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• Initial fluctuations affect final hydrodynamical flows

From B. Schenke @ QM 2012

What can we learn  from initial state fluctuations

• Which dynamical information can we extract from the measurements ? 

Present descriptions seem to rely on too many ‘details’….



!
(Note: nucleon-nucleon correlations are small corrections)
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One needs a description where irrelevant details do not stand prominently
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MATT LUZUM (IPHT) FLOW FLUCTUATIONS QUARK MATTER 2011 6 / 9Figure 2. Schematic diagram illustrating the simultaneous orientation of directed
( 1), elliptic ( 2), and triangular flow ( 3) in relation to the initial distribution of
participant nucleons in a single event from a Glauber Monte Carlo [19].

approximation in lumpy, event-by-event hydrodynamic calculations [9, 10, 11]. In this

context, one can see that the expression is just the first term in a controlled expansion,

with corrections coming from terms higher order in m ("
4,2 / {r4e2i�}), or in the Taylor

series ("3PP ).

As an aside, it should by now be clear that v

2

can not depend on a term that is

linear in "

3,3, as proposed in Ref. [10], because it does not have the correct symmetries.

It would have to depend on combinations like "

3,3"
⇤
3,1 or "2

3,3"
⇤2
2,2, etc.

Similar approximate proportionality relations have been found to reasonably well

describe the results for v
3

[10, 11] and v

1

[12], while v
4

and v

5

are more complicated [11].

In retrospect, this is unsurprising since the possible v

4

terms "
4,4 and "

2

2,2 are typically

of the same size, with the former being more important in central collisions and the

latter more important in peripheral collisions, in agreement with results from Ref. [11].

Explicitly this could read something like:

hei4�i = v

4

e

in 4 = C

1

{r2e2i�}2

{r2}2

+ C

2

{r4e4i�}
{r4} (9)

A similar statement can be made about the dependence of v
5

on "

5,5 and "

3,3"2,2.

The hydrodynamic response has been confirmed to significantly damp higher

harmonics [18], in agreement with data [2]. Thus, once the hydrodynamic response is

mapped out for the first ⇠6 flow harmonics to the order desired, for each centrality and

each set of parameter values, all useful information about the hydrodynamic model is

known. This makes it clear exactly what properties of the initial geometry are important,

and allows one to quickly calculate correlations arising from an arbitrary set of initial

conditions.

4. Flow vs. data

Now that we have a picture of flow, one can look in detail at the long-range two-particle

correlation data to see whether they quantitatively agree with this picture, or if one

should instead conclude that other correlations are likely to be present.

Various sources of  fluctuations

Positions of individual nucleons (Glauber Monte Carlo) 

Subnucleonic fluctuations 

Popular modelling: sources of local energy density
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Consider the local energy density as a random field 
(Note: related effort by S. Floerchinger and U. Wiedemann)

fluctuating quantities (=unknown) : position, strength, shape, etc. 

From M. Luzum, 1107.0592

usually added on top of position fluctuations



Consider the energy density as a random field 

(Note: analog to the shift from Lagrangian to

Eulerian coordinates in fluid dynamics) 

encodes all sources of fluctuations, 

irrespective of their nature

Note : focus here on central collisions (zero impact parameter)

Coarse graining

P[⇢(z)]

⇢(z)

What is P ?

Essentially (not exactly) a Gaussian, 

with a short range 2-point function

The probability distribution for this random field, 

(Effective theory for long wavelength fluctuations)



Only the 2-point function of P is needed to calculate the fluctuations of eccentricities

⇢(z) = h⇢(z)i + �⇢(z)

the calculation of the eccentricities en, with n small, involves only the lowest
(small k) Fourier coe�cients �⇢k of the fluctuation �⇢(r) =

R
k e

ik·r
�⇢k [10].

This automatically eliminates the rare fluctuations where �⇢(r) can be locally
large (spikes). We return to this issue in the next section.

