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Describing a strongly coupled couple
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GPDs in a nutshell:

Deep-Virtual Compton
Scattering (DVCS)

q q'

z/2-z/2

e-

Long Range 

Short Range

P-Δ/2 P+Δ/2

Short range → perturbation
theory.
Long range → nonperturbative
objects: GPDs,
which encodes the hadrons 3D
partonic and spin structure.
Universality.

H stands for the GPD,
depending on the 3 variables :
x , ξ, t.
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Current GPDs models

The most popular approach to model GPDs invokes the Double
Distribution F et G

H(x , ξ, t) =

∫
|α|+|β|≤1

dα dβ(F (β, α, t) + ξG (β, α, t))δ(x − β − ξα)

F et G rely on the Double Distribution Ansatz from Radyushkin.
[I. Musatov, A. Radyushkin, PRD61(2000)074027]
Avantadge : simple.
Drawback : non flexible enough [C. Mezrag et al,
PRD88(2013)014001]

Well-educated ansatz inspired by the asymptotic shape of Distribution
Amplitudes.

How can we compute GPDs on the ground of QCD?
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DSE and BSE approach:

quark propagator :

Bethe-Salpeter amplitude:

Nakanishi representation in terms of complex conjugate poles
Lei Chang et al., Phys.Rev.Lett. 110 (2013) 13, 132001
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Scalar meson GPDs

Formal definition:

H(x , ξ, t) =
1
2

∫
dz−

2π
e ixP+z−

〈
P +

∆

2

∣∣∣∣ q̄ (−z
2

)
γ+
[
−z
2

;
z
2

]
q
(z
2

) ∣∣∣∣P − ∆

2

〉
z+=0,z⊥=0

,

( X. Ji, 1997; D. Müller, 1994; A. Radyushkin, 1997;)

the Mellin moments of which can be formally expressed as (twist-2 operators)

Mm(ξ, t) =

∫ 1

−1
dx xmH(x , ξ, t)

=
1

2(P · n)m+1

〈
π,P +

∆

2

∣∣∣ψ̄(0)γ · n(i
←→
D · n)mψ(0)

∣∣∣π,P − ∆

2

〉
.

GPD can be reconstructed starting from its Mellin moments!!!
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Simple analytical model for the Pion:

〈xm〉 = Mm(ξ, t) =
1

2(P · n)m+1

〈
π,P +

∆

2

∣∣∣ψ̄(0)γ · n(i
←→
D · n)mψ(0)

∣∣∣π,P − ∆

2

〉
.

Case ξ = 0 (dressing improved [H.L.L. Roberts et al. PRC83(2011)065206])

Direct and crossed triangle diagrams :

k −∆/2 k +∆/2

k − P

P +∆/2P −∆/2

∆

k −∆/2 k + ∆/2

∆

k + P

P −∆/2 P +∆/2
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Simple analytical model for the Pion:

Case ξ = 0 (dressing improved [H.L.L. Roberts et al. PRC83(2011)065206])

Direct and crossed triangle diagrams with fully dressed vertices and propagators:

k −∆/2 k +∆/2

k − P

P +∆/2P −∆/2

∆

k −∆/2 k + ∆/2

∆

k + P

P −∆/2 P +∆/2

2(P · n)m+1 〈xm〉u = trCFD

∫
d4k

(2π)4
(k · n)m τ+iΓπ

(
η(k − P) + (1− η)

(
k −

∆

2

)
,P −

∆

2

)
S(k −

∆

2
) iΓe.m. · n S(k +

∆

2
)

τ−i Γ̄π
(

(1− η)

(
k +

∆

2

)
+ η(k − P),P +

∆

2

)
S(k − P),
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d4k

(2π)4
(k · n)m τ+iΓπ

(
η(k − P) + (1− η)

(
k −

∆

2

)
,P −

∆

2

)
S(k −

∆

2
) iγ · n S(k +

∆

2
)

τ−i Γ̄π
(

(1− η)

(
k +

∆

2

)
+ η(k − P),P +

∆

2

)
S(k − P),

DSE and BS inspired simple ansätze:

(L. Chang et al.,
PRL110(2013)132001)

S(p) =
[
− iγ · p + M

]
∆M(p2),

∆M(s) =
1

s + M2 ,

Γπ(k, p) = iγ5
M
fπ

M2ν
∫ +1

−1
dz ρν(z)

[
∆M(k2

+z )
]ν

;

ρν(z) = Rν(1− z2)ν ,

with k±z = k ∓ (1− z)P/2,
standing for the momentum fraction that the quark carries out.
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Results for the Mellin moments

José Rodríguez-Quintero (Univ. Huelva & CAFPE) Pion GPD 3 December 8 / 22



Results for the Mellin moments

José Rodríguez-Quintero (Univ. Huelva & CAFPE) Pion GPD 3 December 8 / 22



Results for the Mellin moments

José Rodríguez-Quintero (Univ. Huelva & CAFPE) Pion GPD 3 December 8 / 22



Results for the Mellin moments
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Properties of Mellin moments

Polynomiality:

〈
π,P +

∆

2

∣∣∣ψ̄(0)γ · n(i
←→
D · n)mψ(0)

∣∣∣π,P − ∆

2

〉
= nµnµ1 ...nµmP{µ

m∑
j=0

(
m
j

)
Fm,j(t)Pµ1 ...Pµj

(
−∆

2

)µj+1

...

