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Introduction: BFKL pomeron in hign-energy pQCD

m Regge limit in QCD.
m Perturbative QCD at high energies.
m BFKL and collider physics

High-energy scattering and Wilson lines

High-energy scattering and Wilson lines.

m Evolution equation for color dipoles.

m Light-ray vs Wilson-line operator expansion.
m Leading order: BK equation.

NLO high-energy amplitudes

m Conformal composite dipoles and NLO BK kernel in N = 4.
m Photon impact factor.

m NLO BK kernel in QCD.

= rcBK.

m NLO hierarchy of Wilson-lines evolution.

m Conclusions
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Rapidity evolution of gluon TMD

m Definition.

One loop: real corrections
Virtual corrections.
One-loop result
Conclusions

I. Balitsky (JLAB & ODU) High-energy QCD and L 0 REF Antwerp 2014 3/73



High-energy scattering

; ; Fainlae ho_ ke
Heisenberg uncertainty principle: Ax = - = 7

LHC: E=7 — 14 TeV <« distances ~ 10~ cm
(Planck scale is 10~3* cm - a long way to go!)

old stuff:
7T — MESons

Large
Hadron

protons

To separate a “new physics signal” from the “old” background one needs to
understand the behavior of QCD cross sections at large energies
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Strong interactions at asymptotic energies: Froissart bound

Regge limit: E > everything else

. E—oo
Cagsal.lty } - O < I°E Froissart, 1962
Unitarity

Long-standing problem - not explained in any quantum field theory (or string
theory) in 50 years!

Experiment: oo ~ s°% (s = 4E2 ). Numerically close to In* E.
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Deep inelastic scattering in QCD

D,(x) — Dy(xg, Q%) - “scaling violations”

DGLAP evolution (LLA(Q?)

d 1
Q@Dq(-x-, QZ):/dleDGLAP(X:X/)Dq(X/an)

Dokshitzer, Gribov, Lipatov, Altarelli, Parisi, 1972-77
Kparar = a5(Q)Kio + o (Q)Knio + @; (Q)Knnio---
The DGLAP equation sums up logs of ”%22
N
2

Dy(x, Q%) = Z (o5 In nQ112V)n [a,(x) 4 aybu(x) + e, (x) + ...

n

One fit at low QF ~ 1 GeV? describes all the experimental data on DIS!
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Deep inelastic scattering at small xp

Regge limitinDIS: E> Q0= xp < 1

DGLAP evolution = Q? evolution
HERA data for xD,(x)

Q2220 Gev2 Q lQ D, (xp, Q) = KpgrarD; (x5, Q%)

Q2 =200 Gev? Not really a theory -

needs the x-dependence of the input at
0} ~ 1GeV?

xG(xQ?)
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Deep inelastic scattering at small xp

Regge limitinDIS: E> Q0= xp < 1

DGLAP evolution = Q? evolution
HERA data for xD, (x)

d
Q2220 Gev2 00— 40 D, (xp, Q) = KpgrarD; (x5, Q%)
Not really a theory -
needs the x-dependence of the input at
0} ~ 1GeV?

Q2 =200 Gev?

xG(xQ?)
BFKL evolution = xz evolution

(Balitsky, Fadin, Kuraey, Lipatov,
1975-78)

TDg(sz 0?%) = Kprx.Dg (x, 07)
XB

Theory, but with problems
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In pQCD: Leading Log Approximation = BFKL pomeron

S = (PA +PB)2 ’:4E2

Leading Log Approximation (LLA(x)):

29218 2 9
2. 2l0 0 8

p 22998, a; <1, aglns~1

29
9

o
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In pQCD: Leading Log Approximation = BFKL pomeron

S = (PA +PB)2 ’:4E2

3 R Leading Log Approximation (LLA(x)):
pA 3 nu“:‘ a; <1, aglns~1
The sum of gluon ladder diagrams gives
:n AL : Orop ~ §125 n2 BFKL pomeron
o 2.9 2 9 93)
By g 3
3 3’5 Numerically: for DIS at HERA
o~ 03 = x; 03

- qualitatively OK
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In pQCD: Leading Log Approximation = BFKL pomeron

S = (PA +PB)2 ’:4E2

3 R Leading Log Approximation (LLA(x)):
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The sum of gluon ladder diagrams gives
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3 3’5 Numerically: for DIS at HERA
o~ 03 = x; 03
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BFKL vs HERA data

Fo(xp, Q) = c(Q%)xy @)

05

 Combined HERA data +—e— |
Smooth cuts: A =021 GeV, Q, = 0.28 GeV, 8 =84
045 Realcuts: A=0.21 GeV, Q=028 GeV, 6=84 =

035

03

0.25

0.2

015

0.1 ' '

Q% (GeVd)

M.Hentschinski, A. Sabio Vera and C. Salas, 2010

1. Balitsky (JLAB & ODU) i 2y and rapidi i i REF Antwerp 2014 9/73



DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

1
Opp—sX :/dxldngg(xl,mX)Dg(x%mX)aggHX
0

m2 n s
sum of the logs (a,In ﬁ) , In~ ]

X
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DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

1
Opp—sX :/dxldngg(xl,mX)Dg(xme)aggﬁx
0

m2 n s
sum of the logs (a,In ﬁ) , In~ ]

LLA(x): kr-factorization

Lop L ol o Lo
Oppsx = /c/kl dky g(ki -, xa)g(ky , XB)0gesx

- sum of the logs («y lnx,-)”, In ﬂ ~ 1

ny

Much less understood theoretically.
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DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

1
Opp—sX :/dxldngg(xl,mX)Dg(x%mx)aggHX
0

m2 n s
sum of the logs (a,In ﬁ) , In~ ]

LLA(X): kr-factorization

| | | . | )
Oppst = / i i g (K x4) g (ki x) 7 o

- sum of the logs (a,Inx;)", In "

ny

Much less understood theoretically.