We then assume that, for the long wavelength fluctuations, �⇢(z) ⌧ h⇢(z)i,
and choose the coordinate system such that h⇢(z)i is centered; in particular,
at vanishing impact parameter, h⇢(z)i has azimuthal symmetry. The center of
mass of ⇢(z) is still given by Eq. (4) with ⇢(z) in the numerator replaced by
�⇢(z): it follows therefore that z0 di↵ers from the origin of the coordinate system
by a small amount, of order �⇢/h⇢i. A simple calculation then yields, to linear
order in the fluctuation,

e0 =

Z

z
|z|2[h⇢(z)i+ �⇢(z)], e1 =

Z

z
[z2z̄ � 2hr2iz]�⇢(z),

en =

Z

z
z

n
�⇢(z), (6)

where we have set

hr2i ⌘
R
z |z|

2h⇢(z)iR
z h⇢(z)i

, (7)

and we have used symmetries of h⇢(z)i to eliminate some terms.

The anisotropic flow coe�cients vn that are experimentally measured, are
not directly related to the en’s, but are rather proportional to the dimensionless
ratios [2, 10] defined, in a centered system, by

"n ⌘
R
z z

n
⇢(z)R

z |z|n⇢(z)
, "1 =

R
z z

2
z̄ ⇢(z)R

z |z|3⇢(z)
. (8)

It has been shown indeed that the relation vn / "n, is well satisfied in ideal
hydrodynamics [33, 34, 35], and even better so in viscous hydrodynamics [36].
Note that with the sign convention chosen in Eq. (8) (which di↵ers from that in
Ref. [10]) the response coe�cients vn/"n are negative. Similarly, we define "0

by dividing e0 by the total energy:

"0 =

R
z |z|

2
⇢(z)R

z ⇢(z)
. (9)

This (dimensionful) quantity represents the mean square radius of the distribu-
tion in an individual event. It is distinct from (7) which involves the average
density.

Expanding the scaled moments (8), (9) in powers of the fluctuation, we
obtain, to leading order,

"0 = hr2i+
R
z �⇢(z)(|z|

2 � hr2i)R
zh⇢(z)i

, (10)
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and

"n =

R
z z

n
�⇢(z)R

z |z|nh⇢(z)i
, "1 =

R
z [z

2
z̄ � 2zhr2i] �⇢(z)R
z |z|3h⇢(z)i

. (11)

Note that, at this order, only "0 contains a contribution unrelated to fluctu-
ations, all eccentricities "n with n � 1, being entirely due to fluctuations for
central collisions (the numerators of Eq. (11) are proportional to �⇢, the contri-
butions of h⇢i being zero for symmetry reasons).

The situation is di↵erent at non zero impact parameter. The calculations
of the eccentricities for finite b are straightforward extensions of those just pre-
sented for b = 0, and lead to corrections to the formulas above. Just as an
illustration, let us indicate the expressions of "2 and "3 at finite b and to lead-
ing order in the fluctuation:

"2 =
hz2i
hr2i +

R
z [z

2 � |z|2hz2i/hr2i] �⇢(z)R
z |z|2h⇢(z)i

, hz2i ⌘
R
z z

2h⇢(z)iR
z h⇢(z)i

,

"3 =

R
z [z

3 � 3hz2iz] �⇢(z)R
z |z|3h⇢(z)i

, (12)

where the averages are taken here for a non vanishing impact parameter. Now,
"2 also contains a correction independent of the fluctuation, whose physical in-
terpretation is clear: the contribution hz2i/hr2i represents the usual average
eccentricity related to the “almond” shape of the collision zone. The odd har-
monics, on the other hand, such as "3, remain entirely due to fluctuations.

