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! Fully differential top pair production at NNLO 
!  Everything is included – no approximations! 
!  Stable top quarks only. Down the road include decay but not right now. 
!  For the moment we compute only pre-decided binned distributions. 
!  Cannot store events for subsequent analyses. 
!  Calculations are very expensive and take long time. It is not easy to redo  
    a calculation to change it “a little bit”. Of course we will make the effort if the need is there.  

!  For the moment we compute simultaneously with several fixed scales  
     muR, muF =(1/2,1,2)*Mtop. Dynamical scales in the future (for LHC). 

!  Use mostly MSTW2008, but we also have everything computed also with  
     NNPDF, CT10 and HERA. 

!  Calculations published/available now only for Tevatron. LHC in progress (will not show).  
!  Any energy can be done – matter of CPU! 
!  Mtop=173.3 GeV only. If top mass dependence is needed separate calculations  
    will have to be done. CPU constrained. Perhaps compute for 3 Mtop values that are  
    1 GeV apart and use them to approximate in a narrow window. Good enough? 

The whole story in a nutshell 



Top pair at NNLO                                                                               Alexander Mitov                                                                                    CERN, 12 Jan 2015 

Status of NNLO QCD differential distributions at LHC 

Work in progress with: 
 Michael Czakon and David Heymes 



Top pair at NNLO                                                                               Alexander Mitov                                                                                    CERN, 12 Jan 2015 Top pair at NNLO                                                                               Alexander Mitov                                                                                    CERN, 12 Jan 2015 

 
!  No public results yet 

!  Preliminary results shown at Top2014 

!  Very large number of events generated; stat fluctuations still an issue. Needs   
    improvement (not an issue for Tevatron as we’ll see shortly) 

!  To solve this a completely new code is being developed 

!  Much faster: about a factor of 100 

!  Has the options for including top decay 

!  No stat fluctuations 

!  Hope to complete the code development within 1 month 

!  Then testing and computing etc. Should have predictions before any new LHC 13 
TeV data becomes available. 

!  Will use dynamic scales. 

LHC 
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NNLO QCD corrections to AFB 

Work appeared: 
 Michael Czakon and Paul Fiedler arXiv:1411.3007 
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NNLO QCD corrections to AFB 

"  Computed AFB following the definition and binning of CDF ‘12 

•  Inclusive 
•  |Δy| 
•  Mtt 
•  PT,tt 

"  The EW corrections to inclusive AFB included (from Bernreuther, Si ‘12) 
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gluon emission - even when matched to LO QCD (which,
we recall, has zero A

FB

) - generates essentially the same
A

FB

as the full set of NLO QCD corrections. The natural
interpretation of this result, especially when augmented
with the conclusions of Ref. [31], was that the missing
NLO QCD corrections to A

FB

in tt̄ are small and will
not significantly a↵ect the SM prediction. Contrary to
the above results, however, we find in this work that the
NLO QCD corrections to A

FB

are in fact large, around
30% for the case of inclusive A

FB

, and originate from
hard emissions that are not controlled by soft-gluon re-
summation. Thus this observable clearly shows the limits
on using soft-gluon arguments in estimating higher-order
QCD corrections.

An alternative approach to computing A
FB

, based on
the BLM (or PMC) scale setting, was used in Ref. [24].
The authors derive a value for A

FB

which is significantly
higher than the usual LO QCD correction, in agreement
with the CDF measurement. While the BLM scale set-
ting procedure is known [33] to work well even beyond
fully inclusive observables, its applicability in top pro-
duction at hadron colliders may need to be tuned. For
example, by inspecting the known results [34–37], one
can easy check that the the terms ⇠ N

2

F

predicted by
this approach are incorrect for both the qq̄ and gg reac-
tions. 1

Finally, we mentioned the possible e↵ect on A
FB

from
asymmetries in the subtracted tt̄ backgrounds [38], as
well as the possibility [39], see also Ref. [13], that final
state interactions could contribute to A

FB

. This prob-
lem has been addressed in Ref. [40] where it was shown
that such interactions are strongly suppressed for single
top (or t̄) inclusive observables. In presence of strong jet
vetoes, however, final state tt̄ – beam remnants interac-
tions could potentially have an e↵ect in double-inclusive
observables (like the ones we study in this paper). In this
regard we note that the good agreement between past
measurements of A

FB

based on single and double inclu-
sive measurements [2] might be an indication that such
a mechanism for generating A

FB

in inclusive tt̄ produc-
tion may not be playing a significant role in the existing
measurements.

RESULTS

Following [4], the inclusive asymmetry is defined in
terms of the rapidity di↵erence �y ⌘ y

t

� y
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� , where �

± ⌘
Z

✓(±�y) d� . (1)

1
Since the term ⇠ N2

F is known analytically for qq̄ ! t¯t+X [37]

we see that the discrepancy is ⇠ ⇡2
that can be thought of as

due to an analytical continuation to space-like kinematics.

The di↵erential asymmetry is defined as

A
FB

(x) =
�

+,x � �

�,x

�

+,x + �

�,x

, (2)

where x � 0 labels any one of the following three kine-
matic variables x 2 (|�y|,M

t

¯

t

, P

T,t

¯

t

), and

�

±,x̄ =

Z
✓(±�y) Bin(x, x̄) d� . (3)

The binning function Bin(x, x̄) is defined through

Bin(x, x̄) =

⇢
1 if x 2 b(x̄) ,
0 otherwise ,

(4)

where b(x̄) represents one of the x � 0 bins for each of
the three kinematic distributions. Specifically, we use

• four bins for |�y|:
[0, 0.5) ; [0.5, 1) ; [1, 1.5) and |�y| � 1.5 .

• four bins for M
t

¯

t

:
[0, 450); [450, 550); [550, 650) and M

t

¯

t

� 650GeV .

• eight bins for P

T,t

¯

t

, starting from zero in steps of
10GeV, with the last bin being P

T,t

¯

t

� 70GeV.