For Higgs production in the central rapidity region x; , ~ % ~ (.01 and we

know from DIS experiments that at such xz the DGLAP formalism works
pretty well = no need for BFKL resummation
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DGLAP vs BFKL in particle production

Collinear factorization (LLA(Q?)):

1
Tpp—X :/deldXZDg(xlamX)Dg(x27mX)Ugg—>X

sum of the logs (a,In %), In-= ~ 1
N X

LLA(x): kr-factorization

Tpposx = /cl/\'fd/c%g(/\'f,.m)g(/\'%.xh’)m\,g%/y

ny

- sum of the logs (s Inx;)", In 2% ~ |
Much less understood theoretically.

For my ~ 10GeV (like bb pair or mini-jet) collinear factorization does not seem
to work well = some kind of BFKL resummation is needed.
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Towards the high-energy QCD

(¢}
total

BFKL

Froissart bound

O ~ s127 02 yiolates
Froissart bound oo < In’s
= pre-asymptotic behavior.

i___ Applicability of
-7 BFKL pomeron

Born Terrrj

True asymptoticsas £ — oo = ?
Possible approaches:

m Sum all logs o In" s
m Reduce high-energy QCD to 2 + 1 effective theory
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Towards the high-energy QCD

(¢}
total

BFKL

Froissart bound

O ~ s127 02 yiolates

Froissart bound oo < In’s
= pre-asymptotic behavior.

i___ Applicability of
-7 BFKL pomeron

Born Terrﬁ

True asymptoticsas £ — oo = ?
Possible approaches:

m Sum all logs o In" s
m Reduce high-energy QCD to 2 + 1 effective theory

|
This talk: leading order + NLO corrections o' In" s
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ e#*

classical trajectory: T =Vt

S = /(/)(/z — Edt)

= —FEr+ /(l:/ 2m(E — V()
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ e#*

classical trajectory: T =Vt

S = /(/)(/z — Edt)
= —Et+ [dd\/2m(E— V(@)

High energy: E > V(x) =

W) = e HERD LV
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ e#*

classical trajectory: T =Vt

S = /(/)(/z — Edt)
— Et+ [dZ\/2m(E—V(?)

High energy: E > V(x) =

W7, 1) = e HEA) oLV

U at high energy = free wave x phase factor ordered along the line || V.
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High-energy scattering and “Wilson lines” in quantum mechanics

WKB approximation: ¥ ~ e#*

*| classical trajectory: T =Vt -
S = /(/)(/z — Edt)
— _Et+ [dd\/2m(E - V(@)
High energy: E > V(x) =
L W) = e HER) V)

U at high energy = free wave x phase factor ordered along the line || V.
The scattering amplitude is proportional to ¥ (7 = oo) defined by
Uley) = e 7tV )

Glauber formula: oo = 2 [d?x, [1 — RU(x1)]
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High-energy phase factor in QED and QCD

X o o 2

*| classical trajectory: T =7t Se = ' / a { e

o ______ o — Sfrcc JF‘/(/T(*(?(I) + ;Fg>

q
= phase factor for the high-energy
A (f,t) scattering is
Ulr)) = e fISersind
7z e kA ()
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High-energy phase factor in QED and QCD

X o o 2
*| classical trajectory: T =7t Se = / d’{ e
' e, -
= Stee + [di(—e® + V- A
el o ____ = free 1 ‘/( ( ed + (’,‘ )
q
= phase factor for the high-energy
A (ft) scattering is
Uy) = e fIa-errid)
z e o kA (x()
INQCD e — —g, A, — A, = At 1“ - color matrices
= U(x,,v) = Pexp 8 dt x,, A" (x(1)) Wilson — line operator
he !

(Laterh=c=1)
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~+*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

-
Q
q q
q
Q
q o g
0 q 3 q
9 0 g
Y A 0 "TOTT
S@elelele) 4 q
3 9 5 OO0T
[Sjeielomme - 0 g
o 9 g
g'mmn*g o q
o q 0 o
q g ooTT Y
g ooToY 0 [¢
o q .
- 4 D
I
— — el
S /

I. Balitsky (JLAB & ODU) High-energy QCD and { 0 REF Antwerp 2014 15/73



DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~+*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

-
Q
q q
4 Q
o
9 q
] 9 0 9
9 0 g
Y A 0 "TOTT
S@elelele) 4 q
3 9 5 OO0T
Slelelomt - 0 g
o 9 g
g'mmn*g o q
q 0 [¢;
o 4 §oooo
g ooToY 0 [¢
o q B
S \/ N
I
— — el
S /

40) = [ P BIHUGU (o ))IB)

Formally, » means the operator expansion in Wilson lines
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Light-cone expansion and DGLAP evolution in the NLO

— eo— —l ] — ) L —

u? - factorization scale (normalization point)

K% > u? - coefficient functions
ki < p? - matrix elements of light-ray operators (normalized at %)
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Light-cone expansion and DGLAP evolution in the NLO

— T —_— L — —_ —

u? - factorization scale (normalization point)

K% > u? - coefficient functions
ki < p? - matrix elements of light-ray operators (normalized at %)

OPE in light-ray operators (x=y)?>—=0

X§ «
71'

TGO} = 5 [14 2022 + )] 00305, 010(0) +O(-5)

[\\} = P()iyv[“y]du (x=y)" A (ux+(1—u)y) _ gauge link
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Light-cone expansion and DGLAP evolution in the NLO

. — — —_— P

e - - - o
u? - factorization scale (normalization point)

K% > u? - coefficient functions
ki < p? - matrix elements of light-ray operators (normalized at %)

Renorm-group equation for light-ray operators = DGLAP evolution of parton
densities (x—y)?>=0

