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Outline

 different evolution kernels:  
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  results
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  conclusions and outlooks
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mHx,z,PhT2 ,Q2L, proton target
Xx\~0.15
XQ2\~2.9 GeV2
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FIG. 3. Data points: Hermes multiplicities m

h
p(x, z, P 2

hT ; Q2) for pions and kaons o↵ a proton target as functions of P 2
hT for

one selected x and Q

2 bin and few selected z bins. Shaded bands: 68% confidence intervals obtained from fitting 200 replicas of
the original data points in the scenario of the default fit. The bands include also the uncertainty on the collinear fragmentation
functions. The lowest P 2

hT bin has not been included in the fit.

mHx,z,PhT2 ,Q2L, deuteron target
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XQ2\~2.9 GeV2
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FIG. 4. Same content and notation as in the previous figure, but for a deuteron target.

global  χ2/d.o.f.  = 1.63 ± 0.12 
no flavor dep.        1.72 ± 0.11  flavor-indep. fit 

                                               not excluded 
                                BUT

fitting   Hermes  multiplicities
Parameters
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Parameters for TMD FFs

˙
P̂ 2
?,fav

¸ ˙
P̂ 2
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¸ ˙
P̂ 2
?,sK

¸ ˙
P̂ 2
?,uK

¸
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[GeV2] [GeV2] [GeV2] (random) [GeV2]

Default 0.15± 0.04 0.19± 0.04 0.19± 0.04 0.18± 0.05 1.43± 0.43 1.29± 0.95 0.17± 0.09

Q

2
> 1.6 GeV2 0.15± 0.04 0.19± 0.05 0.19± 0.04 0.18± 0.05 1.59± 0.45 1.41± 1.06 0.16± 0.10

Pions only 0.16± 0.03 0.19± 0.04 — — 1.55± 0.27 1.20± 0.63 0.15± 0.05

Flavor-indep. 0.18± 0.03 0.18± 0.03 0.18± 0.03 0.18± 0.03 1.30± 0.30 0.76± 0.40 0.22± 0.06

TABLE IV. 68% confidence intervals of best-fit parameters for TMD FFs in the di↵erent scenarios.
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n r
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FIG. 2. Distribution of the values of �

2
/d.o.f. for the default fit. On the vertical axis, the number of replicas with �

2
/d.o.f.

inside the bin. The bin width is 0.1.

Figs. 3 and 4 illustrate the agreement between our fit and the Hermes data. For each figure, the upper panels
display the results for pions (⇡� on the left and ⇡

+ on the right), the lower panels for kaons. The results show the
multiplicities m

h
N (x, z,P 2

hT , Q

2) for N = p proton and N = D deuteron targets, respectively, as functions of P 2

hT
for one selected bin hxi ⇠ 0.15 and hQ2i ⇠ 2.9 GeV2 (out of the total five x bins we used), and for four di↵erent
z bins (out of the total seven z bins we used). The lowest P 2

hT bin was excluded from the fit, as explained in
Sec.III A. The theoretical band is obtained by rejecting the largest and lowest 16% of the replicas for each P 2

hT bin.
The theoretical uncertainty is dominated by the error on the collinear fragmentation functions D

1

(z), which induces
an overall normalization uncertainty in each z bin. The di↵erent values of the fit parameters in each replica are
responsible for the slight di↵erences in the slopes of the upper and lower borders of the bands.

In Tab. III, the values of the average square transverse momenta for TMD PDFs are listed. We note that they can
range between 0.13 and 0.57 GeV2 within the 68% confidence interval.

In the left panel of Fig. 5, we compare the ratio hk2

?,dv
i/hk2

?,uv
i vs. hk2

?,seai/hk2

?,uv
i for 200 replicas. The white

box represents the point at the center of each one-dimensional 68% confidence interval of the two ratios. The shaded
area represents the two-dimensional 68% confidence region, it contains 68% of the points with the shortest distance
from the white box. Since for each flavor the x dependence of the average square transverse momenta is the same (see
Eq. (14)), these ratios are x-independent. The dashed lines correspond to the ratios being unity and divide the plane
into four quadrants. Most of the replicas are in the upper left quadrant, i.e., we have hk2

?,dv
i < hk2

?,uv
i < hk2

?,seai.
The white box shows that dv is on average about 20% narrower than uv, which is in turn about 10% narrower than
the sea. The crossing of the dashed lines corresponds to a flavor-independent distribution of transverse momenta.
This crossing point lies at the limit of the 68% confidence region. In a relevant number of replicas dv can be more
than 40% narrower than the uv, and the sea can be more than 30% wider than uv. From this fit, it seems possible
that the sea is narrower than uv, but unlikely that dv is wider than uv.

In the right panel of Fig. 5, we compare the ratio hP 2

?,unf

i/hP 2

?,favi vs. hP 2

?,uKi/hP 2

?,favi in the same conditions as
before. All points are clustered in the upper right quadrant and close to its bisectrix, i.e., we have the stable outcome
that hP 2

?,favi < hP 2

?,unf

i ⇠ hP 2

?,uKi. The width of unfavored and u ! K

+ fragmentations are about 20% larger than
the widht of favored ones.

bmax=1.5 GeV-1, g2=0.18

bmax=0.5 GeV-1, g2=0.64

bmax=1.0 GeV-1, g2=0.41

Three different choices for the evolution parameters

we are not using the mean values, but the 200 replicas

 fit 200 random replicas of data 
we will use all 200 values  

for each parameter 

unfavored  
wider than   

q→π  favored

q→K  favored   
wider than  

q→π  favored

point of  
no flavor dep.

for more details, see
Signori, Bacchetta, Radici, Schnell,   
JHEP 1311 (13) 194

Q2
0 = 2.4 GeV2

hermes

Airapetian et al.,  
P.R. D87 (13) 074029
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1 Dū!K�

1 exp

⇢
�1

4

⇥
hP 2u!K

T i(z1) + hP 2u!K
T i(z2)

⇤
b2T

�

+

1

9

Ds̄!K+

1 Ds!K�

1 exp

⇢
�1

4

⇥
hP 2 s!K

T i(z1) + hP 2 s!K
T i(z2)

⇤
b2T

�


4

9
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  Conclusions

1. e+ e−  annihilations at Belle scale (100 GeV2) can be very 
useful to test evolution and pin down evolution parameters 

2. e+ e−   data  needed  to  determine  nonperturbative 
intrinsic parameters of TMD fragmentation functions 

3. e+ e−   data  useful  to  constrain  flavor  dependence  of 
TMD fragmentation functions 

4. knowledge  of   TMD FF  D1  helps in               
constraining both (polarized) TMD PDF’s and TMD FF’s