The di↵erential cross-section d� appearing in
Eqns. (1,2) is the fully di↵erential cross-section for
the process pp̄ ! tt̄ + X computed through NNLO in
the strong coupling ↵

S

. We use MSTW2008. We do
not compute pdf variation. We compute with scales
µ

R

6= µ

F

.

Describe briefly the computation and used literature.
Mention that there are cuts at the level of leptons and
jets, but the tt̄-level results are extrapolated with no cuts.
Thus in our calculation we do not impose any cuts besides
the explicit binning.

Checks: we reproduce �

tot

= �

+ + �

� from [34–37]
for each value of µ

R

, µ

F

. Very good cancellation of IR
singularities.

Following the earlier literature, one might define the
asymmetry through the ratios (1,2), i.e. keeping the ex-
act result in the numerators and denominators through
↵

3

S

for the LO QCD correction to A
FB

and through ↵

4

S

for
the NLO correction. Alternatively, the ratios (1,2) can
be expanded in ↵

S

. 2 Allowing also for EW corrections,

2
Such an expansion is not, strictly speaking, fully consistent since

the ↵S expansion is performed after convolution with pdf’s. Nev-

ertheless, we consider it as an indication of the sensitivity of AFB

to missing higher order terms, as has also been done in the ex-

isting literature.
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FIG. 1: The inclusive asymmetry in pure QCD (black) and
QCD+EW (red). Computed at NLO and NNLO. Capital let-
ters (NLO, NNLO) correspond to the unexpanded definition
(5), while small letters (nlo, nnlo) to the definition (6,7). The
scenario 11 is derived with  = 0 in (7). The CDF/D0 (naive)
average is from Ref. [27].
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Explain what’s the di↵erence between the two ways of
defining it and that the unexpanded definition (5) is
closer to the experimental situation and likely better.

The inclusion of the EW correction presents another
challenge. Since EW e↵ects to the total cross-section are
O(1%) and thus very small we do not include them in the
denominators D

i

. The numerator N

ew

to the inclusive
asymmetry (1), including its µ

R

= µ

F

scale dependence,
is taken from Ref. [26]. We have checked that the e↵ect
of the di↵erent pdf and m

t

value used in Ref. [26] have
negligible e↵ect on the QCD numerator N

3

and so we
expect the same to hold for N

ew

. Thus we take N

ew

from Table 2 in Ref. [26] without any modifications. We
do not include non-QCD corrections to the di↵erential
distributions or di↵erential asymmetries.

When working in NLO QCD (in order to derive the
LO correction to A

FB

) we set  = 0 and use NLO pdf.
To include the NNLO QCD corrections (i.e. to derive the
NLO corrections to A

FB

) we set  = 1 and use NNLO
pdf. The EW corrections are, however, always included
with NLO pdf set. We also note that when we compute
the scale variation of A

FB

, both inclusive and di↵erential,
we compute both the numerator and denominator for
each scale choice, take their ratio, an then consider the
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FIG. 2: The |�y| di↵erential distribution (top) and asymme-
try in pure QCD.

variation of this ratio to determine the scale variation of
the asymmetry.
The results for the inclusive asymmetry are given in

fig. 1. The rapidity dependence of A
FB

and of the corre-
sponding di↵erential distribution, are given in fig. 2. The
M

t

¯

t

and P

T,t

¯

t

dependence is, respectively, in fig. 3 and
fig. 4.

DISCUSSION AND CONCLUSIONS

- The corrections to the P

T,t

¯

t

asymmetry, fig. 4, are
almost P

T,t

¯

t

independent - in line with what was already
observed by CDF and with the likeliest colour structure
of the expected contributions [32].
- Should we present tables with results?
- Say something about statistical errors.
- explain the accidentally small scale error for the ex-

panded definition (6,7) of A
FB

.
- At the end it is not clear what A

FB

has to do with
BSM since it is really a non-perturbative physics and
measures the asymmetry in the proton valence pdf’s. In

Two alternative  
expansions 
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NNLO QCD corrections to AFB 

"  Checks and quality of the results 

"  Pole cancellation: in each bin, for each scale.  

"  MC errors (from integration) are a big worry due to large cancellation in AFB 

"  We have managed to make them negligible. 
 
"  MC error in each bin is: 

•  Few permil for differential distributions 
•  Below 1% for AFB in each bin; with only highest Mtt bin with 1.5% 

"  MC error on inclusive AFB is few permil. 

"  Agreement with sigmaTOT (Top++) to better than 0.5 permil (each scale) 

"  Clearly, the numerical precision of the results is very high. 

"  AT NLO QCD we agree with MCFM and Bernreuther & Si. 

"  Another check at NNLO: consistent with PT,tT spectrum from ttj @ NLO 

"  Computed for generic independent μF and μR (again, non-dynamic = Mtop) 
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!   NLO, NNLO : exact numerator and denominator (see previous slide) 
!   nlo, nnlo : expanded in powers of aS 

How to read the above plot: 
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Results for inclusive AFB 3
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FIG. 1: The inclusive asymmetry in pure QCD (black) and
QCD+EW[26] (red). Capital letters (NLO, NNLO) corre-
spond to the unexpanded definition (2), while small letters
(nlo, nnlo) to the definition (3). The CDF/DØ (naive) av-
erage is from Ref. [27]. Error bands are from scale variation
only. Our final prediction corresponds to scenario 10.

eq. (3), is the expansion of the ratio eq. (2) in powers of
↵S . 5

In the present letter, we present di↵erential asymme-
tries with the unexpanded definition (2) and without EW
corrections (see figs. 2,3,4). The inclusive asymmetry, see
fig. 1, is computed with both definitions (2) and (3) in-
cluding EW corrections. 6 The numerator factor NEW is
taken 7 from Table 2 in Ref. [26]. Only for the inclusive
asymmetry we determine the scale variation by keeping
µR = µF

8 (since the scale dependence of NEW is pub-
lished [26] only for µR = µF ). We also note that the scale
variation of AFB is derived from the consistent scale vari-
ation of the ratio, i.e. both numerator and denominator
in eqs. (2) and (3) are computed for each scale value.

