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Eddy Current Problem

Eddy current problem


∇×H = J,

∇×E = −∂B
∂t

,

∇ · B = 0,

Boundary: flux wall ΓD, gate ΓN

ΓDΓD

ΓD

ΓN

J

DFe

Material relations J = σE and H = ν(|B|)B with ν := µ−1, B := |B|

ν(B) =

{
νFe(B), in DFe,
ν0, in D/DFe,

Assumptions: isotropy, anhysteretic curve
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Eddy Current Equations

Magnetic vector potential formulation (B = ∇× A)

σ
∂

∂t
A +∇× (ν(|∇ × A|)∇× A) = J
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Eddy Current Equations

Vector potential formulation (2D setting), time interval IT
σ∂tu −∇ · (ν(| ∇ u|)∇ u) = J, in IT × D,

u = u0 on {0} × D,

u = 0 on IT × Γ,

2014-08-19 | TU Darmstadt | Fachbereich 18 | Institut Theorie Elektromagnetischer Felder | Ulrich Römer | 6



Eddy Current Equations

Vector potential formulation (2D setting), time interval IT
σ∂tu −∇ · (ν(| ∇ u|)∇ u) = J, in IT × D,

u = u0 on {0} × D,

u = 0 on IT × Γ,

Quantities of Interest (QOI): e.g., multipoles, inductance, ...

Q =
∫
IT

∫
D

q(u,∇ u, ∂tu) dxdt .
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Multipole Expansion

Multipoles, circular contour (rref, θ)

Br (rref, θ) =
∞∑
p=1

[
bp(rref) sin(pθ) + ap(rref) cos(pθ)

]
Dipole

with pole-pair number p , normal bp(rref) and skew coefficients ap(rref).

Relative high-order coefficients (bp/b1 and ap/b1, p > 1) below 10−4.

Multipole coefficients as QOI
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Qp = C
∫ r

0

∫ 2π

0
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Modeling of Uncertainties by Independent
Random Variables

Probability space (Ω,Σ,µ)

Expectation E
[
g
]

=
∫
Ω

g(ω) dµ(ω) (1st moment)

Variance var
[
g
]

= E
[(

g(ω)− E
[
g
])2
]

(2nd centered moment)

k -th moment Mk[g] =
∫
Ω

g(ω)k dµ(ω) (k−th moment)

Random process u(·,ω) = u(·, Y(ω))

Random variables Y = (Y1, ... YM ), Y : Ω→ Π ⊂ RM

Realizations Y(ω) = (Y1(ω), ... , YM (ω)),
independent variables, e.g.
Gaussian Yi ∼ N (0, 1),
uniform Yi ∼ U (−1, 1), ...

-6 -4 -2 2 4 6

0.1

0.2

0.3

0.4

Figure: PDF ofN (0, 1)

2014-08-19 | TU Darmstadt | Fachbereich 18 | Institut Theorie Elektromagnetischer Felder | Ulrich Römer | 9



Stochastic Eddy Current Equations

Weak formulation, for all t ∈ IT , find u ∈ L2(IT , H1
0 (D)),∫

D
σ∂tuv −

∫
D
ν(| ∇ u|)∇ u · ∇ v =

∫
D

Jv , ∀v ∈ H1
0 (D).

Scalar material law f (ω, | · |) = ν(ω, | · |)| · |, random field, f : Ω× R+
0 → R+

0

Here, deterministic shape D, source current J

Finite dimensional noise for f , u, Q, i.e., f (ω, ·) = f (Y(ω), ·)

High-dimensional parametric-deterministic problem u(Y, t , x)
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Stochastic Eddy Current Equations

Weak stochastic formulation, for all t ∈ IT , find u ∈ L2(Ω)⊗ L2(IT , H1
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Uncertainties in the Material Model

Material relation from measurement

(Bms, Hms)→ H = f (B).

Random field

α ≤ ∂B f (ω, B) ≤ β a.s.

Excludes normal or log-normal field

Model according to data from 1

B \ T

H \ A
m

  1 1.3 1.6
 500

1000

1500

2000

1 R. Ramarotafika, A. Benabou, S. Clénet, IEEE Transactions on Magnetics, 2012
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Discretization of Random Field
→ Karhunen-Loève Expansion

Ef and covf known

Eigenvalue problem given by covariance

λϕ(x) =
∫

covf (x , y )ϕ(y ) dy

Discretization with B-splines of degree p, Sp
N

λNMϕN = KϕN

Truncated Karhunen-Loève expansion

fM,N ≈ Ef +
M∑
i=1

√
λN,iϕN,iYi

covf smooth, uniform convergence

‖f − fM,N‖L∞(Ω,C1(I)) . F (N, M)→ 0

  1
1.2

1.4
1.6

  1
1.2

1.4
1.6
    0

 5000

10000

15000
covf

x
y

(scaled) fitted Gauß kernel

corf (x , y ) = e−( x−y
L )2

Correlation length L

Eigenvalue decay justifies

M ≈ 2
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Methods for Uncertainty Quantification:
First Order k-th Moment

