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Objectives.

Demonstrate the existence of the chiral magnetic effect in an
electron-positron magnetized gas in QED. A pseudo-vector
Ohm current is induced by the electric field related to the
longitudinal photons in QED propagating parallel to the
external magnetic field B and separating opposite charges of
the same heliticity.
Obtain an anomaly relation in a medium of massive particles
in presence of an external magnetic field, that bears some
analogy to the Adler-Bell-Jackiw. The effect is interesting in
connection to the QCD chiral magnetic case reported in
current literature.

Motivation.
Study the process associated to the chiral symmetry in a
charged medium in presence of an external field B.
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The equation of Schwinger-Dyson for the photon:

[k2gµν −Πµν(k|Aextµ )]aν(k) = 0

aµ (radiation field) is a small perturbation added to Aextµ

(external field)
the total external electromagnetic field is Aextµ + aµ (the
electric field of the wave E � B).

The second term takes into account the interaction of the
radiation with the external field through the virtual pairs (e+, e−)
and the excitation of particles in electron-positron plasma.

The quantum corrections are given for the tensor of polarization
Πµν .
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In the external constant field B, electrons and positrons move in
bound states characterized by energy levels given by:

εnl,p3 =
√
p23 +m2 + |e|B(2nl + 1− sgn(e)s3)

s3 = ±1 are spin eigenvalues along x3.
nl = 0, 1, ... are the Landau quantum numbers. These are
two-fold spin degenerate, except for the ground state ε0 in
which nl = 0, and for electrons is s3 = −1 and for positrons
s3 = 1.
Quantum states are also degenerate with regard to the orbit’s
center coordinates.
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For a system in equilibrium at temperature T and chemical
potential µ.

Net density of charged particles in the ground state (LLL)

N0 =
eB

2π2

∫ 0

−∞
dp3(neR − n

p
L) +

∫ ∞
0

dp3(neL − n
p
R)

Magnetization in the LLL

M0 =
e

4π2

∫ 0

−∞

p23dp3
ε0

(neR + npL) +

∫ ∞
0

p23dp3
ε0

(neL + npR)

where ne,p = [1 + e(ε0∓µ)/T ]−1 (T is given in energy units)are the
electron and positron densities.

!!!!both terms in the sum of the right side are equal!!!!⇒ !!!
equal densities of L,R helicities in the state of equilibrium!!!
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aligned along B, showing a
paramagnetic behavior.

left-electrons and
right-positrons move
parallel to the magnetic
field.

right-electrons and
leftt-positrons move
antiparallel to the magnetic
field.

Notice that to higher
Landau quantum numbers
contribute both to
paramagnetic and
diamagnetic terms.
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If we will make here the fundamental assumption that (with
µ & m): eB � m2, µ, T 2 ⇒ LLL dominant.

The diagonalization of the photon self-energy tensor leads to the
equation:

Πµνb
ν(i) = ηib

(i)
µ

having three non-vanishing eigenvalues ηi and three eigenvectors
b
(i)
µ for i = 1, 2, 3, corresponding to three photon propagation

modes.

For each mode it is obtained a dispersion law

k2 = ηi(k3, k⊥, ω,B)

k2 = k23 + k2⊥ − ω2, k3 and k⊥ are respectively the components of
the photon four-momentum in directions ‖ and ⊥ to B, and ω its
energy.
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In a charged medium, for propagation along the field B, in
addition to the two transverse modes, there is a longitudinally
polarized eigenmode independent of the charge-symmetry.
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The longitudinal mode is a pseudo-vector

b(2)µ (k) = RF̃µνk
ν

R is an arbitrary constant
F̃µν is the dual of the electromagnetic field tensor Fµν

The electric polarization vector associated to longitudinal mode

E(2) = R(k23 − ω2)B

!!!! For QED in a charged e± medium, the longitudinal mode along
B is not on the light cone, that is k23 − ω2 6= 0 !!!!
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The electromagnetic current as a function of Aextµ + aµ depends on
the two relativistic invariants:

F =
1

4
FµνFµν =

1

2
(B2 − E2) ' 1

2
B2, E � B

G =
1

4
F̃µνFµν = B · E

Notice that for the case of propagation along B, the pseudo-scalar
G 6= 0 only for the longitudinal mode.

