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From singular monopoles

to framed BPS states



BPS equation :

A,X: adjoint valued for some compact simple Lie group G

Yang-Mills-Higgs Theory

• First order
• Non-linear
• Implies E.O.M.
• General closed form solution not known

B = DX



BPS equation :

A,X: adjoint valued for some compact simple Lie group G

Yang-Mills-Higgs Theory

For SU(2), ’t Hooft-Polyakov Ansatz

X =
1

2
h(r)H ,

A =
1

2
(1− cos θ)dφH+

1

2
f(r)

[
eiφ (dθ + i sin θdφ)E+ − e−iφ (dθ − i sin θdφ)E−

]

(
H,E± Chevalley basis

r, θ, φ spherical coordinates

)
B = DX



BPS equation :

A,X: adjoint valued for some compact simple Lie group G

Yang-Mills-Higgs Theory

f ′(r)+f(r)h(r) = 0 , r2h′(r)+f(r)2−1 = 0

h(r) = m coth (mr + c)− 1
r , f(r) = mr

sinh (mr+c)

B = DX



BPS equation :

A,X: adjoint valued for some compact simple Lie group G

Yang-Mills-Higgs Theory

h(r) = m coth (mr + c)− 1
r , f(r) = mr

sinh (mr+c)

c = 0
• smooth
• magnetic charge: γm = H
• finite energy: 4πm

g2

⇒ non-abelian monopole

B = DX



BPS equation :

A,X: adjoint valued for some compact simple Lie group G

Yang-Mills-Higgs Theory

h(r) = m coth (mr + c)− 1
r , f(r) = mr

sinh (mr+c)

• singular at r = 0
• magnetic charge: γm = H
• finite energy: 4πm

g2

⇒ singular monopole

c > 0

B = DX



BPS equation :

A,X: adjoint valued for some compact simple Lie group G

Yang-Mills-Higgs Theory

h(r) = m coth (mr + c)− 1
r , f(r) = mr

sinh (mr+c)

• singular at r = 0
• magnetic charge: γm = H
• finite energy: 4πm

g2

⇒ singular monopole

c > 0

2 smooth monopoles in a negative defect background

B = DX



Outline

• Motivation

• Basic definitions and properties

• Moduli space

• Framed BPS states



Motivation

• Defect operators important in field theory
⇒ semi-classically: singular boundary conditions

Wilson-’t Hooft operators ⇔ point singularities
(line operators)

• Monopoles have very rich mathematical structure
e.g. Atiyah-Hitchin, Callias, Nahm

⇒ generalize to singular case?
e.g. Cherkis-Kapustin, MRV, Kronheimer

• (Framed) BPS states in N = 2
⇒ various conjectures and results

checks/predictions in semi-classical regime!



Basic definitions and properties

We’ll work on M = Rt × (R3 \ {~0})

Boundary conditions

• As r →∞
X = X∞ −

1

2r
γm +O(r−(1+δ))

F =
1

2
γm sinθ dθdφ+O(r−(2+δ))

,

(Purely magnetic case)

δ > 0, γm, X∞ ∈ t Cartan sub-algebra, exp (2πγm) = 1G

⇒ Set by demanding finite energy



Basic definitions and properties

We’ll work on M = Rt × (R3 \ {~0})

Boundary conditions

• As r → 0

X = − 1

2r
P +O(r−1/2)

F =
1

2
P sinθ dθdφ+O(r−3/2)

(Purely magnetic case)

’t Hooft charge: P ∈ t, unique up to Weyl transformations,
exp (2πP ) = 1G

• more general than considered before
• well defined variational principle
• finite energy

(∃α, 〈α, P 〉 = 1)

Sbndry = − 2
g2

∫
dt
∫
S2
ε
TrXF



Moduli space

M (P ; γm;X∞) ={
(A,X)

∣∣∣∣ F = ?DX ,
X = − 1

2r
P +O(r−1/2) , r → 0 ,

X = X∞ − 1
2r
γm +O(r−(1+δ)) , r →∞

}/
G{P}

Pretty wild, study through its tangent space TM



Moduli space

Linearized BPS equation ( Â = (A,X) )

D̂[aδÂb] = 1
2ε

cd
ab D̂cδÂd

Metric
g(δ1, δ2) = 2

g20

∫
R3

0
d3xTr

{
δ1Âaδ2Â

a
}

Boundary conditions imply square normalizability!