:uzdiuzi)(x)[xvy]w(y) = KLO&()C)[xyy]dJ(y) +OZSKNL01/_)(X)[x,y]1/)(y)
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Four steps of an OPE

m Factorize an amplitude into a product of coefficient functions and matrix
elements of relevant operators.

m Find the evolution equations of the operators with respect to factorization
scale.

m Solve these evolution equations.

m Convolute the solution with the initial conditions for the evolution and get
the amplitude
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

q
g>vvvv\/\, g
q
9 0 q
e q D q
b q O TTTT
SEieleteie] 9 O Q
> 9 q
g R -oot00
5 oooo - 0 9
§—cvo-o~§
ag q
o g 5 OUOOg
g OTTo Y o Q
0 q i
W N
,—
—_— - — :

Als) = [ e )BT U ) U (k) )

o0
U(x1) = Pexp {ig / dun"A,(un +x ) Wilson line

— 00
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

q
g>vvvv\/\, g
q
9 0 q
e q D q
b q O TTTT
SEieleteie] 9 O Q
> 9 q
g R -oot00
5 oooo - 0 9
§—cvo-o~§
ag q
o g 5 OUOOg
g OTTo Y o Q
0 q i
W N
,—
—_— - — :

Als) = [ e )BT U ) U (k) )

(o)
dun"A,(un+x) Wilson line
o0

U(x,) = Pexp {ig/

Formally, = means the operator expansion in Wilson lines
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Rapidity factorization

- = i L

7 - rapidity factorization scale
Rapidity Y > n - coefficient function (“impact factor”)

Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

Ul = Pexp[ig/ dxtAT (xp,x1)

— 00

4
Aulx) = /(371;49@” — Jag|)e™ ™A, (k)
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Spectator frame: propagation in the shock-wave background.

- /\/I\/
Boosted Field

Each path is weighted with the gauge factor Pe’s / A" Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U%(z,) - instantaneous interaction with the 1 < 7, shock wave]x
[ z — y: free propagation |
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High-energy expansion in color dipoles

The high-energy operator expansion is

T, () o)} = / P21y 12021, 20,5, y) TH{T U1}

+ NLO contribution
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High-energy expansion in color dipoles

7 - rapidity factorization scale

Evolution equation for color dipoles

d Qg (xfy)z
—u{UU"} = 2, Y efurutmyefunutn
a t{UJU!"} 27r2/d Z(x—z)z(y—z)z[r{U“‘Uy He{UY U}

— Nr{UTUIY + Kot {UTUS} + 0(a?)

(Linear part of KnLo = KnLo BFKL)
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Evolution equation for color dipoles

To get the evolution equation, consider the dipole with the rapidies up to »;
and integrate over the gluons with rapidities n; > n > n,. This integral gives
the kernel of the evolution equation (multiplied by the dipole(s) with rapidities
up to n,).

as(m — m)Kevol ®
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Evolution equation in the leading order

d . .- - -
d—nTr{UnyT} = KioTr{U,Uf} + ... =

d PN A
% <TI'{ Ux U; }>shockwave - <KLOTr{ Ux U; }>shockwave

UL = Tr{iULUS} = (UUN)™ — (UUD)™ + ag(m — ) (UUSUUT™

= Evolution equation is non-linear
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Non linear evolution equation

) = 1 - 3 TH{U) 0 00)

BK equation

U(x.2) + Uz, y) —Ulxy) — U U () }

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

) = 1= 3 TH{0) 01 00)

BK equation

U(x.2) + Uz, y) —Ulxy) — U 20 (@) }

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, a5m ~ 1)
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Non-linear evolution equation

) = 1 - 3 TH{U) 01 00)

BK equation

U(x,2) + Uz y) —Ulxy) — U U () }

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, a5m ~ 1)

LLA for DIS in sQCD = BK egn (LLA: oy < 1, a4 ~ 1, a,A'/3 ~ 1)
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Why NLO correction?

m To check that high-energy OPE works at the NLO level.
m To check conformal invariance of the NLO BK equation(in AN'=4 SYM)

m To determine the argument of the coupling constant of the BK
equation(in QCD).

To get the region of application of the leading order evolution equation.
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

oo
[oopr +x1,—oopy +x1] = Pexp {ig/ dxt A+(x+,xL)}

—0o0

is invariant under inversion (with respect to the point with x= = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

oo
[oopr +x1,—oopy +x1] = Pexp {ig/ dxt A+(x+,xL)}

—0o0

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(x*t,x1)? = —x} = after the inversion x; — x, /x3 andxt — x*/x%
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

oo
[oopr +x1,—oopy +x1] = Pexp {ig/ dxt A+(x+,xL)}

—0o0

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x} = after the inversion x; — x, /33 andxt — xT /3] =
[ Xt xtoxg X1 X1
[oopi 4 x1, —oopy +x1] — Pexp {18/ d— Ay (= T)} = [oop1 + =, —oop1 + 5
— 00 Xl )CL T xl XL
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oopr +x1,—oopy +x1] = Pexp {ig/ dx™ A+(x+,xl)}

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x} = after the inversion x; — x, /33 andxt — xT /3] =

0t

) x xtox x x

[cop1 +x1,—oopr +x1] — Pexp<ig d—- A+(T,TJ') = [oop; + %,—oopl + TJ‘]
x x2 7 x x x

—oo X 1 XL 1 1

=The dipole kernel is invariant under the inversion V(x ) = U(x, /x%)

o /ﬁ (x—y)? 7

d 4
STV V) = o
dn 272,

(l

Tr{V.VI}Te{V.V]} — N.Tr{V, V] }]
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

S Ez(Kl-i-le) So = E(D+zM‘2) S+z%(P‘—iP2)
[So,84] = £84, E[S+7 =

[va U(Z7 Z)] = Z2810(27 Z)’ [SOv U(Zv Z)] = ZaZU(sz)v [S+7 U(Zv Z)] = 7610(172)

=7 +i,z=7" +i?, U(zy) =U(z,72)
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Conformal invariance of the BK equation
SL(2,C) for Wilson lines

0
2
A & a 1. - .