DISCUSSION AND CONCLUSIONS

In fig. 1 we observe that the central values of the ex-
panded (3) and unexpanded (2) definitions of inclusive

5 Such an expansion is not, strictly speaking, fully consistent since
the ↵S expansion is performed after convolution with pdf’s. Nev-
ertheless, following the existing literature, we consider it as an
indication of the sensitivity of A

FB

to missing higher order terms.
6 EW corrections to Di are neglected since EW e↵ects to the total
cross-section are very small O(1%), see Refs. [55–59].

7 We have checked that the di↵erent pdf and mt used in Ref. [26]
have negligible impact on the QCD numerator N

3

and so we
expect the same to hold for N

EW

.
8 We have checked that for the pure QCD corrections to the to-
tal asymmetry the di↵erence with respect to scale uncertainty
derived with µR 6= µF variation is negligible.
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FIG. 3: As in fig. 2 but for the Mt¯t di↵erential asymmetry.
The highest bin contains overflow events and the lowest bin
includes all events down to the production threshold 2mt.

AFB di↵er significantly at NLO but less so at NNLO.
While the unexpanded definition (2) closely resembles
the experimental setup, the consistency of the two def-
initions within uncertainties renders the question about
the more appropriate choice largely irrelevant. We also
note the small scale error for the expanded AFB defini-
tion (3) in pure QCD at both NLO and NNLO, which
appears too small to be realistic. The inclusion of EW
corrections, however, breaks this pattern and brings the
scale dependence in line with the unexpanded definition
eq. (2). Therefore, following the previous literature, we
choose as our final prediction ASM

FB = 0.095± 0.007 (sce-
nario 10 in fig. 1) which is derived with the expanded
definition (3) and includes EW [26] corrections.
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"  We find large QCD corrections:  
    NNLO ~ 27% of NLO (recall EW is 25% of LO). 

      # This was not expected, given soft-gluon resummation suggests negligible correction. 

"  Adding all corrections AFB ~ 10%.  

"  Agrees with D0 and CDF/D0 naive combination 
"  Less than 1.5σ below CDF 

"  We consider this as agreement between SM and experiment. 

"  We observe good perturbative convergence (based on errors from scale variation) 

"  Expanded results (both nlo and nnlo) seem to have accidentally small scale variation 

!   NLO, NNLO :  
     exact numerator and denominator 
!   nlo, nnlo : expanded in powers of aS 

Results for inclusive AFB 
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spond to the unexpanded definition (2), while small letters
(nlo, nnlo) to the definition (3). The CDF/DØ (naive) av-
erage is from Ref. [27]. Error bands are from scale variation
only. Our final prediction corresponds to scenario 10.

eq. (3), is the expansion of the ratio eq. (2) in powers of
↵S . 5

In the present letter, we present di↵erential asymme-
tries with the unexpanded definition (2) and without EW
corrections (see figs. 2,3,4). The inclusive asymmetry, see
fig. 1, is computed with both definitions (2) and (3) in-
cluding EW corrections. 6 The numerator factor NEW is
taken 7 from Table 2 in Ref. [26]. Only for the inclusive
asymmetry we determine the scale variation by keeping
µR = µF

8 (since the scale dependence of NEW is pub-
lished [26] only for µR = µF ). We also note that the scale
variation of AFB is derived from the consistent scale vari-
ation of the ratio, i.e. both numerator and denominator
in eqs. (2) and (3) are computed for each scale value.

DISCUSSION AND CONCLUSIONS

In fig. 1 we observe that the central values of the ex-
panded (3) and unexpanded (2) definitions of inclusive

5 Such an expansion is not, strictly speaking, fully consistent since
the ↵S expansion is performed after convolution with pdf’s. Nev-
ertheless, following the existing literature, we consider it as an
indication of the sensitivity of A

FB

to missing higher order terms.
6 EW corrections to Di are neglected since EW e↵ects to the total
cross-section are very small O(1%), see Refs. [55–59].

7 We have checked that the di↵erent pdf and mt used in Ref. [26]
have negligible impact on the QCD numerator N

3

and so we
expect the same to hold for N

EW

.
8 We have checked that for the pure QCD corrections to the to-
tal asymmetry the di↵erence with respect to scale uncertainty
derived with µR 6= µF variation is negligible.
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FIG. 3: As in fig. 2 but for the Mt¯t di↵erential asymmetry.
The highest bin contains overflow events and the lowest bin
includes all events down to the production threshold 2mt.

AFB di↵er significantly at NLO but less so at NNLO.
While the unexpanded definition (2) closely resembles
the experimental setup, the consistency of the two def-
initions within uncertainties renders the question about
the more appropriate choice largely irrelevant. We also
note the small scale error for the expanded AFB defini-
tion (3) in pure QCD at both NLO and NNLO, which
appears too small to be realistic. The inclusion of EW
corrections, however, breaks this pattern and brings the
scale dependence in line with the unexpanded definition
eq. (2). Therefore, following the previous literature, we
choose as our final prediction ASM

FB = 0.095± 0.007 (sce-
nario 10 in fig. 1) which is derived with the expanded
definition (3) and includes EW [26] corrections.
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Errors due to scale variation only 
 - Pdf error small 
 - MC error negligible 
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FIG. 2: The |�y| di↵erential distribution (top) and asym-
metry (bottom) in pure QCD at LO (grey), NLO (blue) and
NNLO (orange) versus CDF [2] and D0 [1] data. Error bands
are from scale variation only. For improved readability some
bins are plotted slightly narrower. The highest bins contain
overflow events.

which appears too small to be realistic. The inclusion
of the EW corrections, however, breaks this pattern and
brings the scale dependence in line with the unexpanded
definition eq. (4).