We return now to the case b = 0. Since the eccentricities are linear in �⇢,
their variances can be easily determined in terms of the two-point function of
the probability distribution, defined as

S(z1, z2) ⌘ h�⇢(z1)�⇢(z2)i = h⇢(z1)⇢(z2)i � h⇢(z1)ih⇢(z2)i. (13)

Equation (10) yields

h�"

2
0i =

R
z1z2

(|z1|2 � hr2i])(|z2|2 � hr2i)S(z1, z2)
�R

z h⇢(z)i
�2 (14)

while the mean square (ms) eccentricities are given by

h�"

2
ni = h"n"̄ni =

R
z1z2

z

n
1 z̄

n
2 S(z1, z2)

�R
z |z|nh⇢(z)i

�2 ,

h�"

2
1i = h"1"̄1i =

R
z1z2

(|z1|2 � 2hr2i)(|z2|2 � 2hr2i) z1z̄2 S(z1, z2)
�R

z |z|3h⇢(z)i
�2 .

(15)

These formulas are general. They show that, in the regime of small fluc-
tuations, the eccentricities and their variances are determined entirely by the
average density and the two-point function of the probability distribution func-
tion P [⇢].
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• S summarizes the main information on local fluctuations and correlations

• Eccentricities and their variances are sensitive only to the « long 
wavelength » fluctuations 

(L. Yan and D. Teaney, 1010.1876)

Relevant fluctuations are those that enter the calculation of eccentricities

(small fluctuations)



3. Simple ansatz for the two-point function

At this point, it is instructive to consider a simple ansatz for the two-point
function. This ansatz is motivated by considerations that will be discussed in
the next section, as well as by the connection that it allows with simple models
that have already been used to calculate the eccentricities. We assume that the
two-point function is of the form

S(z1, z2) = A(z1)�(z1 � z2) +Bf(z1)f(z2), (16)

where �(z1�z2) = �(x1�x2)�(y1�y2), and the dependence of A on z is through
its dependence on h⇢(z)i, in other words, A is a function of h⇢(z)i. In Eq. (16),
B is a constant and f some function, whose general determination is delayed
till next section. However, an important practical case, as we shall see later,
is f(z) = h⇢(z)i. In this case the term proportional to B in Eq. (16) does not
contribute to the variances (14) and (15). Inserting ansatz (16) into Eqs. (14)
and (15) yields:

h�"

2
0i =

R
z A(z)(|z|2 � hr2i)2

�R
z h⇢(z)i

�2 , h"1"̄1i =
R
z(|z|

2 � 2hr2i)2|z|2A(z)
�R

zh⇢(z)|z|3i
�2 ,

h"n"̄ni =
R
z |z|2n A(z)

�R
zh⇢(z)|z|ni

�2 . (17)

The function A(z) is unknown at this stage. However, the success of the model
of independent sources, that we shall introduce shortly, suggests that a linear
dependence on the average density may be a good approximation. For this
particular choice, namely A(z) = A h⇢(z)i, with A constant, the formulas above
simplify further:

h�"

2
0i =

AR
zh⇢(z)i

⇥
hr4i � hr2i2

⇤
,

h"1"̄1i =
AR

zh⇢(z)i
hr6i � 4hr4ihr2i+ 4hr2i3

hr3i2 ,

h"n"̄ni =
AR

zh⇢(z)i
hr2ni
hrni2 . (18)

These formulas give the eccentricities as products of a “geometrical” factor that
depends on the specific observable, and a dimensionless coe�cient A/

R
zh⇢(z)i,

independent of the observable, that characterizes the magnitude of the local
fluctuations of the energy density. At this point, it cannot be determined oth-
erwise than by fitting the eccentricities to experimental data. However, further
insight can be gained by considering the model of independent sources that we
just alluded to.

