1957 ��

p! ��

pe��

pe��

p! ��

C. S. Wu,  et al,  
Phys.Rev . 105(1957)1413-1414  

s��

s�� s��

s��

Experimental Result: pe || (-B), implying��
(1)!Neutrinos are left-handed, p || (-s) 
(2)!Anti-neutrinos are right-handed, p || s��
 
Milestone discovery in history of weak interaction 
!  Unification of electromagnetic and weak interaction 



Vacuum of non-Abelian gauge field��

7 Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

¥! Vacuum of gauge field has topological
 structure which can be characterized  by
 Chern-Simons (CS) number 

¥! Transition between vacua is quantum
 tunneling effect���� ��quantum anomaly ��
��P and CP violatiion 

¥! Two transitions: instanton (zero T)  and
 sphaleron (hight T) 

¥! In electroweak theory, quantum anomaly
 ��  lepton and baryon non-conservation
 �� ��leptogenesis and baryogenesis in the
 early universe 

¥! Quantum anomaly in QCD���� ��axial
 charge non-conservation  

P- and CP-violations in QCDP- and CP-violations in QCD

26 Mar 2010, NTU Seung-il Nam, CYCU

How can we understand nonzero topological charge?

QT !  " Ncs

QCD potential

2
4

3
5

1
Chern-Simon numbers, N cs

Instanton 
at ground state

Sphaleron 
with enough energy

QCD vacuum has topological  
structure ��

High T + strong B �z ��local P/CP violation of strong interaction in HIC? 



Charge separation and chiral magnetic effect ��

8 Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

¥! Strong magnetic fields polarize quarks:
 positive charged quarks || B, negative
 charged quarks || (-B)  

¥! RH quarks:  s || p,   LH quarks:  s || (-p) 

¥! QCD anomaly ��  non-conservation of
 axial charge ��  asymmetry in the number
 of RH and LH quarks.  

¥! In one event, if there is an excess of
 number RH quarks, positive charges go
 up and negative charges go down, and
 vice versa. 

¥! Charge separation effect (chiral magnetic
 effect)   

+��

_��

R�� L��

Spin 
Momentum 

R�� L��

B��

D. Kharzeev, L. McLerran, H. Warringa,  NPA803, 227 (2008). 
K. Fukushima, J.F. Liao, D.T. Son, M. Stephanov , H. Yee, I. Zahed, ""  
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Charge Separation Effect in HIC��

The interpretation of STAR and ALICE data is under debate. The 
mechanism behind the Charge Separation Effect is still inconclusive. ��

STAR Collab., PRL 103, 251601 (2009); PRC 81, 054908(2010) 
ALICE Collab., PRL 110, 012301 (2013).  

P-violation term ��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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Chiral Magnetic Effect in ZrTe5��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

FIG. 1: Magnetoresistance in ZrTe5. (a) Temperature dependence of resistivity in ZrTe5 in mag-

netic Þeld perpendicular to the cleavage plane (~B k b). The inset shows the electron di↵raction from

a single crystal looking down the (001) direction. (b) Magnetoresistance at 20 K for several angles

of the applied Þeld with respect to the current as depicted in the inset. (c) The same data as in (b),

plotted on the logarithmic scale, emphasizing the contrast between extremely large positive mag-

netoresistance for magnetic Þeld perpendicular to current (~B k b) and negative magnetoresistance

for the Þeld parallel to current ( ~B k a).

higher temperatures and we observe a very large classical positive magnetoresistance in the

whole temperature range, consistent with previous studies.20

Panels (b-c) in Fig. 1 show the MR measured at 20 K for several angles of the applied

magnetic field with respect to the current along the chain direction. The angle rotates from

b- to a-axis, so that at � = 90�, the field is parallel to the current ( ~B k a) - the so-called

Lorentz force free configuration. When magnetic field is aligned along the b-axis (� = 0), the

MR is positive and quadratic in low fields, and tends to saturate in high fields, consistent

with a classical behavior.26 When magnetic field is rotated away from the b-axis, the positive

MR drops with cos�, as expected for the Lorentz force component. However, in the Lorentz

force free configuration ( ~B k a), we see a large negative MR, a clear indication of CME in

this material.

Fig. 2 shows the MR at various temperatures in a magnetic field parallel to the current.

At elevated temperatures, T � 110 K, the ⇢ vs B curves show a small upward curvature, a

contribution from inevitable perpendicular field component due to an imperfect alignment

between current and magnetic field. In fact, the small perpendicular field contribution to the

5

FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be Þtted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel Þeld

component for all MR curves recorded atT  100 K.

A negative MR is observed forT  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic Þeld dependence of the negative MR can be nicely

Þtted with the CME contribution to the electrical conductivity, given by ! CME = ! 0 +

a(T)B 2, where ! 0 represents the zero Þeld conductivity. The Þtting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME Þtting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-Þeld conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic Þeld in a

non-magnetic material.

At very low Þeld, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ("B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the Þtting parameter a(T), which decreases with temperature faster than 1/T , again

consistent with the CME.