First Order k -th moment method
Small perturbation Y = Y + sỸ, approximate moments by linearization of QOI

Stochastic Taylor expansion

Q(Y) = Q(Y) + s ∂Y Q(Y) +O(s2)

Approximation of moments

Mk
[
Q − E

[
Q
]]

= skMk[∂Y Q
]

+O(sk+1)

M small: non-intrusive finite differences

E[Q] ≈ Q and var[Q] ≈ s2
∑
i=1:M

var[Ỹi ]
(

Q(Y + h1i )− Q
h

)2

M large: adjoint problem

1 C. Schwab, R. Todor, Numerische Mathematik, 2003
2 H. Harbrecht, Math. Meth. Appl. Sci., 2009
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Asymptotics of Perturbation Method
Magnetostatic Analysis

Convergence study1 of the perturbation method

Error in mean and variance

Slope 1.98 (mean), slope 3.6 (variance)

10
−2

10
−1

10
−8

10
−6

10
−4

s

er
ro
r

 

 

variance
O(s3)
mean
O(s2)

1 U. R., S. Schöps, T. Weiland, IEEE Transactions on Magnetics, 2014
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Methods for Uncertainty Quantification:
Stochastic Quadrature

Quadrature

E
[
Q(a)

]
≈
∑

k=1:N

wk f
(
A(Y(k ))

)
var
[
Q(a)

]
≈
∑

k=1:N

wk
(
f
(
A(Y(k ))

)
− E

[
f (a)
])2

Stochastic approach: Monte Carlo
large number N of samples, i.e., full simulations
convergence independent of number of variables
each simulation has equal weight wk = 1/N
samples are stochastic, i.e., obtained by random generator

Deterministic approach: Collocation
efficient for a small number of random variables
approximation of PDF with generalized Polynomial Chaos
weights wk and samples are determined by quadrature
rules e.g. Gauss-Hermite for normally distributed variables
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Standard Deviation Multipole Coefficients

Standard deviation of multipole coefficients (MC, Perturbation and gPC)

T

2.05

2.07

2.09
multipoles

gPC (p = 4)
Perturbation
Monte Carlo

1 3 5 7 9

0.0002

0.0006

0.001

harmonics

iron yoke (DFe)

beam pipe (D0)

windings (DCu, excited by Jz)
ΓN

ΓD

ΓD

ΓD

ΓD

air inclusion (D0)

elliptic contour

input uncertainties up to
≈ 15%
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Computational Cost

Error w.r.t. polynomial chaos solution (p = 4)

1 2 3
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

 

 

gPC

Perturbation

p

error in std b1

(p + 1)M eval. (gPC)

M + 1 eval. (Perturbation)

iron yoke (DFe)

beam pipe (D0)

windings (DCu, excited by Jz)
ΓN

ΓD

ΓD

ΓD

ΓD

air inclusion (D0)

elliptic contour
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FEM Computation of Multipole Coefficients

Multipoles and UQ: high accuracy vs. cheap evaluation

Approximation of multipole bp involves two steps:
FEM solution uh

Evaluate bp,h =
∫

Dobs
q(uh,∇ uh) dx

Consider error splitting: ε = εloc + εpol, where local error stems from

−∇ · (ν0∇uloc) = 0, in Dobs,

uloc = u, on ∂Dobs

Convergence order for local error and lowest order FEM

|bp − bp,h| = O(h2)

Accelerate convergence through defect correction1 → O(h4)

1 M. Giles, E. Süli, Acta Numerica 2002
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Defect Correction

Defect correction steps
Post-process the FEM solution u∗

h , e.g., spline interpolation

Compute defect uh − u∗
h

One additional iterate within Newton scheme

Simple example for Laplace
equation

Radial basis functions (rbf):
unstructured meshes, but
lower convergence
expected

Splines: local structured
meshes, full convergence

10
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stand.
dc spl
dc rbf
O(h2)
O(h4)
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Summary and Conclusions

Uncertainties of eddy current problem w.r.t. material data

KL representation of random field with shape constraints

Uncertainty vs. high-dimensional quadrature

Perturbation method for cheap uncertainty propagation

Method can be nonintrusive

Predicted asymptotic convergence in s observed
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Thank you for your attention
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Numerical Example

comparison to parametric/stochastic
models 1,2,3

e.g., stochastic Brauer model 3

f (Y, x) = x(Y1 eY2x2
+Y3)

model Yi ∼ (1 + 0.05U (−1, 1))

define error ε = ‖f − fM,N‖L2(Ω×I) 1 2 3

0.1

0.2

0.3

 

 
Cimrak

Brillouin

Brauer

M

re
l.
ε

1 E. Rosseel, H. De Gersem, S. Vandewalle, Communications in Computational Physics, 2010
2 I. Cimrak, SIAM Journal on Numerical Analysis, 2012
3 J.R. Brauer, IEEE Transactions on Magnetics, 1975
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Discrete Approximation and Cost