This model can be viewed as a parametrization of the continuous energy
density ⇢(z) is in terms of “sources” [2, 33, 37]. One writes, typically

⇢(z) = E0

NsX

i=1

�(z � zi),

Z

z
⇢(z) = NsE0, (19)
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Fluctuations are correlated on short distances (subnucleonic)

Short wavelength fluctuations simply renormalize  A
They are not directly visible in the eccentricities

Simple ansatz for the 2-point function

NB. This  reproduces results obtained previously with independent sources 
(Bhalerao, Luzum, Ollitrault, 1107.5485) 

NB.  A is the only thing that one can extract from the data

Typical result

(B is determined by global constraints, e.g           )

A(z) = Ah⇢(z)iwith

Z

z
h�⇢(z)i = 0



The gaussian ansatz

numerator in Eq. (22) is the integral of the short range part of the correlation
function S(z1, z2) in Eq. (20). This is obviously equal to the integral of the
second term, since, as already noticed,

R
z1z2

S(z1, z2) = 0.
The source model is much inspired by the participant picture of the nucleus-

nucleus collisions, and the empirical proportionality between the transverse en-
ergy and the number of participants Npart [25]. Indeed, a comparison of the
model with the Glauber Monte Carlo calculations reveals that the number of
sources is of the order of that of the number of participants Npart (roughly one
half [37]). However, in the present context, the proper interpretation of this
model is that of a parametrization of a continuous field, the fluctuating density
⇢(z). In particular, there is a priori no reason to correlate rigidly the positions
of the sources to those of the participants: in the model discussed above, these
sources are located randomly in the collision area.

It should be emphasized that A(z) need not be a simple linear function of
h⇢(z)i, as we have assumed in the second part of this section (and as it emerges
naturally in the model of independent sources). In fact we have evidence that
in nucleus-nucleus collisions, deviations from this simple behavior occur near
the surface where the average density is small. For instance, Glauber Monte
Carlo calculations suggest a specific type of correlations, that we dubbed “twin
correlations, which lead to a renormalization of the short range part of the two-
point function [40]. For the sake of illustration, we take these into account by
assuming that h⇢(r)i = ⇢ is uniform within a disk of unit radius, such that
hr2ni = R

2n
/(n + 1) (with r = |z|), and that A picks up an extra contribution

near the surface, that is, we set A(r) = ⇢(1 + ↵�(r/R � 1)), with ↵ a small
parameter. Then, a simple calculation reveals that the variances h|"1|2i, h|"2|2i,
h|"3|2i are corrected respectively by the factors 1, 1 + 3↵, 1 + 4↵. The same
ordering between "2 and "3 is observed in Monte-Carlo Glauber calculations [40].

4. The probability distribution

The simplest, least biased, picture for the fluctuations of the energy density
in the transverse plane is that of independent fluctuations, with a probability
distribution of the form

P [�⇢] / exp

⇢
�1

2

Z

z1,z2

�⇢(z1)K(z1, z2)�⇢(z2)

�
. (23)

In this expression, the exponent may be seen as the analog of a Landau-Ginsburg
free energy [41]. The kernel K(z1, z2), which depends on the average local
density, is the functional inverse of the two-point function S(z1, z2):

Z

z
K(z1, z)S(z, z2) = �(z1 � z2), h�⇢(z1)�⇢(z2)i = S(z1, z2), (24)

and, as we shall argue soon, for all practical purposes, K(z1, z2) / �(z1 � z2),
and therefore also S(z1, z2) / �(z1 � z2). The distribution (23) is then a local
functional of �⇢(z), describing uncorrelated fluctuations.
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4. The probability distribution

The simplest, least biased, picture for the fluctuations of the energy density
in the transverse plane is that of independent fluctuations, with a probability
distribution of the form

P [�⇢] / exp

⇢
�1

2

Z

z1,z2

�⇢(z1)K(z1, z2)�⇢(z2)

�
. (23)

In this expression, the exponent may be seen as the analog of a Landau-Ginsburg
free energy [41]. The kernel K(z1, z2), which depends on the average local
density, is the functional inverse of the two-point function S(z1, z2):

Z

z
K(z1, z)S(z, z2) = �(z1 � z2), h�⇢(z1)�⇢(z2)i = S(z1, z2), (24)

and, as we shall argue soon, for all practical purposes, K(z1, z2) / �(z1 � z2),
and therefore also S(z1, z2) / �(z1 � z2). The distribution (23) is then a local
functional of �⇢(z), describing uncorrelated fluctuations.
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• Why it is not quite enough