[S07Si] = :I:S:l:v E[Sw‘ﬂS*] = SO7

S_=2(K'+iK?), S = %(D+ iM?), §, = %(Pl —iP?)

[S‘*v U(Z7 Z)] = 22810(27 Z)’ [307 0(27 Z)] = ZaZU(sz)v [S+7 U(Zv Z)] = 7610(172)

Conformal invariance of the evolution kernel

asN,
272

d R
@ [S_, T{U,U}}] = dz K(x,y,2)[S—, Tr{U U} Tr{U.U} }]
) ) )

2Y 2~ 27 —
= [x a7 6y+z 8Z]K(x7y,z) 0
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Conformal invariance of the BK equation
SL(2,C) for Wilson lines

0
2
A & a 1. - .

[S07Si] = :I:S:l:v E[Sw‘ﬂS*] = SO7

S_=2(K'+iK?), S = %(D+ iM?), §, = %(Pl —iP?)

[S‘*v U(Z7 Z)] = 22810(27 Z)’ [307 0(27 Z)] = ZaZU(sz)v [S+7 U(Zv Z)] = 7610(172)

Conformal invariance of the evolution kernel

asN,
272

415 Te{u,uUl)] =

%[ dz K(x,y,2)[S—, Tr{U, Ul }Tr{U.U] }]

0 0 0
2Y 2~ 27 —
= [x 5 Y 6y+z 8Z]K(x7y,z) 0

In the leading order - OK. In the NLO - ?
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Expansion of the amplitude in color dipoles in the NLO

e

O =Tr{Z?}

The high-energy operator expansion is

T{O®O(y)} = / PardPzy IY°(2, 22) Te{ U7 U1}
1 " A A NN

+ [ aadPaades P(er 25) [ THT DL OTTULO) ~ TH{ 03017
C

In the leading order - conf. invariant impact factor
L _ @) CCP, 2007

2 -2
Z =
REF Antwerp 2014

xyy

Lo= ,
LO 27227




NLO impact factor

A2 os iT
NO(x g ) = — WO 5 &L [m—z _mc
(X’y,21722723777) 7T2 2%2253 4 3 D) +

The NLO impact factor is not Mdbius invariant < the color dipole with the cutoff 7 is
not invariant

However, if we define a composite operator (a - analog of ;2 for usual OPE)

[Te{ 07 011} = Te{ U7 U1}

A ‘2 A A A ,2
+ 2 ey ST U OO O —~ NTH O U1 In 592 4 0(\?)
2m 21323 ) ”2 b 71323

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles

T{OWON) = [dands 1, 2T U307}
1 RO -
+ / o dzdz MO (21,22, 23) [ETr{T” UroinTonuiny — {07 U}

Z 277(15‘2
MO = — 10 /d3 |25 —5—2] —ir+2C
713723 713223

The new NLO impact factor is conformally invariant
= Tr{U2 Ui} is Mobius invariant

We think that one can construct the composite conformal dipole operator order by order
in perturbation theory.

Analogy: when the UV cutoff does not respect the symmetry of a local operator, the
composite local renormalized operator in must be corrected by finite counterterms order
by order in perturbaton theory.
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Definition of the NLO kernel

In general

;—Tr{u\ U} = a,KioTr{ U U1} + a2Kaio Tr{ U, U1} + 0(a2)
(7] : .
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Definition of the NLO kernel

In general

;—Tr{u\ U} = a,KioTr{ U U1} + a2Kaio Tr{ U, U1} + 0(a2)
(7] : .

PN d PN N
o2 KnioTr{U, U] } = %Tr{UnyT } — oKoTe{U, U} + O(a])
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Definition of the NLO kernel

In general

1 PPN PPN s PPN 3
;—Tr{U‘\ U'} = a;K1oTr{U,U!'} + a;KnoTr{U, U} + O(a})
dn : )

N d N NN
o2 KnioTr{U, U] } = d—nTr{UXUyT } — oKoTe{U, U} + O(a])
We calculate the “matrix element” of the r.h.s. in the shock-wave background

LT {0,01}) - (aKioTH{ 0,01} + 0(a)

(afKNLoTr{Ux&I}> = d777
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Definition of the NLO kernel

In general

;—Tr{u\ U} = a,KioTr{ U U1} + a2Kaio Tr{ U, U1} + 0(a2)
(7] : .

N d N NN
o2 KnioTr{U, U] } = %Tr{UnyT } — oKoTe{U, U} + O(a])
We calculate the “matrix element” of the r.h.s. in the shock-wave background

LT {0,01}) - (aKioTH{ 0,01} + 0(a)

2 70Ty =
<OCSKNLQTI‘{UXU),}> = d777

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)
= H prescription in the integrals over Feynman parameter v
+

Typical integral

1
1 | | i
/ dv - - 5 s {7} = — ln(<7ﬁm
Jo  (k=p)jv+pi(1—v)ly Pl i
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Gluon part of the NLO BK kernel: diagrams

() m )

i

x1) - X1 “ (xin) “ xiv) B xv)

I. Balitsky (JLAB &



xviny

(XXt (XX

(XX1X) * X0)

B (XXVI) . xXxvi) . (xvin




Diagrams for 1—3 dipoles transition

%Q%‘." P K \
o) ‘ oo . (XXX 4 (XXX1V)




"Running coupling” diagrams
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1 — 2 dipole transition diagrams
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Gluino and scalar loops