Factorization RR RV VV

(princ. contr.)/(↵4

SN4

) �0.47 5.34 �3.90 0.03

TABLE I: Sizes of the various principle contributions to the
numerator of the inclusive A

FB

at NNLO in pure QCD. The
size of the numerator is given in table II.

The relative contributions of the principle NNLO cor-
rections (factorisation, RR, RV, and VV) to the inclusive
numerator in eq. (4) are given in table I. From this table
we conclude that the inclusive asymmetry at NNLO is
driven by a strong cancellation of RR and RV contribu-
tions. The contribution from factorisation (which is of
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FIG. 3: As in fig. 2 but for the Mt¯t di↵erential asymmetry.
Both lowest and highest bins contain overflow events.

NLO complexty) is sizeable while the pure virtual cor-
rection is quite small. We have also checked that the nu-
merator ↵4

SN4 almost exclusively originates in the qq̄ par-
tonic channel. Where present, the contribution to ↵4

SN4

due to the qg reaction is two orders of magnitude smaller
than qq̄ and the remaining qq0-type of partonic reactions
are another two orders of magnitude smaller. This pat-
tern is in line with the contributions of these partonic
reactions to the total inclusive cross-section [33–36].

NLO NNLO NLO+NNLL

↵3

SN3

+ ↵4

SN4

[pb] 0.393+0.211
�0.127 0.525+0.055

�0.085 0.448+0.080
�0.071

↵4

SN4

[pb] – 0.148 –

A
FB

[%] (eq. (5)) 7.33+0.69
�0.58 8.28+0.27

�0.26 7.24+1.04
�0.67

A
FB

[%] (eq. (4)) 5.89+2.70
�1.40 7.49+0.49

�0.86 –

TABLE II: Comparison of the numerator in eq. (4) and the
inclusive asymmetry A

FB

in pure QCD at NLO (with NLO
pdf set), NNLO and NLO+NNLL (from Ref. [20]). Only
errors from µF = µR scale variation are shown.

Rapidity dependence of AFB 

•  Perfect agreement with D0 
•  No agreement for AFB with CDF 
•  But differential x-section  
    reasonably close to CDF … 
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Mtt dependence of AFB 

Errors due to scale variation only 
 - Pdf error small except in  
   the two highest bins, where  
   they are as large as scales 
   (but have opposite direction) 
 - MC error negligible 
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FIG. 2: The |�y| di↵erential distribution (top) and asym-
metry (bottom) in pure QCD at LO (grey), NLO (blue) and
NNLO (orange) versus CDF [2] and D0 [1] data. Error bands
are from scale variation only. For improved readability some
bins are plotted slightly narrower. The highest bins contain
overflow events.

which appears too small to be realistic. The inclusion
of the EW corrections, however, breaks this pattern and
brings the scale dependence in line with the unexpanded
definition eq. (4).

Factorization RR RV VV

(princ. contr.)/(↵4

SN4

) �0.47 5.34 �3.90 0.03

TABLE I: Sizes of the various principle contributions to the
numerator of the inclusive A

FB

at NNLO in pure QCD. The
size of the numerator is given in table II.

The relative contributions of the principle NNLO cor-
rections (factorisation, RR, RV, and VV) to the inclusive
numerator in eq. (4) are given in table I. From this table
we conclude that the inclusive asymmetry at NNLO is
driven by a strong cancellation of RR and RV contribu-
tions. The contribution from factorisation (which is of
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FIG. 3: As in fig. 2 but for the Mt¯t di↵erential asymmetry.
Both lowest and highest bins contain overflow events.

NLO complexty) is sizeable while the pure virtual cor-
rection is quite small. We have also checked that the nu-
merator ↵4

SN4 almost exclusively originates in the qq̄ par-
tonic channel. Where present, the contribution to ↵4

SN4

due to the qg reaction is two orders of magnitude smaller
than qq̄ and the remaining qq0-type of partonic reactions
are another two orders of magnitude smaller. This pat-
tern is in line with the contributions of these partonic
reactions to the total inclusive cross-section [33–36].

NLO NNLO NLO+NNLL
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+ ↵4

SN4

[pb] 0.393+0.211
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[pb] – 0.148 –

A
FB

[%] (eq. (5)) 7.33+0.69
�0.58 8.28+0.27

�0.26 7.24+1.04
�0.67

A
FB

[%] (eq. (4)) 5.89+2.70
�1.40 7.49+0.49

�0.86 –

TABLE II: Comparison of the numerator in eq. (4) and the
inclusive asymmetry A

FB

in pure QCD at NLO (with NLO
pdf set), NNLO and NLO+NNLL (from Ref. [20]). Only
errors from µF = µR scale variation are shown.

•  Agreement with D0 
•  So-so agreement for AFB with CDF 
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variation only. For improved readability some bins are plotted
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In contrast to the negligible approximate NNLO QCD
correction to AFB inferred from soft-gluon resummation
[19, 20], in this work we find that the exact NNLO QCD
correction to the inclusive AFB is, in fact, large. Specifi-
cally, in table II we compare 4 the exact results for AFB

and its numerator (defined as the QCD part of the nu-
merator in eq (4)) through NNLO in QCD, with the
NLO+NNLL predictions of Ref. [20]. As can be con-

cluded from table II, the ratio A(NNLO)
FB /A(NLO)

FB is 1.27
(1.13) for AFB defined through eq. (4) (eq. (5)). The cor-
responding ratio for the numerator of the asymmetry is
1.34, which is even larger than that for AFB. Clearly the
corrections to both quantities are significantly di↵erent
from the ones in approximate NNLO. 5

4

The settings in both papers are the same, except for a small

di↵erence of 0.2GeV in the value of mt which we neglect.