An expansion in functional series gives:

jµ(Aextµ + aµ) = jµ(Aextµ ) + (δjµ/δA
ext
ν )aν + ...
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Its linear term in aν is:

ji = Πiνaν = YijEj , ν = 1, 2, 3, 4, i, j = 1, 2, 3

Ej = i(ωaj − kja0) is the electric field, with a4 = ia0 and
k4 = iω.
jµ(Aextµ ) = ρδµ4, where ρ is the charge density.

aµ is in general a linear combination of the eigenmodes b(i)µ .
Below we particularize to the case in which aµ is the
eigenvector aµ = b

(2)
µ , for which (E ‖ B).

The complex conductivity tensor or admittivity is:

Yij = Πij/iω
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Conclusions.

We can consider the problem in (1 + 1) dimensions, which is
strictly valid if we consider only the LLL.

we use the identity of two-dimensional Dirac matrices

γµγ5 = −εµνγν

we can study the properties of the axial vector current by using
results already derived for the vector current.
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We must observe that from the linear approximation of ji, and the
eigenvalue equation one gets also:

ji = Πiνb
ν(2) = sb

(2)
i

s = b
(2)
ν Πν

ρb
ρ(2) is the eigenvalue of the photon self-energy tensor

corresponding to the longitudinal mode.

!!!!As b(2)ν is a pseudo-vector !!!!⇒ !!!For propagation along B
the current jν is also a pseudo-vector!!!

This is necessary for the breaking of chiral symmetry.
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eigenvalue equation one gets also:

ji = Πiνb
ν(2) = sb

(2)
i

s = b
(2)
ν Πν

ρb
ρ(2) is the eigenvalue of the photon self-energy tensor

corresponding to the longitudinal mode.

!!!!As b(2)ν is a pseudo-vector !!!!⇒ !!!For propagation along B
the current jν is also a pseudo-vector!!!

This is necessary for the breaking of chiral symmetry.
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Conclusions.

Using the two-dimensional transversality condition Πµνkν = 0 ,
we obtain:

The non-conservation of the two-dimensional axial current:

kµj
µ
A =

z1
k4
j3 6= 0

Here z1 = k23 − ω2, we are interested only in the region of real
frequency k23 > z1 and momentum.

This puts in evidence the role of the electric field,
characterizing the longitudinal pseudo-vector mode, in the
breaking of the chiral symmetry in both the C-symmetric and
non-symmetric cases.
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The longitudinal mode
produces an electric
current along B, in which
opposite charged
particles, moving in
opposite directions, have
the same helicity.

!!!Thus, a chiral magnetic
effect is produced in the
frame of QED!!!
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The current density can be written in the general form as:

ji = σ0
ijEj + (E × S)i

σ0
ij = Im[Πs

ij ]/ω, Si =
1

2
εijkσHjk

σHjk = Im[ΠA
ij ]/ω

εijk is the third rank antisymmetric unit tensor
Πs
ij ,Π

A
ij are the symmetric and antisymmetric parts of the

photon self-energy tensor.

The first term of the current density corresponds to the Ohm (real
conductivity) current and the second is the Hall (real
conductivity)current.
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Here we will only work with the Ohm current associated to the
longitudinal mode.

For the specific case of propagation along B.

The current density associated to the longitudinal mode can
be expressed in the form:

j3 = σ0
33E3

σ0
33 = Im[Π33]/ω = −ωIm[s]/z1

!!! σ0
33 is the chiral conductivity associated to the longitudinal

mode!!!
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Scalar s in the one-loop approximation

s = −e
3B

π2

∞∑
n=0

∫ ∞
−∞

dp3
εq

[
αnε

2
n,0(2p3k3 + z1)

4z1p23 + 4p3k3z1 + z21 − 4ω2ε2n,0
]

·[np(εq) + ne(εq)− 1]

εn,0 =
√
m2 + 2eBn, n = nl + 1/2 + s3/2

αn = 2− δn,0, q = (n, p3)