K(z1, z2) ⇠ �(z1 � z2)K is a local operator



Statistics of density fluctuations are those of an ideal gas in the plane

where zi denotes the random location of a source, Ns the number of sources,
and E0 the energy of a source, taken here to be constant for simplicity. If one
considers a class of events with a given transverse energy, then Ns is also a
constant. In this case, the fluctuations are entirely due to the random positions
of the sources in individual events. If the positions of these sources are uncor-
related, the 2-point function is proportional to that of independent particles in
the plane. It reads

S(z1, z2) = E0h⇢(z1)i�(z1 � z2)�
1

Ns
h⇢(z1)ih⇢(z2)i. (20)

This is a particular case of Eq. (16), with A(z) = Ah⇢(z)i, A = E0, and
f(z) = h⇢(z)i, B = 1/Ns. Note that the second term in Eq. (20) ensures
that fluctuations conserve the total number of sources, such that in particularR
z1z2

S(z1, z2) = 0. This feature will be elaborated upon at the end of the next
section. Here we simply notice that it a↵ects only moderately the local fluc-
tuations. To see that, let us assume for simplicity that the average density is
constant on the transverse plane, and consider a small area � ⌧ ⌃, where ⌃ is
the total area of the collision zone. From Eq. (20) one then easily deduces

h�⇢2i = E0

�

h⇢i
⇣
1� �

⌃

⌘
, (21)

where h⇢i = E0Ns/⌃. The last term in this expression, which originates from
the second term in Eq. (20), is indeed negligible if � ⌧ ⌃. In this case, one
recovers, for the number of sources in the area �, N� = ⇢�/E0, the variance
characteristic of Poisson statistics, h�N2

�i = hN�i. By increasing �, one probes
fluctuations of N� over regions that are comparable to the total transverse area
of the collision zone, that is, one looks at long wavelength density fluctuations.
The distribution of N� becomes then a Gaussian, with a width /

p
hN�i. The

relative fluctuations are then small, with
p
h�⇢2�i/h⇢�i2 = 1/hN�i ⌧ 1, which

confirms the validity of the expansion used in Sect. 2, based on the relative
smallness of the amplitude of the long wavelength fluctuations.

More generally, we may characterize the strength of the fluctuations by the
following ratio

R
z1z2

A(z1)�(z1 � z2)
�R

zh⇢(z)i
�2 =

E0R
zh⇢(z)i

=
1

Ns
, (22)

where, in the right hand side, we have used the 2-point function (20) of the source
model. Thus, in this model, the dimensionless parameter that characterizes the
magnitude of the fluctuations is the total number of sources: This is is natural
since, in this model, the fluctuations of the density are entirely determined
by those of the locations of the sources. By substituting 1/Ns for the factor
A/

R
zh⇢(z)i in Eqs. (18), one recovers the expressions derived in Refs. [38, 37]

(see also [39]). Note the ratio in Eq. (22), since it involves integrals over the
transverse plane, provides a global characterization of the fluctuations. The
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When probing large areas, one probes 
long wavelength fluctuations.

Eventually for large areas, the 
distribution becomes gaussian, and 
the fluctuations have small amplitude.

Useful to make contact with the model of independent sources

3. Simple ansatz for the two-point function

At this point, it is instructive to consider a simple ansatz for the two-point
function. This ansatz is motivated by considerations that will be discussed in
the next section, as well as by the connection that it allows with simple models
that have already been used to calculate the eccentricities. We assume that the
two-point function is of the form

S(z1, z2) = A(z1)�(z1 � z2) +Bf(z1)f(z2), (16)

where �(z1�z2) = �(x1�x2)�(y1�y2), and the dependence of A on z is through
its dependence on h⇢(z)i, in other words, A is a function of h⇢(z)i. In Eq. (16),
B is a constant and f some function, whose general determination is delayed
till next section. However, an important practical case, as we shall see later,
is f(z) = h⇢(z)i. In this case the term proportional to B in Eq. (16) does not
contribute to the variances (14) and (15). Inserting ansatz (16) into Eqs. (14)
and (15) yields:

h�"