6

Magnetoresistence (MR) in field  
parallel to current B||a.  
MR at T=20 K (red symbols)  
Fitted with CME (blue line).  ��

Magnetoresistance (MR) at 20 K  
for several angles of the applied field  
with respect to the current as  
depicted in the inset.  
 
[Qiang Li, et al., arXiv:1412.6543] 
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Quantum Kinetic Approach��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

To describe dynamics of chiral fermions, we 
have to explicitly know their helicity 
(equivalently p), therefore we need to know 
information of (t,x,p), thatÕs why we use 
kinetic approach 



12 Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 10

What is Berry phase

�‡ Let us consider a quantum system with two sets of parameters, 
rapidly changing parameter �˜ and  slowly changing one �~ �š. 
The Schroedinger equation is

�‡ The energy eigen -states satisfy at a moment when �~ �š
changes slowly with time

Qun Wang (USTC), Covariant Chiral Kinetic Theory and CME-CVE in Quantum Kinetic Approach

M.V. Berry, 1984

What is Berry phase 
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What is Berry phase 

¥! We assume the initial state is in an eigen -state 

¥! Substitute the above into Schroedinger  Eq. (1), 

¥! Then we have   

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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What is Berry phase 

¥! We can verify that                                                is imaginary  

¥! We can define a phase factor 

Berry phase��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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What is Berry phase 

¥! The solution to the Schroedinger   equation becomes 

¥! If we consider a loop in parameter space  

¥! This induces a Berry connection in parameter space (R-space) 

  

Berry phase��

Berry curvature��

Berry connection��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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Analogy to magnetic field  

¥! Berry curvature 

¥! Berry connection 

¥! Geometric phase 

¥! Chern-Simons number 
  

¥! Magnetic field 

¥! Vector potential 

¥! Ahanonrov-Bohm phase 

¥! Dirac monopole 
  

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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Berry phase of chiral fermion 

14

Berry phase of chiral fermion

�‡ Now we consider chiral fermion with Hamiltonian 𝑯 = 𝝈 ȉ 𝒑, 

�‡ The positive and negative helicity states  

Qun Wang (USTC), Covariant Chiral Kinetic Theory and CME-CVE in Quantum Kinetic Approach
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Berry phase of chiral fermion 

¥! The Berry connection can be evaluated as,  

¥! where  in spherical coordinates,   

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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Berry phase of chiral fermion 

16

Berry phase of chiral fermion

�‡ The Berry curvature for chiral fermion is 

�‡ This is a monopole, for �–
M
Ù, the divergence is vanishing 
because  

Qun Wang (USTC), Covariant Chiral Kinetic Theory and CME-CVE in Quantum Kinetic Approach
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Berry phase of chiral fermion 

¥! But it is non-vanishing when calculating the total flux on a 
sphere  

¥! Therefore we obtain the monopole form of the Berry curvature 

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 



¥! Action for chiral fermions in magnetic field,  

 
 
¥! EOM follows from Euler-Lagrangian equation��

21 

Kinetic approach to chiral fermions��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

EOM��

Berry 
potential 
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¥! EOM can be rewritten into a form which can be compared to  
Hamiltonian representation 

Berry curvature��

Phase space description of  
charged chiral fermion 

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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from Euler-Lagrange equation��

Phase space description of  
charged chiral fermion 

where we have the inverse matrix   ��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

from Hamiltonian equation��
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Hamiltonian dynamics 

¥! Comparing Lagranian and Hamiltonian, we arrive at 

¥! where   

Chang & Niu, PRL 75, 1348 (1995); 
Xiao,Chang,Niu, RMP 82,1959(2010); 
Duval,et al, MPLB 20,373(2006) 
 
 
Non-commutative dynamics 

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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Chiral Kinetic equation in 3D 

¥! The above can be re-written as  (                                  )  

¥! Then we can evaluate 

¥! where we have used Maxwell equations 

 

 

anomaly��

symmetry��

D.T. Son, N. Yamamoto 
(2012); M.A. Stephanov, 
Y. Yin (2012)��

Chiral Kinetic Eq. in 3D: 

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 



¥! Then we can prove the conservation of invariant phase space 
volume is violated by anomaly [with                             ] 

¥! If              is conserved in normal phase space 

¥! Then we have chiral kinetic equation in 3D   

26 

Chiral Kinetic equation in 3D 

anomaly��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 26

Chiral Kinetic equation in 3D

�‡ Then we can prove the conservation of invariant phase space 
volume is violated by anomaly (with 𝛁𝒑 ȉ 𝛀 = 𝟐𝝅𝜹𝟑 𝒑 )

�‡ If 𝒇 𝒙, 𝒑 is conserved in normal phase space

�‡ Then we have chiral kinetic equation in 3D

anomaly

Qun Wang (USTC), Covariant Chiral Kinetic Theory and CME-CVE in Quantum Kinetic Approach 26

Chiral Kinetic equation in 3D

�‡ Then we can prove the conservation of invariant phase space 
volume is violated by anomaly (with 
¸�– �	
· 
L 
Û�Ê�¾
Ü �– )