Evolution equation for color dipole in VV = 4

d
7Tr{ U77 UTW}

_ —/dz 112 asNe [12+21 Z131 Z23]}
113723 4m L3 G i
x [Te{T°U2 UI"T* U Uy — N Te{ U2 UIM]
_ op /.d223d234 2123 [1 21234 ] 21324
4t P R 2324 — Dyl T

% TI'{ [Ta" Tb} U:,Z Ta’ T ! U\]‘Zn + TbTu U;zl [Tb/, Ta/] U;(Zn}(f]g)aa’ (U:Iz o U;Z, )bb/
NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = ¢*" in the rapidity of
Wilson lines.
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Evolution equation for color dipole in VV = 4

d
7Tr{ U77 UTW}

7/d2 ) sl [12+21 Gy Z23]}
113723 4m L3 G i

(Te{T°U? UI"T*U2 UI"} — N Te{ U7 UI7}]

ag / dud’z 7123 [1 % ] In 21335

4t P R 2324 — Dyl T

b7 ! b’ § bra b a7t Frmaa' (Fr 7 \bb'
x Te{[T, T\ U T T UL + T°T°U2 [T, T U Y (U2 )™ (U2 — U)

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = ¢*" in the rapidity of
Wilson lines.

For the conformal composite dipole the result is Mbius invariant

I. Balitsky (JLAB & ODU) nergy QCD an ity of W REF Antwerp 2014 41/173



Evolution equation for composite conformal dipoles in N = 4

d A At conf
7[Tr{U§1 iy
Z Q. N 7T conf
- dPy 12 [ W } Te{ 707 U T 0., U} — N Te{ 07 01
w? 713233 4m 3 [ { . { H

2 2 2 2 2 2 2 2
o; b4 192 FAT¥S 132
2. 2 3 3 3
T 4t dZ}dZ4 £22{21n £224+[1+2212 g 2]1’1 ;354}

Z1%224134 214423 213324 — 214223 214423

< T[T, 700 T T O + TP TO (T 1O [(0) (02)" — (24— 2)]

Now Mébius invariant!
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Hon T
e E H

JR— C— J— —

DIS structure function F,(x): photon impact factor + evolution of color dipoles+ initial
conditions for the small-x evolution

Photon impact factor:

= = "d*z1d%2 PN
(=T HI00 300 = [F52 1 zeog o

<12

(g k1) = /du sinh 7 (ki)%*”’
Y v (1 +V2)cosh v \Q?
ayN,

AL+ 2+ (F00) 12+ Poniare]

P;Iu/ _ g/u/ . ({ulzlv Pgu/ _ %(q,; . Ingz ) (qy B /7’2/(/2)
q q q-D2 q-p2

Fi(v), Fo(v) - simple transcdentallty2funct|ons (GA Chirilli and 1.B., 2013)
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NLO evolution of composite “conformal” dipoles in QCD

I. B. and G. Chirilli

d Qg
a%[tr{Um Ugg}]zomp = o z/dZZS ([tr{U UT }tr{Uzs 22} _thr{Um Usz}]Zomp
2
2 [ ( 25
X blnzlzu +b71
1%32%3 z 3223 Z%3
o, [d*z 32323%3 + 3%43%1 - 43%23§4 223"
+4 2/4 {{72A 22222 — 22.227) In =
TS T3 2(z23%253 — 234213)

x [w{U, Ul ye{U,, Ul }{U, UL} — u{U, Ul U, U U U‘ }f (z4 = 23)]

752 2152 b40YS 132
+é?mP] %u_%o+ Zzumzz)m %?}
223 qu {13354 — 2237233 2237433

113374
x [tr{U UL WU, Ul Y (U UL} = { U UL UL UL UL UL = (= 29)]

11 2

Kneo Bk = Running coupling part + Conformal "non-analytic” (in j) part
+ Conformal analytic (A = 4) part

Linearized KyLo Bk reproduces the known result for the forward NLO BFKL kernel.
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Argument of coupling constant

d -
d —U(z1,22) =

N 2 ~
/ = Uzi,23) +U(z3,22) — U(z1,22) — (21,23)11(23722)}
Z13 23
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gument of coupling constant

d -
d —U(z1,22) =

N N
/ 212 (11,13) +U(z3,22) — U(z1,22) — (21,23)11(23722)}
Zl3 23

Renormalon-based approach: summation of quark bubbles

X.
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Argument of coupling constant (rcBK)

d . . 4 o, (72 A A A oA
;%ﬁ{mlg}:: i;{/fznﬂUmwgﬁ{mgg}—Mmqmlgﬂ

2 1 2 1 2
X[f3+7(%@9—0+‘«%%0—0y%~
213223

23 NG (2%3) Z%3 as(Z%)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

2 2
as(zp) 2

ol 2 lz12| < |z13], |223]
2

S le1s] < Jzial, s
2

(;;(zzzzi) |223] < |z12], |213]

= the argument of the coupling constant is given by the size of the smallest
dipole.
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rcBK@LHC

p-Pb |5 = 5.02 TeV
@ ALICE, NSD, charged particles, In, | <0.3

Saturation (CGC), reBK-MC
Saturation (CGC), reBK
I Saturation (CGC), IP-Sat

Shadowing, EPS09s (%)
LO pQCD + cold nuclear matter

lim )
[
[ T4

Lol

S AAIJAAAIAA 1

1

—5,=0.28

HMING21_ bhe, s 028

-+ DHC, no shad.
— DHC, no shad., indep. frag.

2 4 6 8 10 12 14

P, (GeV/c)

76

L =
18 20

ALICE arXiv:1210.4520

Nuclear modification factor

dZNE}{Jb /dePT
(Tppp)d?oly, Jdndpr

R (pr) =

NPPP = charged particle yield in
p-Pb collisions.