2
0i =

R
z A(z)(|z|2 � hr2i)2

�R
z h⇢(z)i

�2 , h"1"̄1i =
R
z(|z|

2 � 2hr2i)2|z|2A(z)
�R

zh⇢(z)|z|3i
�2 ,

h"n"̄ni =
R
z |z|2n A(z)

�R
zh⇢(z)|z|ni

�2 . (17)

The function A(z) is unknown at this stage. However, the success of the model
of independent sources, that we shall introduce shortly, suggests that a linear
dependence on the average density may be a good approximation. For this
particular choice, namely A(z) = A h⇢(z)i, with A constant, the formulas above
simplify further:

h�"

2
0i =

AR
zh⇢(z)i

⇥
hr4i � hr2i2

⇤
,

h"1"̄1i =
AR

zh⇢(z)i
hr6i � 4hr4ihr2i+ 4hr2i3

hr3i2 ,

h"n"̄ni =
AR

zh⇢(z)i
hr2ni
hrni2 . (18)

These formulas give the eccentricities as products of a “geometrical” factor that
depends on the specific observable, and a dimensionless coe�cient A/

R
zh⇢(z)i,

independent of the observable, that characterizes the magnitude of the local
fluctuations of the energy density. At this point, it cannot be determined oth-
erwise than by fitting the eccentricities to experimental data. However, further
insight can be gained by considering the model of independent sources that we
just alluded to.

This model can be viewed as a parametrization of the continuous energy
density ⇢(z) is in terms of “sources” [2, 33, 37]. One writes, typically

⇢(z) = E0

NsX

i=1

�(z � zi),

Z

z
⇢(z) = NsE0, (19)
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where zi denotes the random location of a source, Ns the number of sources,
and E0 the energy of a source, taken here to be constant for simplicity. If one
considers a class of events with a given transverse energy, then Ns is also a
constant. In this case, the fluctuations are entirely due to the random positions
of the sources in individual events. If the positions of these sources are uncor-
related, the 2-point function is proportional to that of independent particles in
the plane. It reads
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⌘
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where, in the right hand side, we have used the 2-point function (20) of the source
model. Thus, in this model, the dimensionless parameter that characterizes the
magnitude of the fluctuations is the total number of sources: This is is natural
since, in this model, the fluctuations of the density are entirely determined
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transverse plane, provides a global characterization of the fluctuations. The
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Why a Gaussian is a good approximation

⌃

�



Why P is not quite a Gaussian

• Non trivial cumulants

• The distribution of eccentricity is not gaussian

• it would be only if the relation between eccentricity and 
density fluctuation was linear, and it is not


• besides, there is a constraint 

• do they signal non trivial dynamics ?
• or reflect simply the fact that the probability distribution 

obeys simple constraints, e..g. ⇢(z) = h⇢(z)i + �⇢(z) � 0

2
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FIG. 1. (Color online) Histogram of the distribution of
ε2 obtained in a Monte-Carlo Glauber simulation of a p-Pb
collision at LHC, and fits using Eqs. (2)-(4).

around each participant nucleon with a normalization
that fluctuates [28]. These fluctuations, which increase
anisotropies [29], are modeled as in Ref. [20]. We have se-
lected events with number of participants 14 ≤ N ≤ 16,
corresponding to typical values in a central p-Pb colli-
sion.
We now compare different parameterizations of this

distribution, which we use to fit our numerical results.
The first is an isotropic two-dimensional Gaussian (we
drop the subscript n for simplicity):

P (ε) =
2ε

σ2
exp

!

