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Motivation

Why quantum gravity?
Accelerated expansion of universe (Quantum cosmology)
=) Varying vacuum energy density (Einstein gravity cannot explain!)
=) Candidate for dark energy: Quintessence$ D-instanton

Why non-perturbative (quantum gravity)?
Superstring theory in low energy�! Einstein gravity
�! Newtonian gravity (Interactionbetween point-masses)

Why QFT or Perturbation (Gauge) theory is successful?
Can be Free and Interactions�! Perturbative

A plausible way out: Exploration of higher forms gauge theory
(presumably leads to a theory of quantum gravity)

Neveu-Schwarz (NS) �eld =) Torsion dB(NS)
2 in superstring theory

�! \FAT\ brane (Gravitational pair of brane and anti-brane)

Supriya Kar (SUSY 2015) Degenerate Kerr 2 / 34



Theme

Kalb-Ramond (KR) quanta on aD4-brane setup
�! Gravitational pair of (3�3)-brane universe (Schwinger mechanism)
�! Quintessence axion dynamics hidden to our universe

KR local degrees are absorbed to describe adynamicalNS �eld
�! E�ective geometric torsion dynamics (\Fat" brane) in 5D on S1

�! 4D Einstein gravity in presence of an extra 5th dimension

Nonlinear charge or non-point \mass"
�! Degeneracy in quantum \Kerr"

Low energy limit:
Non-linear charge reduces to a point charge or mass
�! Degeneracy disappears to describe the Kerr family of black holes

Nonperturbative quantum gravity (strong coupling)
�! D-brane world-volume correction to Einstein gravity

(low energy string vacuum)
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String-Brane Model
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IJMPA 29 (2014) 1450164, European Physical J. C74 (2014) 3173

IJMP A30 (2015) 13, 1550065, IJMP D24 (2015) 02,1550015,
Springer (2015), JAAT (2015)-review, arXiv:1405.7917

Proceedings of Conference in Honour of Murray Gell-Mann's
80th Birthday, World Scienti�c 2010, p559 and p567

Supriya Kar (SUSY 2015) Degenerate Kerr 4 / 34



Preliminaries: Aspects of NS �eld in superstring theory

B (NS)
2 sources! Fundamental string (vector charge)

World-sheet conformal symmetry =) � -functions=0
=) DynamicalB (NS)

2 �! torsion dB(NS)
2 in string e�ective action

Torsion is known to modify the@� �! D� (covariant derivative)

Candelas, Horowitz and Strominger; NPB (1985)
Freed; CMP (1986)

NonlinearU(1) �eld �! Open string metric on aD-brane:

G(NS)
�� =

�
g�� � B (NS)

�� g�� B (NS)
��

�

Seiberg and Witten; JHEP (1999)

Open string metricG(NS)
�� �! Near Horizon Black Holes

Gibbons and Hashimoto; JHEP (2000),
Gibbons and Ishibashi; CQG (2004)
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SET-UP

Type IIA superstring theory in ten dimensions
�! BPS D4-brane ( + fundamental strings )

Consider the non-linearU(1) dynamics with a backgroundG(NS)
��

Poincare duality:Fnl
2 ! H3 = dB(KR )

2
=) Kalb-Rammond (KR) �eld theory onD4-brane

S = �
1

12C2

Z
d5x

p
� G(NS) H��� H ��� ;

whereC2
2 = (8 � 3gs)� 03=2 and H��� = r � B (KR )

�� + cyclic

KR �eld equations: @� H ��� + 1
2G��

(NS)@� G(NS)
�� H ��� = 0
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Torsion H3 connections
�! (modified) covariant: D�

GenericallyD� absorbsH3 and is de�ned as:

where D� B̂�� = r � B̂�� +
1
2

H��
� B̂�� �

1
2

H��
� B̂��

=) Ĥ ��� = D� B̂�� + cyclic in (�; �; � ) ;

= H��� +
�

H��� B̂ �
� + cyclic

�
+ H��� B̂ �

� B̂ �
� + : : :

However forr � B (NS)
�� = 0, i :e: for a constantB (NS)

2 :

H ��� =
�

H��� B (NS)�
� + cyclic

�
+ H��� B (NS)�

� B (NS)�
� + : : :

=) GlobalB (NS)
2 (couples toH3) de�nes a Geometric Torsion:H 3

H 3 �! dynamicalB (NS)
2 on a \FAT" brane
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Pair production in QFT: A non-perturbative tool

 vacuum����! e� + e+ (Schwinger, 1951)

 black hole������! charged pair of (0�0)-brane (Hawking, 1975)

