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Motivations and history of massive gravity

Motivations

. Have a better understanding of massive spin-2 fields.

. Explain the accelerated expansion of the Universe by a
modification of GR at long distance.

Massive gravity : a brief historical review

. Fierz-Pauli linear massive gravity theory (1939),
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Fierz-Pauli theory (1939)

Sh,m = −1

2
M̄2
h

∫
d4x hµν

[
Eµνρσ +

m̄2

2
(ηρµησν − ηµνηρσ)

]
hρσ

E ρσ
µν hρσ ≡ − 1

2

[
δρµδ

σ
ν� + ηρσ∂µ∂ν − δρµ∂σ∂ν − δρν∂σ∂µ − ηµνηρσ� + ηµν∂

ρ∂σ
]
hρσ

δĒµν ≡ E ρσ
µν hρσ +

m̄2

2

(
hµν − h ηµν

)
= 0

I Field eqs. for a massive graviton that has 5 degrees of freedom.

. ∂νδĒµν =⇒ 4 vector constraints : ∂µhµν − ∂νh = 0.

. Taking another divergence : 2∂µ∂νδĒµν + m̄2ηµνδĒµν = − 3
2m̄

4h.

. Scalar constraint h = 0.

I It is the only linear massive gravity theory free of ghost.

I But it needs to be generalized to a non-linear theory.
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Motivations and history of massive gravity

Massive gravity : a brief historical review

. Fierz-Pauli linear massive gravity theory (1939),

. van Dam, Veltman and Zakharov (vDVZ) discontinuity (1970):
FP does not recover GR in the massless limit,

. Vainshtein mechanism (1972): have to take into account the
non-linearities,

. Boulware Deser (BD) ghost (1972): a ghost-like 6th dof
reappears in any non-linear massive gravity theory,

. de Rham, Gabadadze and Tolley (dRGT) theory (2011):
non-linear theory free of the BD ghost.
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The dRGT massive gravity theory [de Rham, Gabadadze, Tolley, 2010]

S = M2
g

∫
d4x
√
|g|
[
R(g)− 2m2V (S;βn)

]
,

V (S;βn) =

3∑
n=0

βnen(S) ,

. Square-root matrix Sµν =
[√

g−1f
]µ
ν
,

. en(S) elementary symmetric polynomials:

e0(S) = 1 , e1(S) = Tr[S] , e2(S) =
1

2

(
Tr[S]2 − Tr[S2]

)
,

e3(S) =
1

6

(
Tr[S]3 − 3Tr[S]Tr[S2] + 2Tr[S3]

)
I No BD ghost.
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Bimetric theory (1) [Hassan, Rosen 2012]

S = M2
g

∫
d4x
[√
|g|R(g) + α2

√
|f |R(f)− 2m2

√
|g|V (S;βn)

]
,

. V (S;βn) =
∑4
n=0 βnen(S) ,

. Square-root matrix Sµν =
[√

g−1f
]µ
ν
,

. en(S) elementary symmetric polynomials:

e0(S) = 1 , e1(S) = Tr[S] , e2(S) =
1

2

(
Tr[S]2 − Tr[S2]

)
,

e3(S) =
1

6

(
Tr[S]3 − 3Tr[S]Tr[S2] + 2Tr[S3]

)
, e4(S) = det(S) .

. No BD ghost.

I Interchange symmetry:

α−1gµν ↔ αfµν , α4−nβn ↔ αnβ4−n .
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Bimetric theory (2)

S = M2
g

∫
d4x
[√
|g|R(g) + α2

√
|f |R(f)− 2m2

√
|g|V (S;βn)

]
,

V (S;βn) =
∑4
n=0 βnen(S) and Sµν = [

√
g−1f ]µν .

Field equations 
Eµν ≡ Gµν +m2 Vµν = 0 ,

Ẽµν ≡ G̃µν +
m2

α2
Ṽµν = 0 .

Vµν = gµρ

3∑
n=0

(−1)nβn

n∑
k=0

(−1)kek(S)[Sn−k]ρν ,

Ṽµν = fµρ

3∑
n=0

(−1)nβ4−n

n∑
k=0

(−1)kek(S−1)[Sk−n]ρν .
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Linearised field equations around a background solution

Metrics expansion: gµν → gµν + δgµν , fµν → fµν + δfµν
δEµν ≡ δGµν +m2δVµν = 0 ,

δẼµν ≡ δG̃µν +
m2

α2
δṼµν = 0

δGµν = − 1
2

[
δρµδ

σ
ν∇2 + gρσ∇µ∇ν − δρµ∇σ∇ν − δρν∇σ∇µ − gµνgρσ∇2

+gµν∇ρ∇σ + gµνR
ρσ − δρµδσνR

]
δgρσ ,

δVµν = gρσVσνδgµρ

− gµρ
3∑

n=1

(−1)nβn

n∑
k=1

(−1)k
{

1

2

[
Sn−k

]ρ
ν

k∑
m=1

(−1)mek−m(S)
[
Sm−2δS2

]σ
σ

+ ek−1(S)

n−k∑
m=0

[
SmδSSn−k−m

]ρ
ν

}
.
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n∑
k=1

(−1)k
{

1

2

[
Sn−k

]ρ
ν

k∑
m=1

(−1)mek−m(S)
[
Sm−2δS2

]σ
σ
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[
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]ρ
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}
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Laura BERNARD (IAP, GRεCO) Massive graviton on general backgrounds 16/12/2015



Method 1: Variation of the matrix S

To linearised the field equations we first need to obtain the perturbed
matrix S.