−
ε2

σ2

"

, (2)

where ε ≡
#

ε2x + ε2y and the distribution is normalized:
$∞

0 P (ε)dε = 1. This form is motivated by the central
limit theorem, assuming that the eccentricity solely orig-
inates from event-by-event fluctuations, and neglecting
fluctuations in the denominator. Note that this distribu-
tion does not strictly satisfy the constraint ε < 1, which
follows from the definition (1). When fitting our Monte-
Carlo results, we have therefore multiplied Eq. (2) by a
constant to ensure normalization between 0 and 1. The
rms ε has been fitted to that of the Monte-Carlo simu-
lation. Fig. 1 shows that Eq. (2) gives a reasonable ap-
proximation to our Monte-Carlo results, but not a good
fit.
Bzdak et al. [20] have proposed to replace Eq. (2) by

a “Bessel-Gaussian”:

P (ε) =
2ε

σ2
I0

!

2εε̄

σ2

"

exp

!

−
ε2 + ε̄2

σ2

"

. (3)

This parameterization introduces an additional free pa-

rameter ε̄, corresponding to the mean eccentricity in the
reaction plane in nucleus-nucleus collisions [19]. It re-
duces to (2) if ε̄ = 0. A nonzero value of ε̄ is how-
ever difficult to justify for a symmetric system in which
anisotropies are solely created by fluctuations. In Fig. 1,
ε̄ and σ have been chosen so that the first even moments
⟨ε2⟩ and ⟨ε4⟩ match exactly the Monte-Carlo results, as
suggested in [20]. The quality of the fit is not much
improved compared to the Gaussian distribution, even
though there is an additional free parameter. Note that
the Bessel-Gaussian, like the Gaussian, does not take into
account the constraint ε < 1.
We now introduce the one-parameter power law distri-

bution:

P (ε) = 2αε(1− ε2)α−1, (4)

where α > 0. Eq. (4) reduces to Eq. (2) for α ≫ 1,
with σ2 ≡ 1/α. The main advantage of Eq. (4) over
previous parameterizations is that the support of P (ε) is
the unit disc: it satisfies for all α > 0 the normalization
$ 1
0 P (ε)dε = 1. In the limit α → 0+, P (ε) ≃ δ(ε− 1).
Eq. (4) is the exact [30]1 distribution of ε2 for N identi-

cal pointlike sources with a 2-dimensional isotropic Gaus-
sian distribution, with α = (N − 1)/2, if one ignores
the recentering correction. In a more realistic situation,
Eq. (4) is no longer exact. We adjust α to match the
rms ε from the Monte-Carlo calculation. Fig. 1 shows
that Eq. (4) (with α ≃ 5.64) agrees much better with
Monte-Carlo results than Gaussian and Bessel-Gaussian
distributions.

CUMULANTS

Cumulants of the distribution of ε are derived from
a generating function, which is the logarithm of the
two-dimensional Fourier transform of the distribution of
(εx, εy):

G(kx, ky) ≡ ln⟨exp(ikxεx + ikyεy)⟩, (5)

where angular brackets denote an expectation value over
the ensemble of events. If the system has azimuthal sym-
metry, by integrating over the relative azimuthal angle of
k and ε, one obtains

G(k) = ln⟨J0(kε)⟩, (6)

where k ≡
#

k2x + k2y and ε ≡
#

ε2x + ε2y. The cumu-

lant to a given order n, ε{n}, is obtained by expanding

1 See Eq. (3.10) of [30]. What is derived there is the distribution
of anisotropy in momentum space, but the algebra is identical
for the distribution of eccentricity.

Ollitrault 1992, Ollitrault and Yan, 2014
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Conclusions

• Field theoretical description of energy density fluctuations in the 
transverse plane

• One basic ingredient P[⇢(z)]
P[⇢(z)] is essentially gaussian 


with short range 2-point function

• Short range fluctuations play no other role than renormalizing the 
(short range part of the) 2-point function

• Correlation length is sub nucleonic (1/Qs ?) 
Continuity of physics from pp to pA to AA ?

• Deviations from the gaussian have presumably a non-dynamical origin 
(conjecture: come from simple constraints, such as the positivity 
constraint)

•  