�‡ If �Œ�ž�á�– is conserved in normal phase space

�‡ Then we have chiral kinetic equation in 3D

anomaly

Qun Wang (USTC), Covariant Chiral Kinetic Theory and CME-CVE in Quantum Kinetic Approach



Gauge invariant Wigner operator/function 
 
 
 
 
 
 
Gauge link 
 
Dirac equation in electromagnetic field 
 
 
 

Quantum Kinetic Equation for Wigner function for massless fermion   
in homogeneous electromagnetic field 

27 

phase space derivative��

4D Wigner Function��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 



Decomposition of Wigner function (16 generators of Clifford algebra): 
 
 
 
  
                          scalar   p-scalar     vector    axial-vector           tensor 
 

Decoupled equations for RH (s=+) and LH (s=-) components  
 
 
 
 
 
where RH and LH components are  

4D Wigner Function for massless fermions��

Vasak, Gyulassy and Elze,  
Annals Phys. 173, 462 (1987);   
Elze, Gyulassy and Vasak,  
Nucl. Phys. B 276, 706(1986). 
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Perturbation method for  
solving quantum kinetic equation��

Expand vector and axial vector in powers of        and  
 
 
 

 
0-th order 
 
1-st order  
 
Iterative equations: 

Gao, Liang, Pu, Q.Wang, X.N.Wang,  
PRL 109, 232301(2012) 

J s
µ = J s(0)

µ + J s(1)
µ + J s(2)

µ + J s(3)
µ á á á

J s(0)
µ , (∂x

µ )0 = 1 , (Fµ! )0 = 1

J s(1)
µ , (∂x

µ )1 = ∂x
µ , (Fµ! )1 = Fµ!

1

J s

µ = J s(0)
µ + J s(1)

µ + J s(2)
µ + J s(3)

µ á á á

J s(0)
µ , (! x

µ)0 = 1 , (Fµ! )0 = 1

J s(1)
µ

, (! x

µ
)1 = ! x

µ
, (Fµ! )1 = Fµ!

1

J s
µ = J s(0)

µ + J s(1)
µ + J s(2)

µ + J s(3)
µ á á á

J s(0)
µ , (! x

µ )0 = 1 , (Fµ! )0 = 1

J s(1)
µ , (! x

µ )1 = ! x
µ , (Fµ! )1 = Fµ!

1

J s
µ = J s(0)

µ + J s(1)
µ + J s(2)

µ + J s(3)
µ á á á

J s(0)
µ , (! x

µ )0 = 1 , (Fµ! )0 = 1

J s(1)
µ , (! x

µ )1 = ! x
µ , (Fµ! )1 = Fµ!

2s(p" J #(1)
s ! p#J " (1)

s ) = ! "µ !"# " µ J s(0)
! ,

1
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By integration over p, we get RH and LH currents 
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fermion number density��

    : spatial part 
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The first order contribution of RH and LH currents (EM part) 
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vanishing��

spatial part 
not contribute��
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Charge and axial-charge currents and stress tensor can be obtained  
from          and          by integrating over momenta: 

All coefficients                          are functions of �6�á�ä�á�ä�9. 

Chiral Magnetic/Vortical Effect
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CME/CVE

Qun Wang (USTC), Covariant Chiral Kinetic Theory and CME-CVE in Quantum Kinetic Approach



Consider 3-flavor quark matter (u,d,s), the vector current can be 
electromagnetic or baryonic  
 
 
 
 
 
 
 
Since                     for the three-flavor quark matter, we have 
 
 
 
  D.Kharzeev and D.T.Son, PRL 106, 062301(2011);  
  J.H.Gao, Z.T.Liang, S.Pu, Q.Wang, X.N. Wang, PRL109, 232301(2012) 
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Chiral Magnetic/Vortical Effect 

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 

Baryonic current is blind to B  
EM-current is blind to !   



Consider 3-flavor quark matter (u,d,s), the axial baryonic current  
 
 
 
 
 
 
 
Leading to Local Polarization Effects!  
(either for high or low energy HIC) 
 
The LPE can be measured in  
heavy ion collisions by the hadron  
(e.g. hyperon) polarization along  
the vorticity direction once it is  
fixed in the event. 
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Local Polarization Effect 

Quadratic in  
temperature,  
chemical potential, 
chiral chemical potential 
"  
No cancellation! ��

J.H.Gao, Z.T.Liang , S.Pu, Q.Wang, X.N. Wang, 
PRL109, 232301(2012)��

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 



Quantum Kinetic Theory:  
a unified description of chiral fermions 
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Quantum 
Kinetic Theory 

Wigner 
function��

CME/
CVE and 

LPE��

Covariant 
Chiral Kinetic 

Equation��

Berry phase 
and monopole 

in 4D 

Simulation of such 
quantum phenomena 

in a semi-classical 
transport approach 

possible and reliable 

Qun Wang (USTC, China), Chiral Fermion in Quantum Kinetic Approach 
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