NLO hierarchy of evolution of Wilson lines (G.A.C. and I.B., 201

Figure : Typical NLO diagrams: self-interaction (a,b), pairwise interactions (c,d),
and triple interaction (e,f)




Self-interaction (gluon reggeization)

d a? [dPzd*z . ' ,
(= g [ (vt g - v

o8 2

dn 25

4 0z 2 ' ) ;o
% ([21] _ T]fadeszlz (Y“Ullb)i,' + (1131215) In Z% [l ad' ¢ ({[d.le}U]Iu),‘,’ o t-fuzlz(taUl {fd N })U])}

s 214315 s

N [z aby (4agr b 1, 5, 67
o [ wr - openn{ [ nde+ Y - T
(214, 215) 214,215
L = (z1,24,25) = — H, Bl ( Hﬂ 1s) 72}
214 s




Pairwise interaction

d o? o?
%(Ul)ij(Uz)kz = 87;4/d214d215(v41 +Ax + A3) + 87:3 /dzu(Bl + N.By)
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Pairwise interaction

A = [(1°U)§(U2)a + (U ) (1 U]

et i e 4 LI
x [j“"‘f”’ Ui (U~ Ue )(—K—7+71+72)]
s s s

K = NLO BK kernel for N' = 4 SYM
Ay = 4Uy — Ul)ddl(Us - Uz)ee/

2

o , , z
{l [fad ¢ (ldUlla),'j(leUz)kl — fade(laUlld ),’j(Uzl‘f )kl} .11245 In 2%4
15

2

. (! IC” 14 a dde 4 a E’/ Z

+ i[O (Ut Y — % (U ) (1 Unt® Y] Ja1sa In z%}
25

2145 225 215, 245)\215, 225 2255 245
‘]1245 = J(Z]7Z2724~,ZS) = (21 2 2)72( 72 2)(2 72 ) (2 2 2)
214%25%45 214%15%25%45 214%25%45
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Pairwise interaction

Ay = 208 Ll U Unug = (0 (U )

2 2
Z Z eel

X [Jms In %4 + (J2145 — J2154) In %4} (Us — Uy)
s 25

+ l[fad/e/(ldleUl)ij(Ugta)kl *fade(Ull‘e/l'd/),j(laUz)kl]

2 2
z z :

X [\72145 In 22 + (Ji245 — Jios4) In %] (Us — Uy)* }
225 s

Jias = J (21,22, 24,25)
(z24,205)  2(224,245)(215,205) | 2(225,245) (214, 224) (214, 224) (215, 225)
15423514215 Z%M%sz%szﬁs 2%42%425514215 2%41%52%4255

1. Balitsky (JLAB



Pairwise interaction

B = 2In Zl4 Zz4

le le
. 214,72 1
% {(U4 _ Ul)abl[ bde(taUlld)lj(Uzte)kl +fade(teUltb)ii(ldU2)k[] [( l; 224) _ T]
214524 <14

+( — U, )ab [fbde(Ull )U(faUzl )k1+ fade(l U|) (t Uzl’b) ][% — Z%]}

By, = [2U§" — U — U] [(1U1)(Uat” ) + (Un1?) (1 Un )]

11 67 2 11 1 z 1
x{i(a;’zzﬂ)[ nz,u’ +——7T—}+ [51 Z%-i‘flnzﬁ]}
45y -3 9 3 3 222, 2, 22, 7,
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Triple interaction

2(z14, 234) (225, 235
Tiozas = J(21,22,23,24,75) = _ 2z 20) (225, 255)

22 2 2
214425234235

 2(z14,245)(225,235) | 2(205,25) (214, 234) | (214, 205)

2.2 2 2 2 2 2 2 2 2 2

214225735245 214%25%34%45 214%25%;5
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Triple interaction

d
%(Ul)ﬁ(UZ)kl(US)mn

o 2, 12 Z%4
= i~ [ d°zdzs {J12345 In ==
27 2s

x de@ [(taUl)ij(thZ)kl(U3tC)mn(U4 - U )ad(US - UZ)be
— () (Uat)a (U3 ) (Us — Uy )™ (Us — U,)*"]

Z%A
+ 3145 In ==
s

Xfade [(Ul[a)if(thZ)kI([CU3)mn(U4 - U3)Cd(U5 — Uz)be
— (tU1)y @ (Uat)u(Ust)un (U — US)(UE — USD)]

2
24
+ Jizas In 5+

s
X (U (Ut )a(1°U3) i (Us — Uy )™ (Us — Us)*
— (U1*) (" U2)a(Ust)yun(Us — Up)™(Us — Us)*] (1)
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Rapidity evolution of the baryon “tripole”

Baryon operator

By =¢'l" Ezf/'l'zU;'./(rlL)U_{’(rlL)U/]:’(rfiL) =U,- U, Us,

Evolution equation in the LO (A. Grabovsky, 2013)

d a3 R ?1% a?é
?3123 = 78 5 dr4 2220 In )
n @ T{Ts Tqls

1
X (=B + 8(31443324 + BoasB31a — B3auBoia)) + (1 <+ 3) + (2 < 3)| .
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Composite “conformal” baryon operator in the NLO

General prescription:

100

conf __ oo
o =0+ 201

s i n (7 )
(cf. “Conformal JIMWLK” by Kovner and Lublinsky, 2014)

Composite “conformal” baryon operator

=2 =2

conf a3 27, 12 ary

By = 82 dry | 5555 In 722
Tyl Ty1Ts3

1
x(—Bix + 8(81443324 + BousB31s — B3uBois)) + (1 3 3) + (2 < 3)
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NLO evolution of baryon operator (

dBY L a?
dn 8t

dr0d7'4 ({chz (U()U4TU2) . (U] U()TU4) - Us
+Lf, [(UOUHUZ) (D10 Us) - Us + tr (UpUsT) (U1 UoTUL) - Us - Uy