Hyper-Kähler structure

δÂa → Ja
bδÂb J ∈ H(R4)



Moduli space

dimM = dimTM = 4×?



Moduli space

dimM = dimTM = 4×?

For smooth monopoles (Callias-Weinberg, ’79)

• Index of Dirac operator

• Integral of index current

• Reduce to boundary integral

• Trace over free electron states

dimM =
∑
α∈∆

〈α,X∞〉〈α, γm〉
|〈α,X∞〉|



Moduli space

dimM = dimTM = 4×?

For singular monopoles (MRV, ’14)

• Index of Dirac operator

• Integral of index current

• Reduce to boundary integral

• Trace over free electron states
+ states of electron in Dirac monopole background

dimM =
∑
α∈∆

(
〈α,X∞〉〈α, γm〉
|〈α,X∞〉|

+|〈α, P 〉|
)



Moduli space

dimM =
∑
α∈∆

(
〈α,X∞〉〈α, γm〉
|〈α,X∞〉|

+ |〈α, P 〉|
)

= 2
∑
α∈∆+

〈α, γ̃m〉 γ̃m = γm − P−

= 4

rnk g∑
I=1

m̃I γ̃m = m̃IHI

m̃I is the number of smooth monopoles



Moduli space

dimM = 4
∑
m̃I γ̃m = γm − P− = m̃IHI

∞ : X = X∞ − 1
2rγm + . . . 0: X = − 1

2rP + . . .

Example

X = X∞ −
P

2r

A =
P

2
(1− cos θ)dφ

Here γm = P



Moduli space

dimM = 4
∑
m̃I γ̃m = γm − P− = m̃IHI

∞ : X = X∞ − 1
2rγm + . . . 0: X = − 1

2rP + . . .

Example

X = X∞ −
P

2r

A =
P

2
(1− cos θ)dφ

Here γm = P

Assume P = P− ⇒ γ̃m = 0

dim M = 0, Pure line defect



Moduli space

dimM = 4
∑
m̃I γ̃m = γm − P− = m̃IHI

∞ : X = X∞ − 1
2rγm + . . . 0: X = − 1

2rP + . . .

Example

X = X∞ −
P

2r

A =
P

2
(1− cos θ)dφ

Here γm = P

When P 6= P− ⇒ γ̃m 6= 0

dim M 6= 0, smooth monopoles present

(ok with Weyl redundancy!)



Moduli space

dimM = 4
∑
m̃I γ̃m = γm − P− = m̃IHI

∞ : X = X∞ − 1
2rγm + . . . 0: X = − 1

2rP + . . .

Example

X = X∞ −
P

2r

A =
P

2
(1− cos θ)dφ

Here γm = P

E.g. P = H ⇒ γ̃m = 2H

dim M = 8, 2 smooth monopoles present

c =∞ case of
’t Hooft-Polyakov example



BPS equations :

Vector multiplet: F,X and Y adjoint valued

• A0 = Y gauge
• Primary and secondary
• Moduli problem identical

N=2 SYM Theory

B = DX
D2Y + [X, [X, Y ]] = 0



Â(t) = Â(z(t)) ≈ Â+ δmÂ ż
m t

4d theory reduces to motion on Moduli space

L = 1
2gmnż

mżn − 1
2gmnG

m(z, Y∞)Gn(z, Y∞)