(
−∆

2

)µm}

−nµnµ1 ...nµm

∆

2

{µ m∑
j=0

(
m
j

)
Gm,j(t)Pµ1 ...Pµj

(
−∆

2

)µj+1

...

(
−∆

2

)µm}

ξ = − ∆ · n
2P · n

⇒Mm(ξ, t) is a polynomial in ξ of order m + 1.
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Properties of Mellin moments

Double distributions:

Fm,j(t) =

∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα βm−jαj F (β, α, t)

Gm,j(t) =

∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα βm−jαj G (β, α, t)

1

1

α

β
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Properties of Mellin moments

Mm(ξ, t) = nµnµ1 ...nµm

m∑
j=0

(
m
j

)∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα βm−jαj

F (β, α, t)P{µPµ1 ...Pµj

(
−∆

2

)µj+1

...

(
−∆

2

)µm}

−G (β, α, t)
∆

2

{µ
Pµ1 ...Pµj

(
−∆

2

)µj+1

...

(
−∆

2

)µm}

Time Rerversal Invariance
∆→ −∆

Mm(ξ, t) is an even polynomial in ξ of order m + 1.

F (β, α) is even in α.
G (β, α) is odd in α.
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From Mellin moments to Double Distributions (DD)

DD are directed linked to H:

H(x , ξ, t) =

∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα (F (β, α, t) + ξG (β, α, t)) δ(x − β − αξ)

Double Distributions are the Radon transform of the GPD

PDF case:

q(x) = H(x , 0, 0) =

∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα F (β, α, t)δ(x − β)

Form Factor case:

F(t) =

∫ 1

−1
dx H(x , ξ, t) =

∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα F (β, α, t)
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Comparison with polynomial reconstruction

H(x , 0, 0) =

∫ 1

0
dβ
∫ 1−β

−1+β
dαδ(x − β)F (β, α, t)

-1 -0,5 0 0,5 1
x

0

0,2

0,4

0,6

0,8

x
P

D
F

DD Reconstruction
Polynomial Reconstruction

xPDF Reconstruction

Forward case : ξ = 0 and
t = 0.
Very good agreement.
The polynomial
reconstruction describes
well the support properties
of valence GPD:
x ∈ [−ξ, 1]

If the polynomial reconstruction works, why should we care about DDs?
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Advantages of DDs

Support is stricly respected.

Reconstruction is exact even at ξ 6= 0 (no numerical noise).
We can get analytic expressions. For the PDF(ν = 1):

q(x) =
72
25
(
x3(x(−2(x − 4)x − 15) + 30) log(x)

+
(
2x2 + 3

)
(x − 1)4 log(1− x)

+x(x(x(2x − 5)− 15)− 3)(x − 1))
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Analytical “resummation” (t = 0)
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Analytical “resummation” (t = 0,ξ = 0)
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Limits of the triangle diagrams

0 0.2 0.4 0.6 0.8 1

x

0

0.5

1

1.5

2

q
(x

)

Triangle contribution

The PDF appears not to
be symmetric around

x =
1
2
.

Part of the gluons
contribution is neglected
in the triangle diagram
approach.
Adding this contribution
allows us to recover a
symmetric PDF
[L. Chang et al.,

Phys.Lett.B737(2014)2329].

Non forward case?
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Limits of the triangle diagrams
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q
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Triangle contribution

Heuristic example: Light-cone wave function
for a bound-state of two scalar particles
[Bukardt, Int.J.Mod.Phys.A18(2003)173]

ψ(x , k2
⊥) =

√
15

2π σ2

√
x(1− x)

1 + k2
⊥/(4σ2x(1− x))

θ(x)θ(1−x) .

Non-skewed GPD overlap representation:
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⊥
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Pion form factor

QCD sum rule:
F q
π (t) = M0(t) =

∫ 1

−1
dx Hq(x , ξ, t)
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PDF Mellin moments

GPD forward limit:
PDF (x) = Hq(x , 0, 0)
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PDF Mellin moments

GPD forward limit:
PDF (x) = Hq(x , 0, 0)

  

DGLAP Eqs.
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Non-forward pion GPD

The standard triangle diagram does not fully keep all the contributions from the gluons
which bind the dressed-quark to the pion

k −∆/2 k +∆/2

k − P

P +∆/2P −∆/2

∆

2(P · n)m+1 〈xm〉u = trCFD

∫
d4k

(2π)4
(k · n)m τ+iΓπ

(
η(k − P) + (1− η)

(
k −

∆

2

)
,P −

∆

2

)
S(k −

∆

2
) iγ · n S(k +

∆

2
)

τ−i Γ̄π
(

(1− η)

(
k +

∆

2

)
+ η(k − P),P +

∆

2

)
S(k − P),
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Non-forward pion GPD

The standard triangle diagram does not fully keep all the contributions from the gluons
which bind the dressed-quark to the pion and a new contribution is needed.
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2(P · n)m+1 〈xm〉u = trCFD