3 1
—2[31443234 + BousBi3s — B3aaB1oa] + 23123}
MG [(UoUsTUs) - (U200 ) - Us + (U UoTU) - (UsUSTU) - U]

+Z12B355B125 + (a” 5 permutations 12« 3)} + (0 <~ 4))

o (o [ (%) (- 7) i (32))
8 6 r2§ r2§ ré ’021r25 fi*

3
X (2(31553235 + ByssBi3s — B3ssBias) — 9B1z3> +(13)+2+ 3)) .
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NLO evolution kernels

Here

2 2 2 27 2 2 2 2 272 2
r I r r r &
C NLO BK 12 25 14 12 15 124
L12:K12 + 2111( >+ 2111( >,

47152 F45°Toa Fas2Fio? 4752 F45°T1a Fis2F122
= 2 - 2o 2 = 2 = 2o 2
7 NLO BK
c 12 257714 12 157724
L12:K12 + = 22 2> 21n = 22 2 - 0= 22 2= 21n = 22 2 )
A4F15°F45° oy Fa5°T12 A47y5°F45°F14 Fa5°T12

= 2 = 2 = 2 2 22 2
g T [( P35 s >ln<r25 n )
12 — 5= 5= [ Iy [ y—
8"'152"'252 r452r342 r452r242 r452r122

) = 22 2 = 2 2 232 2

15 257734 13 357712
+—a 2= 211’1(_, 2= 2) + = 2= 21n<—» 2= 2):| _(1 <_>3)7

r45°T14 357124 r14°r34 257113
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NLO evolution kernels

— S 22 22 4 — S 4= 4= 4= 2
ME 12 Fi5°Ta5 T34 12 P35 T45 112" oy
2= 167552452 F14> P35 7142 a4 167527452 24> Fi52F250 142 P34

- 9 S 4= 2= 6= 2 - 2 - 22 22 4
N 3 n (ns P35 P24°T34 ) N 3 I <r25 357 F14 )
1675524527347 Pos?Fys* 144 oz 167352 F45° a4 Fi5* 142342

- 2 > 42 2o 2 - 2 > 42 2o 2
+ 13 In (i’zs F147F34 > 4 13 In (”25 F147T34 )
1673527452 714> Fi52F352 T4t 167152745°734> 1521352 o4t
5 22 2 > 29 22 4 > 25 2 > 29 22 2
r357ri2 ( 157135 I ) 3~rip (1’25 ri2°ri4 )
8Fis?ras s’ e \Pas’las?F1o’rse® ) BRis?ras? P iae? - \ FisPiaa?iad?

2 22 2 2 22 22 2= 2
P14 I (r15 P45 23Ty >
81’152"452"2427’342 r254r142r342
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO level.
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Conclusions

High-energy operator expansion in color dipoles works at the NLO level.

The NLO BK kernel in for the evolution of conformal composite dipoles in
N =4 SYM is Mobius invariant in the transverse plane.

The NLO BK kernel agrees with NLO BFKL equation.

The correlation function of four Z> operators is calculated at the NLO
order.

It gives the anomalous dimensions of gluon light-ray operators at “the
BFKL point”j — 1

NLO photon impact factor is calculated.
NLO hierarchy of Wilson-line evolution is derived.

NLO evolution of baryon operator (> odderon contribution) is obtained.
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Rapidity evolution of gluon TMD from low to moderate x;

At small x - Weizsacker-Williams unintegrated gluon distribution
> wplUd' U (21)|X) (X|UBUT(0.1)}p)
X

Rapidity factorization: each gluon has rapidity < In x3.
Rewrite (later n = p))

a;D(xp,z1) = 27r(p /duZ(pU-} 21 4 un)|X)(X|F(0)|p)
Fé(zL +un) = [oon—i—zbun—i—zj_]“mn“FZ‘g(un—i—zJ_)

]:—g(ZJ_ +un) = n'Fje(un+zy )[un +z1,00n +z, ™

and define the “WW unintegrated gluon distribution”

D(XB, kL)

/ d’z) e R D(xp,z1) xgs > kL > Adep

NB: a,D(xp,z, ) is renorm-invariant.

1. Balitsky (JLAB & ODU)
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At moderate xz

D(XB,/Q,TI) = /dzzl eii(k’Z)L,D(xB’ZLan)a

asD(xp,21,7)
—1
_ —Xp O —ixgu(pn) 7-a ag
e faue 50172 ) (SO

There are more involved definitions with the above TMD multiplied by some
Wilson-line factors but we will discuss the “primordial” TMD.
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At moderate xz

D(XB,/Q,TI) = /dzzl eii(k’Z)L,D(xB’ZLan)a

asD ()CB, 21, 77)

—1
—Xg oy

- 27r<p~n>/ du e D AR e+ umlX) (XIF0) )

There are more involved definitions with the above TMD multiplied by some
Wilson-line factors but we will discuss the “primordial” TMD.

Now xp is introduced explicitly in the definition of gluon TMD.

However, because light-like Wilson lines exhibit rapidity divergencies, we
need a separate cutoff n (not necessarily equal to In xp) for the rapidity of the
gluons emitted by Wilson lines.
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At moderate xz

D(XB,/Q,TI) = /dzzl eii(k’Z)L,D(xB’Zlan)a

asD (XB, 21, 77)

—1
—Xp Qg

= o e DI e+ ) X))

There are more involved definitions with the above TMD multiplied by some
Wilson-line factors but we will discuss the “primordial” TMD.

Now xp is introduced explicitly in the definition of gluon TMD.

However, because light-like Wilson lines exhibit rapidity divergencies, we
need a separate cutoff n (not necessarily equal to In xp) for the rapidity of the
gluons emitted by Wilson lines.