5

We refrain from directly comparing di↵erential asymmetries be-

cause in this work we define them through eq. (4) while the ones

The large di↵erence between AFB predicted in exact
and approximate NNLO can be understood from the
PT,tt̄ dependence of AFB. We recall that soft gluon re-
summation applies to kinematical configurations that re-
semble the Born one, i.e. it should mainly contribute to
the small PT,tt̄ bins.
As fig. 4 suggests, harder radiation generates a signif-

icant portion of the NNLO corrections. Looking at the
cumulative di↵erential asymmetry AFB(PT,tt̄  Pcut

T,tt̄)
and the corresponding cumulative numerator, not shown
here, we observe that in the first bin P cut

T,tt̄  10GeV
(where soft gluon resummation should be most relevant)
the NLO and NNLO numerators are practically equal,
i.e. the 10% shift from NLO to NNLO in the first bin
in fig. 4 is exclusively due to the di↵erence between
NLO and NNLO denominators. With the inclusion of
the next bins, however, the NLO and NNLO numera-
tors start to di↵er quite rapidly. We observe that about
50% of the di↵erence between the fully inclusive NLO
and NNLO numerators is generated by the second bin
10GeV  Pcut

T,tt̄  20GeV, while the remaining 50% of

the di↵erence comes from bins with P cut
T,tt̄ > 20GeV. Fur-

ther details will be given in a forthcoming publication.
Analysing the PT,tt̄ dependence of AFB, the CDF col-

laboration [2] noted that the discrepancy between data
and NLO QCD appears to be independent of PT,tt̄. It
is easy to see from fig. 4 that the di↵erence between
NNLO and NLO corrections to the PT,tt̄ asymmetry for
PT,tt̄ � 10GeV follow precisely this pattern and is, fur-
thermore, consistent with the analysis of Ref. [31].
The pdf uncertainties are generally small and have

not been included in the results of this paper. To es-
timate pdf uncertainties, we compute AFB in NLO QCD
with both NLO and NNLO pdf sets (MSTW2008 (68%
CL) [44]). In inclusive quantities like the inclusive AFB

and numerator in eq. (4), the pdf uncertainty is smaller
than the scale uncertainty by a factor between 2 and 4
and thus can be safely neglected. Similar pattern is ob-
served in the di↵erential asymmetry with the exception
of AFB(Mtt̄) in the two highest Mtt̄ bins. In these two
bins, we observe comparable in size pdf and scale uncer-
tainties, albeit both are rather asymmetric and point in
opposite directions. Therefore, realistic theory error es-
timate in the two largest Mtt̄ bins require the inclusion
of pdf uncertainty; the total uncertainty will then be ap-
proximately symmetric and equal in size to the larger
scale variation (the one facing down) depicted in fig. 3.
The Monte Carlo (MC) integration error in all our re-

sults is insignificant. Specifically, its relative contribution
to the inclusive asymmetry and cross-section is at the
permil and sub-permil levels, respectively. In di↵erential
distributions this error is at the few–permil level in each

in Ref. [20] are defined through eq. (5).

PT,tt dependence of AFB 

Errors due to scale variation only 
 - Pdf error small except  
   60 ≤ PT,tt ≤ 70GeV bin, where it is 1.5% 
 - MC error 1%, i.e. small 

•  Note the change in shape in diff x-section 
•  No data to compare to… 
•  Difference NNLO-NLO is constant like 
    as noted already by CDF 
•  The NNLO/NLO correction agrees with 
    the preferred color-octet structure of  
    the AFB discrepancy found in  

Gripaios, Papaefstathiou, Webber ‘13 
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The slope of AFB 

•  It was noted previously that the differential asymmetry is close to a straight line 

•  For the rapidity dependence it is clear it is actually slightly curved at both NLO and NNLO 

•  For Mtt at NNLO is very close to a straight line – unlike NLO 
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SN4

[pb] – 0.148 –

A
FB

[%] (eq. (5)) 7.33+0.69
�0.58 8.28+0.27

�0.26 7.24+1.04
�0.67

A
FB

[%] (eq. (4)) 5.89+2.70
�1.40 7.49+0.49

�0.86 –

TABLE II: Comparison of the numerator in eq. (4) and the
inclusive asymmetry A

FB

in pure QCD at NLO (with NLO
pdf set), NNLO and NLO+NNLL (from Ref. [20]). Only
errors from µF = µR scale variation are shown.

cally, in table II we compare 4 the exact results for AFB

and its numerator (defined as the QCD part of the nu-
merator in eq (4)) through NNLO in QCD, with the
NLO+NNLL predictions of Ref. [20]. As can be con-

cluded from table II, the ratio A(NNLO)
FB /A(NLO)

FB is 1.27
(1.13) for AFB defined through eq. (4) (eq. (5)). The cor-
responding ratio for the numerator of the asymmetry is
1.34, which is even larger than that for AFB. Clearly the
corrections to both quantities are significantly di↵erent
from the ones in approximate NNLO. 5

The large di↵erence between AFB predicted in exact
and approximate NNLO can be understood from the
PT,tt̄ dependence of AFB. We recall that soft gluon re-
summation applies to kinematical configurations that re-
semble the Born one, i.e. it should mainly contribute to
the small PT,tt̄ bins.

As fig. 4 suggests, harder radiation generates a signif-
icant portion of the NNLO corrections. Looking at the
cumulative di↵erential asymmetry AFB(PT,tt̄  Pcut

T,tt̄)
and the corresponding cumulative numerator, not shown
here, we observe that in the first bin P cut

T,tt̄  10GeV
(where soft gluon resummation should be most relevant)
the NLO and NNLO numerators are practically equal,
i.e. the 10% shift from NLO to NNLO in the first bin
in fig. 4 is exclusively due to the di↵erence between
NLO and NNLO denominators. With the inclusion of
the next bins, however, the NLO and NNLO numera-
tors start to di↵er quite rapidly. We observe that about
50% of the di↵erence between the fully inclusive NLO
and NNLO numerators is generated by the second bin
10GeV  Pcut

T,tt̄  20GeV, while the remaining 50% of

the di↵erence comes from bins with P cut
T,tt̄ > 20GeV. Fur-

ther details will be given in a forthcoming publication.
Analysing the PT,tt̄ dependence of AFB, the CDF col-

laboration [2] noted that the discrepancy between data
and NLO QCD appears to be independent of PT,tt̄. It

4

The settings in both papers are the same, except for a small

di↵erence of 0.2GeV in the value of mt which we neglect.