∫
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η(k − P) + (1− η)
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∆
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)
,P −

∆

2

)
S(k −

∆

2
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∂

∂k
Γ̄π

(
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(
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∆
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Non-forward pion GPD

2(P · n)m+1 〈xm〉u = trCFD

∫
d4k

(2π)4
(k · n)m τ+iΓπ

(
η(k − P) + (1− η)

(
k −

∆

2

)
,P −

∆

2

)
S(k −

∆

2
)τ−

∂

∂k
Γ̄π

(
(1− η)

(
k +

∆

2

)
+ η(k − P),P +

∆

2

)
S(k − P)

FBC (β, α, t),GBC (β, α, t)

HBC (x , ξ, t) =
∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα

(
FBC (β, α, t) + ξ GBC (β, α, t)

)
δ(x − β − αξ)

HBC (x , 0, 0) =

∫ 1−|x|

−1+|x|
dα FBC (x , α, 0)
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Non-forward pion GPD
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HBC (x , 0, 0) =

∫ 1−|x|

−1+|x|
dα FBC (x , α, 0) ≡ qπBC (x)
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Non-forward pion GPD

The full model:
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Non-forward pion GPD

H(x , ξ, 0) =

∫ 1

−1
dβ

∫ 1−|β|

−1+|β|
dα (F (β, α, 0) + ξG(β, α, 0)) δ(x − β − αξ)

GPD 3D-plot (t=0)

Problems at large ξ!!!
AVWT Identity ⇒ Soft pion theorem [C. Mezrag et al., arXiv:1411:6634]
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Non-forward (non-skewed) pion GPD (ξ = 0, t 6= 0)

The pion GPD

Hq(x , 0, t) =

∫ 1−|x |

−1+|x |
dα

(
F 0(x , α, t) + FBC (x , α, t)

)

H(x , 0, t) = H(x , 0, 0)N(t)Cπ(x , t)Fπ(t) ,

1 = N(t)

∫ 1

−1
dx H(x , 0, 0) .

F (β, α, t) =
1(

1 + t
4M2 (1− β)(1− β)

)2

×

Simplified analytical model:

C(x , t) =
1(

1 + t
4M2 (1− x)2

)2

Valuable to sketch the pion’s valence-quark GPD [C. Mezrag et al., arXiv:1411.6634]
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Non-forward (non-skewed) pion GPD (ξ = 0, t 6= 0)

3D plot of GPD at ζ = 0.4 GeV
M = 0.4 GeV
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Non-forward (non-skewed) pion GPD (ξ = 0, t 6= 0)

3D plot of GPD at ζ = 2 GeV (DGLAP running; x > ξ)
M = 0.4 GeV
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Non-forward (non-skewed) pion GPD (ξ = 0, t 6= 0)

3D plot of GPD at ζ = 2 GeV (DGLAP running; x > ξ)
M = 0.4 GeV
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H(x , 0, t; ζ/ΛQCD →∞) = δ(x)Fπ(t)
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Non-forward (non-skewed) pion GPD (ξ = 0, t 6= 0)

q(x , |~b|) =

∫
d |~∆⊥|
2π

|~∆⊥|J0(|~b⊥||~∆⊥|)H(x , 0,−∆2
⊥)

Impact parameter space GPD at ζ = 0.4 GeV
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Non-forward (non-skewed) pion GPD (ξ = 0, t 6= 0)
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∫
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2π
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The peak of probability, at |~b⊥| = 0, drifts to x = 0, its height is
diminished and the distribution in |~b⊥| broadens.
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Non-forward (non-skewed) pion GPD (ξ = 0, t 6= 0)

q(x , |~b|) =

∫
d |~∆⊥|
2π

|~∆⊥|J0(|~b⊥||~∆⊥|)H(x , 0,−∆2
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ζ = 2 GeV; ζ = 0.4 GeV; ζ = 0.4GeV [c(x,t)=1].
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Epilogue: conclusion and perspectives

We described a calculation of the pion’s valence dressed-quark GPD within the
context of a RL-truncation of QCD Dyson-Schwinger equations and, in the
appropriate limits, coupled the results with the pion’s PDF and form factor.

Drawing analogy with the pion’s valence dressed-quark PDF, we argued that the
impulse-approximation invoked to derive the triangle-diagram GPD computation
from the well-known handbag diagram contribution to DVCS gives incomplete
results.
A correction valid in the neighbourhood of ξ = 0 and small t is applied and we
built a model for the non-skewed pion’s valence dressed-quark GPD as the Radon
transform of a single amplitude (DD) which, as is consistent with significantly
more known constraints than impulse-approximation’s, left us with a practicable
improvement.
We computed the impact-parameter-space GPD and provided with a sound picture
of the dressed-quark structure of the pion. All the features resulting from running
the results with leading-order DGLAP equations from a hadronic to a larger scale
may be qualitatively understood.
In the future, more realistic forms for the dressed propagators and vertices and
better extensions to the entire kinematic domain of ξ and t may be potentially
helpful to relate the phenomenology of hadron GPDs to the properties of QCD.
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Thank you
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