E[∂Y Q(Y)2] =
∫
IT

∫
DFe

∫
IT

∫
DFe

Corν̃ (B(t , x), B(s, y ))α(t , x)α(s, y ) dxdt dyds

For KL we have

Corν̃ (B(t , x), B(s, y )) ≈
M∑
i=1

λi ϕ̂i (B(t , x))ϕ̂i (B(s, y ))

Discretization with lowest order FEM and Backward Euler in time

Cost Integral: Direct O(N2
h N2

∆t ),→ Monte-Carlo integration
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SIS100 Multipole Coefficients
Time Domain Analysis

Time domain gPC analysis of ramping1

IEEE TRANSACTIONS ON APPLIED SUPERCONDUCTIVITY, VOL. 18, NO. 2, JUNE 2008 1613

Transient Finite-Element Simulation of the
Eddy-Current Losses in the Beam Tube of

the SIS-100 Magnet During Ramping
H. De Gersem, S. Koch, S. Y. Shim, E. Fischer, G. Moritz, and T. Weiland

Abstract—The field quality of the GSI SIS-100 magnet is in-
fluenced by the eddy currents generated in the conductive beam
tube during ramping. The eddy-current losses are computed
on the basis of a transient 2D finite-element model. A sufficient
accuracy is guaranteed by adaptively refining the mesh and by
the use of error-controlled adaptive time integrators. The 2D
model is accomplished by an analytical model dealing with the
closing of the currents at the end parts of the beam tube and thus
incorporating the most significant 3D effect. The time dependence
of the field quality reveals significant differences at low aperture
fields, especially for the sextupole component at the beginning of
the ramping. Also without conductive beam tube and for low field
values, the relative sextupole and decapole components depend
on the magnitude of the field, which indicates the presence of a
nonlinear effect. When the magnet operates at an injection field,
the magnetic flux density in the bridge of the iron yoke is already
saturated. Hence, the saturation pattern in and around this bridge
changes immediately at the start of the ramping, resulting in a
changing field quality.

Index Terms—Beam-tube losses, finite-element simulation, su-
perconductive magnets, transient methods.

I. INTRODUCTION

THE Gesellschaft für Schwerionenforschung (GSI) in
Darmstadt will be extended with new accelerator facil-

ities during the upcoming years. Part of the new Facility for
Heavy-Ion Research (FAIR) is the SIS-100 synchrotron which
will be equipped with a large number of superconductive dipole
magnets. The SIS-100 magnet design is based on the Nuclotron
design which has been changed in order to meet the particular
requirements of the SIS-100 synchrotron. The final design

Manuscript received August 20, 2007. S. Koch is supported by the
Graduiertenkolleg “Technik und Physik von Beschleunigern” of the Deutsche
Forschungsgemeinschaft (DFG) and by the “Gesellschaft für Schwerionen-
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Germany (e-mail: koch/thomas.weiland@temf.tu-darmstadt.de).
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Color versions of one or more of the figures in this paper are available online
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Fig. 1. Magnetic flux density in the aperture for a typical cycle of operation of
the SIS-100 magnet.

consists of a ferromagnetic yoke, superconductive coils and
a stainless-steel beam tube [1], [2]. The SIS-100 synchrotron
will be ramped at a relatively large rate. A typical cycle of
operation is shown in Fig. 1. The aperture field is increased
from an injection field of up to a maximal field
of in with a ramp rate of 4 T/s.
During extraction, the field is kept constant for 0.1 s. Then, the
aperture field is decreased at the same rate and the injection
field is kept constant for 0.8 s. Studies on the eddy-current
losses in the end parts of the ferromagnetic yoke are reported in
[3]–[7] and have led to several changes in the original design. In
this paper, the influence of the rapidly changing aperture field
on the stainless-steel beam tube is investigated [8], [9]. Both
the eddy-current losses per cycle and the higher-harmonic aper-
ture-field component during all stages of the cycle have been
simulated. An analytical beam-tube model serves as a reference
whereas two spatially perpendicular 2D finite-element models
are set up to incorporate the saturation of the iron yoke and to
deal with the spatial dependence of the eddy-current densities.

II. ANALYTICAL MODEL

A very simple analytical model is based on two assumptions.
The first one assumes a homogeneous dipole field through the
beam tube and neglects the influence of the induced eddy cur-
rents on the magnetic field. The second assumption neglect all

1051-8223/$25.00 © 2008 IEEE
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simplified model of small material perturbation (Brauer’s model)
uncertainty of sextupole: maxt (E± std) ≈ 10−4 ± 10−5 T

1 H. De Gersem, S. Koch, S. Y. Shim, E. Fischer, G. Moritz, and T. Weiland, IEEE Transactions on Applied Superconductivity, 2008
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