5

We refrain from directly comparing di↵erential asymmetries be-

cause in this work we define them through eq. (4) while the ones

in Ref. [20] are defined through eq. (5).

is easy to see from fig. 4 that the di↵erence between
NNLO and NLO corrections to the PT,tt̄ asymmetry for
PT,tt̄ � 10GeV follow precisely this pattern and is, fur-
thermore, consistent with the analysis of Ref. [31].

The pdf uncertainties are generally small and have
not been included in the results of this paper. To es-
timate pdf uncertainties, we compute AFB in NLO QCD
with both NLO and NNLO pdf sets (MSTW2008 (68%
CL) [44]). In inclusive quantities like the inclusive AFB

and numerator in eq. (4), the pdf uncertainty is smaller
than the scale uncertainty by a factor between 2 and 4
and thus can be safely neglected. Similar pattern is ob-
served in the di↵erential asymmetry with the exception
of AFB(Mtt̄) in the two highest Mtt̄ bins. In these two
bins, we observe comparable in size pdf and scale uncer-
tainties, albeit both are rather asymmetric and point in
opposite directions. Therefore, realistic theory error es-
timate in the two largest Mtt̄ bins require the inclusion
of pdf uncertainty; the total uncertainty will then be ap-
proximately symmetric and equal in size to the larger
scale variation (the one facing down) depicted in fig. 3.

The Monte Carlo (MC) integration error in all our re-
sults is insignificant. Specifically, its relative contribution
to the inclusive asymmetry and cross-section is at the
permil and sub-permil levels, respectively. In di↵erential
distributions this error is at the few–permil level in each
bin. The relative MC error in the di↵erential asymme-
tries is typically below 1% in each bin, with the exception
of the largest Mtt̄ bin and the 60  PT,tt̄  70GeV bin
where it is about 1.5% (for central scales).

In summary, in this work we have computed the largest
missing SM correction to AFB from NNLO QCD. We
observe significant correction to the inclusive and di↵er-
ential asymmetry.
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FIG. 2: The |�y| di↵erential distribution (top) and asym-
metry (bottom) in pure QCD at LO (grey), NLO (blue) and
NNLO (orange) versus CDF [2] and D0 [1] data. Error bands
are from scale variation only. For improved readability some
bins are plotted slightly narrower. The highest bins contain
overflow events.

which appears too small to be realistic. The inclusion
of the EW corrections, however, breaks this pattern and
brings the scale dependence in line with the unexpanded
definition eq. (4).

Factorization RR RV VV

(princ. contr.)/(↵4

SN4

) �0.47 5.34 �3.90 0.03

TABLE I: Sizes of the various principle contributions to the
numerator of the inclusive A

FB

at NNLO in pure QCD. The
size of the numerator is given in table II.

The relative contributions of the principle NNLO cor-
rections (factorisation, RR, RV, and VV) to the inclusive
numerator in eq. (4) are given in table I. From this table
we conclude that the inclusive asymmetry at NNLO is
driven by a strong cancellation of RR and RV contribu-
tions. The contribution from factorisation (which is of
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FIG. 3: As in fig. 2 but for the Mt¯t di↵erential asymmetry.
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FIG. 4: The PT,t¯t di↵erential asymmetry in pure QCD at
NLO (blue) and NNLO (orange). Error bands are from scale
variation only. For improved readability some bins are plotted
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NLO complexty) is sizeable while the pure virtual cor-
rection is quite small. We have also checked that the nu-
merator ↵4

SN4 almost exclusively originates in the qq̄ par-
tonic channel. Where present, the contribution to ↵4

SN4

due to the qg reaction is two orders of magnitude smaller
than qq̄ and the remaining qq0-type of partonic reactions
are another two orders of magnitude smaller. This pat-
tern is in line with the contributions of these partonic
reactions to the total inclusive cross-section [33–36].

In contrast to the negligible approximate NNLO QCD
correction to AFB inferred from soft-gluon resummation
[19, 20], in this work we find that the exact NNLO QCD
correction to the inclusive AFB is, in fact, large. Specifi-

3

that there are no implied cuts on the top quark distri-
butions. Thus in our calculation we do not impose any
cuts on top quarks besides the explicit binning. Our cal-
culation includes all partonic reactions that contribute
to inclusive tt̄ production in pure QCD without making
any approximations. We have checked that our calcula-
tion reproduces �tot from [33–36] for each value of µR, µF

with precision better than one permil; we also observe
cancellation of Infra Red (IR) singularities in each bin.
At NLO our calculation agrees with MCFM [23]. The
predicted PT,tt̄ dependence of AFB in the non-central bins
(with PT � 10GeV) at NNLO (see fig. below) is consis-
tent with the corresponding results [30, 53] for the NLO
QCD corrections to pp ! tt̄+ j at NLO.

In this work we use two definitions for AFB that are
formally equivalent through NNLO. One might define the
asymmetry either through the ratio eq. (1), i.e. by keep-
ing the exact results in both the numerator and denomi-
nator, or alternatively, by expanding the ratio eq. (1) in
powers of ↵S . 2 Allowing for EW corrections, eq. (1) can
be written 3 as

AFB ⌘ New + ↵3
SN3 + ↵4

SN4

↵2
SD2 + ↵3

SD3 + ↵4
SD4

(4)

= ↵S
N3

D2
+ ↵2

S

✓
N4

D2
� N3

D2

D3

D2

◆
+O(↵3

S)

+
New

↵2
SD2

✓
1� 

↵SD3

D2

◆
. (5)

The parameter  above controls the perturbative accu-
racy of AFB, i.e. it switches between NLO ( = 0 with
NLO pdf set) and NNLO ( = 1 with NNLO pdf set)
QCD corrections (i.e. LO and NLO corrections to AFB).