Nonabelian quanta�! stringy e�ect at Planck scale (t'Hooft, 1987)

Open string pair production (Bachas and Porrati, 1992)
Cosmological pair (D �D)9-brane (Majumdar and Davis, 2003)

KR quanta onD4-brane
string black hole
����������! pair of (1�1)-brane

expansion
�����! pair of (3�3)-brane universe + an extra�fth dimension
=) Emergent gravity (geometric torsion) curvature on (3� �3)-brane

(Abhishek, Priyabrat, Sunita and SK, JHEP-2013, PRD-2013)

Extra dimension breaks the SUSY:
Gravitational 3-brane! BPS D3-brane + closed string vacuum
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Emergent quantum gravity scenario

D
_ D

4
4

Cosmological
Horizon

Extra dimension

brane-
brane-

Figure: At cosmological horizon: the KR quanta on aD4-brane
�! Pair production of 1-brane and anti 1-brane (stringy gravity):
Expansion (stable)�! Gravitational pair of (3�3)-brane
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Broken SUSY �! Einstein gravity

D
_

D
4 4

D5

on S1

brane-
brane- brane-

closed strings

Figure: Closed string exchanges between the emergent pair of (3�3)3 implies SUSY
breaking emergent gravity scenario
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Schematic diagram

D D
_

3 3

Non-perturbative D-brane

(Perturbative) closed string vacua

Figure: Non-perturbative D-brane corrections to low energy closedstring vacuum
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Torsion (symmetric) uctuations =) dynamical metric

The U(1) gauge invariance ofH 2
3 with respect to NS �eld enforces:

� [H ��� H ��� ] =
1
2

�
�

H��� + H��
� B (NS)

�� + H��
� B (NS)

��

+ H��
� B (NS)

��

�
H ���

=
3
2

�
H��

� H ��� � H��
� H ���

�
@� � � :

Incorporates a symmetric uctuations in the geometric (2ndorder)
formulation:

f�� = C H ��� �H ��
� :

Geometric torsion modi�es the background (open string) metric and
makes it dynamical:

G�� = G(NS)
�� + C �H ��� H ��

� :

= g�� � B (NS)
�� B (NS)�

� + C �H ��� H ��
�
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E�ective curvature

Commutator: h
D� ; D�

i
� = H ��

� @� �

=) Non-trivial curvature even with a scalar �eld� (x)!
�! Signi�es the role of a quintessence unlike to that in GTR

Commutator on a gauge �eld (for a Minkowski space-time):
h
D� ; D�

i
A� = ~K ���

�
A�

Where ~K �
��� = @� H ��

� � @� H ��
� + H ��

� H ��
� � H ��

� H ��
�

=) Fourth order reducible (generalized) curvature tensor
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Properties of new curvature tensor

~K ���� is anti-symmetric under an exchange of indices within a pair:

~K ���� = � ~K ���� = � ~K ���� :

However it is not symmetric under an exchange of pair of indices:

~K ���� 6= ~K ����

For a non propagating torsion:~K ���� ! R����

�! Riemannian (Einstein vacuum)
=) D-brane world volume correction becomes insigni�cant

Relevant curvatures:

~K �� = �
�

@� H �
�� + H ��

� H ��
�
�

and ~K = �H ��� H ���
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Torsion curvature on a \FAT" brane

Geometric torsion dynamics on a vacuum pair of (3�3)-brane

S3� �3 =
1

3C2

Z
d5x

p
� g ~K

Vacuum energy density is no more a constant due to the dynamics of
NS �eld on a \FAT" brane

Takes into account the varying vacuum energy density of universe
Reassures a quintessence,i :e: dynamical axionic scalar, along a
hidden �fth dimension which is transverse to our (3 + 1)-dimensional
brane-universe

Energy-momentum tensor:
T �� =) dynamicalG�� on a \FAT" brane
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Curvature on a gravitational 3-brane or anti 3-brane

Relevant dynamics on a 3-brane

S3� �3 =
1

3� 2

Z
d4x

p
� g

�
K � 3 �F �� F ��

�

where F �� = D� A� � D � A�

=
�

Fnl
�� + H ��

� A �

�

A point electric charge (At 6= 0 ; A� = 0) can source a non-linear
magnetic charge (Qm 6= 0) in string-brane model forH ��

t 6= 0 or
H��� B t �

(NS) 6= 0. Hence the model rules out the theoretical possibility
for the existence of amagnetic monopole