The imaginary part of the scalar s

Im[s] = −e
3B

2π

∞∑
n=0

αnε
2
n,0Sn
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The chiral conductivity at a finite temperature T and density
characterized by a chemical potential µ

σ0
33 =

e3Bω

2πz1

∞∑
n=0

αnε
2
n,0Sn

Sn = {∆N + θ(−4ε2n,0 − z1)∆H}/Λ

Λ =
√
z1(z1 + 4ε2n,0)

!!!The expression for the chiral conductivity contain both
diamagnetic and paramagnetic terms !!!
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∆N = [N(εr)−N(εr + ω)]

The term ∆N accounts for
the excitation of particles
[ε(p3, n) −→ ε(p3 + k3, n)]
by increasing their momen-
tum along B.

∆H = [H(−εs)+H(ω+εs−2)]

The term ∆H accounts for the
pair creation (only in the re-
gion z1 < −4ε2n,0).

N = ne(εr) + np(εr), H = ne(εs) + np(ω − εs)

εs = (ωz1+|k3|Λ)/2z1, εr = (−ωz1 + |k3|Λ)/2z1, r, s = (n, ω, k3)
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Conclusions.

Taking into account the expression for the four-divergence of the
axial current and the equation for the chiral conductivity it is
obtained:

Anomaly relation in a medium of massive particles

kµj
µ
A = a[mA(m) + C(m)]

e2

2π2
E · B

A(m) = (2πm/e)

∞∑
n=0

αnSn

C(m) = 8πB

∞∑
n=1

nSn

In the m→ 0 limit, it is obtained: A(m→ 0)→ 0 and
C(m→ 0) 6= 0.
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Conclusions:
1 We conclude that as a consequence of general properties of

propagation of an electromagnetic wave parallel to a constant strong
magnetic field in a dense medium, a chiral magnetic effect exists in
QED, manifested in the induction of an electric pseudo-vector
current, separating charges of the same heliticity along the external
field B in analogy to the QCD chiral magnetic case.

2 The chiral conductivity was calculated in the general case of finite
temperature and density , and for massive fermions. which might be
relevant for astrophysical applications.

3 The chiral magnetic effect we have discussed in QED in a medium
can be extended to quark-antiquark electromagnetic interactions
and be combined with QCD effects.
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Conclusions:
1 We obtain an anomaly relation in a medium of massive particles in

presence of an external field B, that bears some analogy to the
Adler-Bell-Jackiw (ABJ) relation in vacuum. The longitudinal axial
photon plays here a similar role than the π0-meson at the vertex of
ABJ triangle. The remarkable difference of the relation anomaly in a
medium with the ABJ relation is that the pseudo-scalar factor E · B
appears also multiplying the usual massive term, vanishing only in
the m→ 0 limit.

2 This means the possibility of longitudinal photon splitting in two
transverse ones in a charged e± medium under the action of a very
strong field B.



STARS2015 /
SMFNS2015.

Introduction.
Objectives and
Motivation.

Axial anomaly
and chiral
magnetic effect
in QED in a
medium.
Chiral current
generation in QED.

Chiral conductivity
in non-static limit.

Axial anomaly in
presence of mass
in a medium.

Conclusions.

Conclusions:
1 We obtain an anomaly relation in a medium of massive particles in

presence of an external field B, that bears some analogy to the
Adler-Bell-Jackiw (ABJ) relation in vacuum. The longitudinal axial
photon plays here a similar role than the π0-meson at the vertex of
ABJ triangle. The remarkable difference of the relation anomaly in a
medium with the ABJ relation is that the pseudo-scalar factor E · B
appears also multiplying the usual massive term, vanishing only in
the m→ 0 limit.

2 This means the possibility of longitudinal photon splitting in two
transverse ones in a charged e± medium under the action of a very
strong field B.



STARS2015 /
SMFNS2015.

Introduction.
Objectives and
Motivation.

Axial anomaly
and chiral
magnetic effect
in QED in a
medium.
Chiral current
generation in QED.

Chiral conductivity
in non-static limit.

Axial anomaly in
presence of mass
in a medium.

Conclusions.

.......Thanks.......
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