In this work we compute the di↵erential asymmetries
based on the unexpended definition (4) and without in-
cluding EW corrections. For the inclusive asymmetry,
however, we utilise both definitions (4,5) and also include
EW corrections. We do not include EW corrections to
the denominators Di since EW e↵ects to the total cross-
section are very small O(1%), see e.g. Ref. [52]. The nu-
merator New for the inclusive asymmetry AFB is taken
from Table 2 in Ref. [26]. We have checked that the e↵ect
of the di↵erent pdf and mt value used in Ref. [26] have
negligible e↵ect on the QCD numerator N3 and so we
expect the same to hold for New. The factor New is com-
puted in Ref. [26] only for µR = µF . Therefore, only for
the inclusive asymmetry, we compute the scale variation
by always keeping µR = µF . We also note that the scale

2

Such an expansion is not, strictly speaking, fully consistent since

the ↵S expansion is performed after convolution with pdf’s. Nev-

ertheless, following the existing literature, we consider it as an

indication of the sensitivity of A

FB

to missing higher order terms.

3

The term New contains some terms that involve powers of ↵S .

We ignore this ↵S-dependence in the power counting in eq. (5).
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FIG. 1: The inclusive asymmetry in pure QCD (black) and
QCD+EW (red). Computed in NLO and NNLO QCD; EW
corrections are from [26]. Capital letters (NLO, NNLO) cor-
respond to the unexpanded definition (4), while small letters
(nlo, nnlo) to the definition (5). Scenario 11 is derived by
setting  = 0 in the term ⇠ New in (5). The CDF/D0 (naive)
average is from Ref. [27]. Error bands are from scale variation
only. Our final prediction corresponds to scenario 10.

variation of AFB is derived from the consistent scale vari-
ation of the ratio, i.e. both numerator and denominator
in eqs. (4,5) are computed for each scale value.
The results for the inclusive asymmetry are given in

fig. 1. The rapidity dependence of AFB and of the cor-
responding di↵erential distribution, are given in fig. 2.
The Mtt̄ and PT,tt̄ dependences are shown, respectively,
in fig. 3 and fig. 4.

DISCUSSION AND CONCLUSIONS

We observe, see fig. 1, that the central values of the ex-
panded (5) and unexpanded (4) definitions of AFB di↵er
significantly at NLO but less so at NNLO. While the un-
expanded definition (4) closely resembles the experimen-
tal setup, the consistency of the two definitions within un-

certainties renders the question about choosing the more
appropriate one largely irrelevant. In line with the previ-
ous literature we thus choose as our final AFB prediction
scenario 10 in fig. 1 which is derived with the expanded
definition (5) and includes EW [26] corrections

ASM
FB = 0.095± 0.007 . (6)

As evident from all figures, the inclusion of higher order
QCD e↵ects reduces the scale errors for both di↵erential
distributions and inclusive and di↵erential asymmetries.
The only exception is the PT,tt̄ dependent asymmetry
whose scale behaviour at NLO QCD is atypical. We also
point out the small scale error for the expanded AFB

definition (5) in pure QCD at both NLO and NNLO,

3

that there are no implied cuts on the top quark distri-
butions. Thus in our calculation we do not impose any
cuts on top quarks besides the explicit binning. Our cal-
culation includes all partonic reactions that contribute
to inclusive tt̄ production in pure QCD without making
any approximations. We have checked that our calcula-
tion reproduces �tot from [33–36] for each value of µR, µF

with precision better than one permil; we also observe
cancellation of Infra Red (IR) singularities in each bin.
At NLO our calculation agrees with MCFM [23]. The
predicted PT,tt̄ dependence of AFB in the non-central bins
(with PT � 10GeV) at NNLO (see fig. below) is consis-
tent with the corresponding results [30, 53] for the NLO
QCD corrections to pp ! tt̄+ j at NLO.

In this work we use two definitions for AFB that are
formally equivalent through NNLO. One might define the
asymmetry either through the ratio eq. (1), i.e. by keep-
ing the exact results in both the numerator and denomi-
nator, or alternatively, by expanding the ratio eq. (1) in
powers of ↵S . 2 Allowing for EW corrections, eq. (1) can
be written 3 as

AFB ⌘ New + ↵3
SN3 + ↵4
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(4)
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The parameter  above controls the perturbative accu-
racy of AFB, i.e. it switches between NLO ( = 0 with
NLO pdf set) and NNLO ( = 1 with NNLO pdf set)
QCD corrections (i.e. LO and NLO corrections to AFB).

In this work we compute the di↵erential asymmetries
based on the unexpended definition (4) and without in-
cluding EW corrections. For the inclusive asymmetry,
however, we utilise both definitions (4,5) and also include
EW corrections. We do not include EW corrections to
the denominators Di since EW e↵ects to the total cross-
section are very small O(1%), see e.g. Ref. [52]. The nu-
merator New for the inclusive asymmetry AFB is taken
from Table 2 in Ref. [26]. We have checked that the e↵ect
of the di↵erent pdf and mt value used in Ref. [26] have
negligible e↵ect on the QCD numerator N3 and so we
expect the same to hold for New. The factor New is com-
puted in Ref. [26] only for µR = µF . Therefore, only for
the inclusive asymmetry, we compute the scale variation
by always keeping µR = µF . We also note that the scale

2

Such an expansion is not, strictly speaking, fully consistent since

the ↵S expansion is performed after convolution with pdf’s. Nev-

ertheless, following the existing literature, we consider it as an

indication of the sensitivity of A

FB

to missing higher order terms.

3

The term New contains some terms that involve powers of ↵S .