Equation of motion:D� F �� = 0

3 local degrees! 2 (gravity) + 1 (quintessence axion)
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Quantum geometries: Boyer-Lindquist coordinates

The Cartesian coordinates may be expressed in spheroidal system:

x =
p

r2 + a2 (sin� cos� ) ; y =
p

r2 + a2 (sin� sin� ) ; z = r cos� ;

wherea> 0 is a constant, 0< r< 1 , 0<�<� and 0<�< 2�

The (3 + 1)-dimensional line-element(s) with at metricg�� are:

ds2
at = � dt 2 +

� 2

4
dr2 + � 2 d� 2 + 4 sin2 � d� 2

= � dt 2 +
� 2

4

�
dr2 + 4 d
 2�

+ a2 sin4 � d� 2

= � dt 2 + dr2 + r2 d
 2

+ a2
�

�
sin2 �

4
dr2 + cos2 � d� 2 + sin2 � d� 2

�

where 4 = ( r2+ a2) and � 2 = ( r2+ a2 cos2 � )

Limit � 2 ! 4 : Reduced vacuum on aD3-brane.
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Ansatz for the form �elds in (3 + 1)-dimensions

Parameters (a; M) > 0 and (non-linear electric charge)Q� a2:

Btr =
�

2M
4

� 1=2

and Br � = �
�

a2 sin2 � + 2M
4

�
a2 sin2 � � 2M

� 2

� 1=2

At = �
Qr
� 2 and A� =

aQr sin2 �
� 2

A lower bound forM and Q are enforced by their non-linearity
a ! S2-symmetry breaking parameter and sources a magnetic �eld

Non-trivial components of �eld strength(s) are:

F tr = �
Q
� 4

�
r2 � a2 cos2 �

�
; F t � =

a2Qr
� 4 sin 2� ;

F r � = �
aQ
� 4

�
r2 � a2 cos2 �

�
sin2 � and F �� =

aQr4
� 4 sin 2�
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Ansatz =) Nontrivial geometric torsionH 3 in d = 5

Gauge choice for one and two forms
=) geometric torsionH 3 = 0 in d = (3 + 1)
=) geometricF2 ! F nl

2
and a priori no quintessence dynamics in the gauge choice

However the gauge choice ensures adynamical NS �eldin d = (4 + 1)
=) nontrivial H 3 dynamics underlie the torsion curvature~K

Dynamical metric on a vacuum created pair of (3�3)-brane:

G�� !
�

g�� � B�� g�� B�� + C �F nl
�� g�� �F nl

��

�
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Brane view: Realization of black hole

In a brane window:r2 > 2M; r4 � M 2 and r4 > Q2; r8 >> Q4,
Emergent geometric patches on (3�3)-brane formally:

ds2 = �
�

1 �
2M
� 2 �

Q2

� 6

�
4 �

4r2a2 cos2 �
� 2

��
dt2

+
�

1 �
2M � a2 sin2 �

� 2 �
Q2

� 24

�
1 �

4r2a2 cos2 �
� 4

�� � 1

dr2

+
�

1 +
2M
� 2

�
1 +

4
� 2

�
+

a2 sin2 �
� 2

�
1 �

4
� 2

�
�

4a2Q2r2 cos2 �
� 8

�
� 2 d� 2

+
�

1 �
a2Q2

� 6

�
sin2 � +

4r2a2 cos2 �
� 2

��
4 sin2 � d� 2 �

2aQ2

� 6 4 sin2 � dtd

�
2
p

2M
�

�
2M

�
1 +

4
� 2

�
+

�
1 �

4
� 2

�
a2 sin2 �

� 1=2

dtd�

=) Causal patches appear with a relative wrong signs ofQ2

(Geometry becomes signi�cant in a classical regime)
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Projection matrix:

Wrong signs do not describe the required classical geometries. They
are corrected in the quantum regime using a projection matrix M 2� 2

M , and M � 1 project equivalent quantum phases when they were
created at the horizon forQ = 0
The gravitational pair of brane vacuua withQ 6= 0 di�er signi�cantly
The projection matrix:

M =
1
2

0

@
� G+

tt G+
rr

G�
rr � G�

tt

1

A ; M � 1 =
1

detM

0

@
� G�

tt � G+
rr

� G�
rr � G+

tt

1

A

where G�
tt =

�
1 �

2M
� 2 �

Q2

� 6

�
4 �

4r2a2 cos2 �
� 2

��

and G�
rr =

�
1 �

2M � a2 sin2 �
� 2 �

Q2

� 24

�
1 �

4r2a2 cos2 �
� 4

�� � 1
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Projected causal patches:

For Q = 0: det M = � 1
4� 2

�
8M � 2a2 sin2 � + a4 sin4 �

�

=) detM = � 1 at the event horizon

Matrix operation on column vectors:

M

0

@
1

0

1

A =
1
2

0

@
� G+

tt

G�
rr

1

A ; M

0

@
0

1

1

A =
1
2

0

@
G+

rr

� G�
tt

1

A

Inverse matrix operation on column vectors:

M � 1

0

@
1

0

1

A =

0

@
G�

tt

G�
rr

1

A ; M � 1

0

@
0

1

1

A =

0

@
G+

rr

G+
tt

1

A

=) Correct geometries in a low energy limit
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Relevant quantum vacuum-I:

After inverse projection:

ds2 =
�

1 �
2M
� 2 +

Q2

� 6

�
4 �

4r2a2 cos2 �
� 2

��
dt2

e

+
�

1 �
2M � a2 sin2 �

� 2 +
Q2

� 24

�
1 �

4r2a2 cos2 �
� 4

�� � 1

dr2

+
�

1 +
a2Q2

� 6

�
sin2 � +

4r2a2 cos2 �
� 2

��
� 2 d� 2

+
�

1 +
2M
� 2

�
1 +

4
� 2

�
+

a2 sin2 �
� 2

�
1 �

4
� 2

�
+

4a2Q2r2 cos2 �
� 8

�
4 sin2 � d�

�
2
p

2M4
� 2

�
2M

�
1 +

4
� 2

�
+

�
1 �

4
� 2

a

�
a2 sin2 �

� 1=2

sin� dted�

�
2aQ2p

4 sin�
� 5 dted�
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Characteristics of vacuum-I

Ergosphere condition:Gtt Grr 6= 0 = ) Rotating charged black hole

Ergosphere radii:

r �
ergo = 2aMnp cos�

 

1 �

s

1 �
1

4Mnp
2 cos2 �

!

:

where the rede�ned massMnp = M
Q and Q is a non-linear charge

=) Ergosphere is sourced by aS2-symmetry breaking parameter

LinearQ ! Classical black hole

Event horizon radius: rh =
p

2M � a2

Charge independence
=) Degenerate Kerr-Newman quantum vacuum

( Entropy does not depend onQ )
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Quantum vacuum-II:

After inverse projection:

ds2 =
�

1 �
2M
� 2 �

Q2

� 6

�
4 �

4r2a2 cos2 �
� 2

��
dt2

e

+
�

1 �
2M � a2 sin2 �

� 2 �
Q2

� 24

�
1 �

4r2a2 cos2 �
� 4

�� � 1

dr2

+
�

1 �
a2Q2

� 6

�
sin2 � +

4r2a2 cos2 �
� 2

��
� 2 d� 2 +

2aQ2p
4 sin�

� 5 dted�

+
�

1 +
2M
� 2

�
1 +

4
� 2

�
+

a2 sin2 �
� 2

�
1 �

4
� 2

�
�

4a2Q2r2 cos2 �
� 8

�
4 sin2 � d

�
2
p

2M4
� 2

�
2M

�
1 +

4
� 2

�
+ a2 sin2 �

�
1 �

4
� 2

�� 1=2

sin� dted�

Ergo radius : rergo = a
�

2a2

M
cos2 � � 1

� � 1=2
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Characteristics of vacuum-II

Event horizon radius:rh =
p

2M � a2

=) Charge independence of entropy
=) Degenerate Kerr-Newman quantum vacuum

In a limit: Q! 0
=) Vacuum degeneracy disappears
�! Kerr black hole in Einstein gravity

However the emergent geometries on a gravitational pair of (3�3)-brane
=) An extra �fth dimension
=) Quintessence is indeed prevailed in the string-brane set-up

Extra dimension! transverse scalar �eld dynamics to a pair of (3�3)
(Derived from the DBI dynamics on aD4-brane)
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Classical limit�! Black holes