Sylvester equation: AX −XB = C

Sµν (δS)
ν
σ + (δS)

µ
ν S

ν
σ = δ[S2]µσ .

I Unique explicit solution for δS iff S and −S do not have
common eigenvalues ⇐⇒ X ≡ e31 + e1S

2 is invertible.

δS =
1

2
X−1

4∑
k=1

k−1∑
m=0

(−1)me4−k(S)Sk−m−2δS2Sm ,

I δS contains more than 30 terms in massive gravity (60 in
bimetric gravity)!
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Method 2: Redefined fluctuation variables

Redefinition of the perturbation variable

δgµν =
(
δβµS

λ
ν + δβνS

λ
µ

)
δg′βλ

δfµν =
(
δβµ [S−1]λν + δβν [S−1]λµ

)
δf ′βλ

. We can express all other variation of variables as a function of
δg′βλ and δf ′βλ.

Invertibility of the definitions

g−1δg = S g−1δg′ + g−1δg′ S

I Sylvester equation: unique solution for g−1δg′ iff S and −S
do not have common eigenvalues.

I δS = −g−1δg′S2 + S−1g−1δf ′S−1: only two terms in δS.
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Search for a scalar constraint

Counting the degrees of freedom

. 4 vector constraints: ∇νδEµν = 0

. Scalar constraint: unlike in the F-P theory, it cannot be obtained
from a linear combination of gµνδEµν and ∇µ∇νδEµν .

Generalised traces and divergences of the field equations

1. We define all possible ways of tracing δEµν with Sµν :

Φ
(g,f)
i ≡ [Si]µν δE(g,f)

µν , 0 ≤ i ≤ 3

Ψ
(g,f)
i ≡ [Si]µν∇ν∇λ δE(g,f)

λµ 0 ≤ i ≤ 3 .

2. Find a linear combination of these 16 scalars for which the 2nd
derivative terms vanish:

3∑
i=0

(
ui Φ

(g)
i + vi Ψ

(g)
i

)
+

3∑
i=0

(
Ui Φ

(f)
i + Vi Ψ

(f)
i

)
∼ 0,
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A particular case in massive gravity: the beta 1 model

We assume β2 = β3 = 0 and fµν arbitrary but non-dynamical.

Field equations

Gµν +m2
[
β0 gµν + β1 gµρ

(
e1(S)δρν − Sρν

)]
= 0 ,

It can be solved for Sµν :

Sρν =
1

β1m2

[
Rρν −

1

6
δρνR−

m2β0
3

δρν

]
.

I It is only possible in the β1 model.

I It can be used to eliminate any occurrences of S (or f) in the
linearised field equations.
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A particular case: the beta 1 model

. In the β1 model, we can express the linearised field equations as
a function of gµν and its curvature.

. We now take these equations as our starting point, no
more assuming that gµν is a background solution.

The fifth scalar constraint

−m
2 β1 e4

2
Φ0 − e3 Ψ0 + e2 Ψ1 − e1 Ψ2 + Ψ3 = 0 .

I Massive graviton (with 5 dof) propagating on a single
arbitrary background.
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Beyond the beta 1 model: general massive gravity

Ψ = [S−1]µν∇ν∇λ δEλµ = 1
e4

(e3 Ψ0 − e2 Ψ1 + e1 Ψ2 −Ψ3) .

1. β3 = 0

m2 β1
2

Φ0 +m2 β2 Φ1 + Ψ = 0 .

2. β3 6= 0

m2 β1
2

Φ0 +m2 β2 Φ1 −m2 β3
(
Φ2 − e1Φ1 + 1

2e2 Φ0

)
+ Ψ

∼ m2β3
(
Sµλ[S2]νβ − Sµν [S2]βλ

)
∇µ∇νδg′βλ .

I It is not a covariant constraint but all the second
time derivatives acting on the lapse and shifts vanish.
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Going back to bimetric theory

I Problematic terms: [S−1]νκ∇κ∇µδfVµν + [S]νκ∇̃κ∇̃µδgṼµν ,

I Repeating the same analysis using the interchange symmetry, we
could not find a covariant constraint.

I Performing a 3+1 decomposition =⇒ all the 2nd-time derivative
acting on the lapse or shifts in the problemetic terms disappear.

m2 β1
2

Φ
(g)
0 +m2 β2 Φ

(g)
1 −m2 β3

(
Φ

(g)
2 − e1Φ

(g)
1 + 1

2e2 Φ
(g)
0

)
+Ψ

(g)
+ (interchange symmmetry g ↔ f) = 0
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Conclusion

. Linearised equations of bimetric theory in the general case,

. Condition for linearisation: S and −S do not have common
eigenvalues.

. Consistent theory for a massive graviton propagating in a single
arbitrary background metric (β1 model).

. Five covariant constraints in the metric formulation of massive
gravity, when β3 = 0.

. Non-covariant scalar constraint when β3 6= 0 and in bimetric
theories.

I Interesting applications: cosmological pertubations, Higuchi
bound, partial masslessness...
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