The above TMD will have double-logarithmic contributions of the type
(ayn Inxp)™ while the WW distribution has only single-log terms (« Inxp)"
described by the BK evolution.
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Reconciliation

Some definitions

k = ap;+ Bpr + ko Sudakov variables

]:ia(kJJBB) = /dzzl e_i(kJ)L]:ia(Zl7ﬁB)a

2 .
Frles,B) = 3 [dan oo, 2 R )

and similarly
Fiky,Bp) = /dzZL ¢ Fi (21, Bp),

5 ) ‘
Fi(z1,Bs) = E/dz* e P Fl (2, 21 ) [2s, 00 ™
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Double fun. interval for cross sections

(pIF{ (K, Bp)F (k. Bp)Ip) = ZW“ (KL, B3)1X) (X|F(k 1., B8) |p)
= —270(Bg — By)(21)20P (k. — K )27x5D(Bp = xp, k1, 1)
Short-hand notation

(101..0,01..040p) = S (pIT{01...0,}|X) (X|T{O;...0,}|p)

This matrix element can be represented by a double functional integral
(0,...0,,0,...0,)
- /DADJ;D@ e—"SQCD@»@/DAD@Dz/; eSO 0.0,

The boundary condition A(¥,7 = o) = A(X, 1 = co) (and similarly for quark
fields) reflects the sum over all intermediate states X.
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Gauge invariance

=

Due to the boundary condition A(X, 7 = co) = A(X, 1 = o) the matrix element
(F{(, Byl + oopi,zu + oopi | F (2.1, Bp))
= / DADYD) e~ Seco(A) / DADGD ¢Seco 4
Fi(EL, Bp)[E + oopr, 21 + oopi] (21, Ba)

is gauge invariant

However, the gauge link [z/, 4+ copi,z1 + oop;] does not contribute at least at
the one-loop level ( .5 and self-energy diagrams vanish)
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Rapidity evolution: one loop

We study the evolution with respect to rapidity cutoff n

4
Al) = [0t — e A, 0

Matrix element of F¢ (k' , B) F (k. , B) at one-loop accuracy:
diagrams in the “external field” of gluons with rapidity < 7.

@ (b)

Figure : Typical diagrams for real (a) and virtual (b) contributions to the
evolution kernel.
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Real corrections: square of “Lipatov vergex”

.......... [ ] .

Figure : Lipatov vertex of gluon emission.

Result of calculation (in the pi’A,, = 0 gauge) A. Tarasov and |.B.

Lab (k, ZL)

(23N

pigj,- il 2pipﬁ Ut — pigi - 2pipﬁ + 2@.7:'<5B)‘ZL)M)
1

A+ afgs A+ afps P

= (kL|U

Schwinger’s notations (x, |O(p1, X, )yL) = [d*pO(p L, xy)e Px=3)+
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Virtual corrections

Figure : Virtual gluon corrections.

Result of the calculation (in light-like and background-Feynman gauges)

g2
(P2 (Bn,20)) = —ia g

7 do afps 4 1 pi
x z — vty SR U U
/oz o L|102 (8s)U ofBps + ph. pL T abes+pi 20)*

NB: with oo < o cut off there is no UV divergence.
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One-loop (leading log) result

<]:a’(ZJ_aﬁB) (21, B8))

_ &gy [T AR T,
- /H Al el (@ 1)
mg”+2p’p’
x [Uipﬁaﬁm (U 1)] l21)
+ Z(Zﬂ[[]ﬁw — (U = D] F(Bs)
1
i Di '
) VU = (U D)
+ 2F(, Be) [ zal ”7U l21) = (1 |samelz )]
aﬁB
F2ENT G A E'“) - (z1|same|z;>]ffm753>
+2ﬁ"(53,z;>[(zl|p2 6V %U*\m— (22 samel:.. )]

'(ﬁg>—|u> (2, Isame|2, )] Fi(B,2.) |

This expression is UV and IR convergent.
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Small 5z = x5

At B ~ % we can set 8z = 0 and get for 7(z, , Bg) = Ui(z1) = io,UU"

(0" (z1))
2 a1

2| [0%0* (0= DU+ U(B) [UI%UT W 1)] 21)

+ 202, B8) (| = 3¢U U z1) — (21 |samelz. )]
PL PL

+2 [(ZJ_|Up’ 2% U‘L > lzL) — (zﬁ_|same|zﬁ_)]Ui(zl,ﬂ3)}
P Pl

This evolution equation for WW TMD can be rewritten in terms of the BK kernel

d rra a
%Ui (22)Uf (z1)

2 J 2
—%Tr(—iafz+if§2)[/d2z3<a,zm 022 wLul - 0] o U
87 . 2333
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Moderate 85 = xp ~ 1

At moderate 8z ~ 1 the kernel is logarithmic.
In the double-log approximation a8gs > p? we get

<]:m(zlvﬁl§) (ZLaﬂB»
2 2
= —ﬁ/ dg'/%f)(aﬂ,{s—pi)[l — & PF DL (FU( By) Fi(zy, Br))

which can be rewritten as a linear equation

d N, Bus
%D(XBJ&JI) = 3 D(xp, k1, n)[n + log & }
with the solution
N, Bus
Dxgki,m) = Dlumkr,m)exp{ =275 [+ log 251}
1

One can also get single-log terms from the general one-loop equation (in works)

2
m

For # < Bp = xp < 1 there will be a double-log linear evolution from a ~ 110 a ~ ’SB

. . m .
and non-linear evolution from a ~ ﬂ to a ~ . These two evolutions should be

2 . .
matched at o ~ %- using our one-loop general formula (work in progress)
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Conclusions

Conclusions
m So far, so good...
Outlook
m TMD for SIDIS (with Wilson lines to —oo)

m TMD and kr-factorization.
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