In limit � a ! 4 , Quantum vacuum-II reduces:

ds2 = �
�

1 �
2M
� 2 �

Q2

� 4

�
dt2 +

�
1 �

2M � a2 sin2 �
� 2 �

Q2

� 4

� � 1

dr2

+ � 2 d� 2 +
�

1 +
4M
� 2

�
4 sin2 � d� 2 �

4M
p

24
� 2 sin� dtd�

Event horizon radius:

re =

s
r2
h � a2 cos2 � +

2

0

@1 +

vu
u
t 1 +

4a2r2
h cos2 � + + 4Q2

�
r2
h � a2 cos2 � +

� 2

1

A

1=2

On equatorial plane:

re ! rh

�
1 +

Q2

2r4
h

�
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Analysis

Q®

r h
®

M‰

¬ Q

rh

Radius varies directly with nonlinear chargeQ
(unlike to that in Reissner-Nordstrom)

Single horizon =) Parameters (M; Q) are not independent
M may be rede�ned withQ
to incorporate the dynamical e�ects at the event horizon:

Ma = M
�

1 +
Q2

2M� 2

�

horizon
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4D Kerr(Newmann) black hole with an extra dimension

The rede�ned geometry describes Kerr black hole in Einsteinvacuum:

ds2 ! �
�

1 �
2Ma

� 2

�
dt2 +

�
1 �

2Ma � a2 sin2 �
� 2

� � 1

dr2 + � 2 d
 2

�
4Ma

p
2

�
sin� d� dt

The quantum vacuum-I in the limit� 2 ! 4 :
=) Kerr-Newmann black hole in Einstein vacuum

ds2 = �
�

1 �
2M
� 2 +

Q2

� 4

�
dt2 +

�
1 �

2M � a2 sin2 �
� 2 +

Q2

� 4

� � 1

dr2

+ � 2 d
 2 �
4Ma

p
2

�
sin� d� dt
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Non-perturbative correction

Quantum patches, in a limit� 2
a ! 4 a via brane window:

ds2 = ds2
Kerr �

Q2

4 2

�
� dt 2

� + dr2�

�
4a2Q2r2 cos2 �

4 4

�
� dt 2 + dr2 + 4 d
 2

a

�
;

where dt� =
�
� dt + asin2 � d�

�
and d
 2

a =
�
d� 2 + a2 sin2 � d� 2

�

NonlinearQ �! Quantum e�ects associate with a at geometry

Quantum gravityon a 3-brane
�! Einstein vacuum +D-brane correction(non-perturbative)
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Limiting geometries:

Black holes on (3�3)3-brane, Parameters:
M > Q > a2

Quantum Kerr(Newman) Exact (degenerate) vacua:
smallM, largea, independent ofQ

Quantum Reissner-Nordstrom Non-perturbative corrected vacuum
smallM, a ! 0, non-linearQ

Quantum Schwarzschild Non-perturbative corrected vacuum
smallM, a ! 0, linearQ

(Low energy) Kerr-Newman Einstein vacuum
largeM, smalla, linear Q

(Low energy) Kerr largeM, smalla, non-linearQ
Reissner-Nordstrom largeM, a ! 0, linearQ

Schwarzschild largeM, a ! 0, non-linearQ
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Quantum gravity degenerate Kerr vacua
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Figure: A schematic diagram in moduli (a2; M ; � Q2) space depicts quantum
gravity vacua on an emergent gravitational pair of(3�3)-brane, separated by an
extra dimension
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Concluding Remarks

Schwinger pair production mechanism is reviewed with renewed
interest for the KR �eld quanta on aD4-brane in presence of a
background (open string) black hole

KR �eld quanta �! Pair production of gravitational (3�3)-brane
universe + an axionic scalar (extra dimension)

D4-brane world-volume covariant derivativer � �! D �

IncorporatesH = dB(KR ) connections
�! Geometric torsionH = dB(NS)

Dynamical NS �eld =) \FAT" ( D) brane to account for the closed
string modes in bulk�! String-Brane Model

The model leading to a gravitational pair of (3�3)-brane takes into
account theQuintessence$ D-instanton dynamics

�! Cosmology: Origin of Dark Energy
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........................................................Concluding Remarks

5D geometric torsion sources Kerr quantum vacua on (3�3)-brane

Charge independence of horizon =) degenerateKerr vacua

Low energy�! Degeneracydisappears
Quantum vacuum�! Kerr family of black holes in Einstein gravity

Quantum Kerr vacua were analyzed for nonperturbative quantum
correction to a low energy string vacuum

Emergent pair of gravitational brane/anti-brane may provide a clue to the
non-perturbativeM-theory

Thank You
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