• some z correspond to global gauge phases
⇒ Electric charge and dyons

• Potential leads to finite radius bound states

Moduli space approximation Manton, Gauntlett



Â(t) = Â(z(t)) ≈ Â+ δmÂ ż
m t

4d theory reduces to motion on Moduli space

L = 1
2gmnż

mżn − 1
2gmnG

m(z, Y∞)Gn(z, Y∞)

• Quantize:
Hilbert space is set of spinors on M

• Supercharge becomes Dirac operator

DY = Γm(iDm +Gm)

Moduli space approximation Manton, Gauntlett



Â(t) = Â(z(t)) ≈ Â+ δmÂ ż
m t

4d theory reduces to motion on Moduli space

L = 1
2gmnż

mżn − 1
2gmnG

m(z, Y∞)Gn(z, Y∞)

• Quantize:
Hilbert space is set of spinors on M

• Supercharge becomes Dirac operator

DY = Γm(iDm +Gm)

(framed) BPS states are given by kerDY

Moduli space approximation Manton, Gauntlett



Framed BPS states

BPS states in the presence of line operators

Gaiotto, Moore, NeitzkePSC: Ω(u, L, γ; y) = TrHBPS
u,L,γ

y2J3(−y)I3

Semi-classically

u = u(X∞, Y∞, ζ), L = (P,Q, ζ), γ = (γm, γe)

⇒ M(X∞, P, γm) and DY∞ (Q = 0)

Ω(X∞, Y∞, P, ζ, γm, γe; y) = TrkerDY∞ |γey
2J3(−y)I3



An su(2) example

The Blair-Cherkis monopole

• Completely explicit

• Single monopole bound to magnetic singularity

P = p
2H γ̃m = H

SO(3) : p ∈ Z, SU(2) : p ∈ 2Z

• Moduli space: Taub-NUT/Zp

dimkerDY∞|γe=να =

{
pν when ν ≤ 4π

g20

(H,Y∞)
(H,X∞)

0 otherwise



An su(2) example

Prediction form GMN (via laminations from 6d (2,0) theory)

Fp(n) =
∑
µ,ν∈Z

Ωp(µ, ν, n)x̃µỹν =
(
x̃L2n(x̃−1ỹ1−n, x̃ỹn)

) p
2

L2n(x, y) = x−1
[
Tn( xy+y+1

2
√
xy ) + xy−y−1

2
√
xy Un−1( xy+y+1

2
√
xy )

]2
Tn, Un Tchebyshev polynomials

γ̃m = µH , γe = νH , n =
⌈

4π
g20

(H,Y∞)
(H,X∞)

⌉

dimkerDY∞ |γe=να =

{
pν when ν ≤ 4π

g20

(H,Y∞)
(H,X∞)

0 otherwise



An su(2) example

Prediction form GMN (via laminations from 6d (2,0) theory)

Fp(n) =
∑
µ,ν∈Z

Ωp(µ, ν, n)x̃µỹν =
(
x̃L2n(x̃−1ỹ1−n, x̃ỹn)

) p
2

dimkerDY∞ |γe=να =

{
pν when ν ≤ 4π

g20

(H,Y∞)
(H,X∞)

0 otherwise

dimkerDY∞ |γe=να = Ωp(1, ν, n)

It works!!



An su(2) example

Prediction form GMN (via laminations from 6d (2,0) theory)

Fp(n) =
∑
µ,ν∈Z

Ωp(µ, ν, n)x̃µỹν =
(
x̃L2n(x̃−1ỹ1−n, x̃ỹn)

) p
2

For µ > 1 an infinite number of predictions for
Dirac operators on moduli spaces with dim= 4µ



Summary

• Singular monopoles describe BPS states in presence of
defect operators

• Rich mathematical structure

• Dimension formula, provides physical interpretation

• Semi-classical description of (framed) BPS states in N = 2

• Results/conjectures for BPS spectra lead to
predictions/checks on moduli space