We ignore this ↵S-dependence in the power counting in eq. (5).
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FIG. 1: The inclusive asymmetry in pure QCD (black) and
QCD+EW (red). Computed in NLO and NNLO QCD; EW
corrections are from [26]. Capital letters (NLO, NNLO) cor-
respond to the unexpanded definition (4), while small letters
(nlo, nnlo) to the definition (5). Scenario 11 is derived by
setting  = 0 in the term ⇠ New in (5). The CDF/D0 (naive)
average is from Ref. [27]. Error bands are from scale variation
only. Our final prediction corresponds to scenario 10.

variation of AFB is derived from the consistent scale vari-
ation of the ratio, i.e. both numerator and denominator
in eqs. (4,5) are computed for each scale value.
The results for the inclusive asymmetry are given in

fig. 1. The rapidity dependence of AFB and of the cor-
responding di↵erential distribution, are given in fig. 2.
The Mtt̄ and PT,tt̄ dependences are shown, respectively,
in fig. 3 and fig. 4.

DISCUSSION AND CONCLUSIONS

We observe, see fig. 1, that the central values of the ex-
panded (5) and unexpanded (4) definitions of AFB di↵er
significantly at NLO but less so at NNLO. While the un-
expanded definition (4) closely resembles the experimen-
tal setup, the consistency of the two definitions within un-

certainties renders the question about choosing the more
appropriate one largely irrelevant. In line with the previ-
ous literature we thus choose as our final AFB prediction
scenario 10 in fig. 1 which is derived with the expanded
definition (5) and includes EW [26] corrections

ASM
FB = 0.095± 0.007 . (6)

As evident from all figures, the inclusion of higher order
QCD e↵ects reduces the scale errors for both di↵erential
distributions and inclusive and di↵erential asymmetries.
The only exception is the PT,tt̄ dependent asymmetry
whose scale behaviour at NLO QCD is atypical. We also
point out the small scale error for the expanded AFB

definition (5) in pure QCD at both NLO and NNLO,

•  CDF (dashes – errors) 
•  D0 (dashes – errors) 
•  NNLO 
•  NLO 

•  Agreement with D0 within errors even  
    without EW corrections 
•  CDF is far off 
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Understanding the origin of NNLO AFB 
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NNLO (orange) versus CDF [2] and D0 [1] data. Error bands
are from scale variation only. For improved readability some
bins are plotted slightly narrower. The highest bins contain
overflow events.

which appears too small to be realistic. The inclusion
of the EW corrections, however, breaks this pattern and
brings the scale dependence in line with the unexpanded
definition eq. (4).

Factorization RR RV VV

(princ. contr.)/(↵4

SN4

) �0.47 5.34 �3.90 0.03

TABLE I: Sizes of the various principle contributions to the
numerator of the inclusive A

FB

at NNLO in pure QCD. The
size of the numerator is given in table II.

The relative contributions of the principle NNLO cor-
rections (factorisation, RR, RV, and VV) to the inclusive
numerator in eq. (4) are given in table I. From this table
we conclude that the inclusive asymmetry at NNLO is
driven by a strong cancellation of RR and RV contribu-
tions. The contribution from factorisation (which is of
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FIG. 3: As in fig. 2 but for the Mt¯t di↵erential asymmetry.
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FIG. 4: The PT,t¯t di↵erential asymmetry in pure QCD at
NLO (blue) and NNLO (orange). Error bands are from scale
variation only. For improved readability some bins are plotted
slightly narrower. The highest bins contain overflow events.

NLO complexty) is sizeable while the pure virtual cor-
rection is quite small. We have also checked that the nu-
merator ↵4

SN4 almost exclusively originates in the qq̄ par-
tonic channel. Where present, the contribution to ↵4

SN4

due to the qg reaction is two orders of magnitude smaller
than qq̄ and the remaining qq0-type of partonic reactions
are another two orders of magnitude smaller. This pat-
tern is in line with the contributions of these partonic
reactions to the total inclusive cross-section [33–36].

In contrast to the negligible approximate NNLO QCD
correction to AFB inferred from soft-gluon resummation
[19, 20], in this work we find that the exact NNLO QCD
correction to the inclusive AFB is, in fact, large. Specifi-

•  The anatomy of AFB at NNLO is similar to that at NLO but more extreme 

•  Example: the contributions to the NNLO inclusive numerator 

•  Driven by large cancellation between RR and RV 
•  Sizable Factorization 
•  Tiny VV 

•  Contributions from partonic reactions is similar to NLO: 
 

•  Inclusive numerator is 99% qqbar 
•  qg = qqbar/10^2 
•  qq’=qqbar/10^4 

In line with the contributions of these reaction to the totla inclusive x-section 
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The difference w/r to approximate NNLO 

•  Large difference for the inclusive asymmetry and numerator (no comparison for differential) 

5

NLO NNLO NLO+NNLL

↵3

SN3

+ ↵4

SN4

[pb] 0.393+0.211
�0.127 0.525+0.055

�0.085 0.448+0.080
�0.071

↵4

SN4

[pb] – 0.148 –

A
FB

[%] (eq. (5)) 7.33+0.69
�0.58 8.28+0.27

�0.26 7.24+1.04
�0.67

A
FB

[%] (eq. (4)) 5.89+2.70
�1.40 7.49+0.49

�0.86 –

TABLE II: Comparison of the numerator in eq. (4) and the
inclusive asymmetry A

FB

in pure QCD at NLO (with NLO
pdf set), NNLO and NLO+NNLL (from Ref. [20]). Only
errors from µF = µR scale variation are shown.

cally, in table II we compare 4 the exact results for AFB

and its numerator (defined as the QCD part of the nu-
merator in eq (4)) through NNLO in QCD, with the
NLO+NNLL predictions of Ref. [20]. As can be con-
cluded from table II, the ratio

A(NNLO)
FB /A(NLO)

FB is 1.27 (1.13) for AFB

defined through eq. (4) (eq. (5)). The corresponding
ratio for the numerator of the asymmetry is 1.34, which is
even larger than that for AFB. Clearly the corrections to
both quantities are significantly di↵erent from the ones
in approximate NNLO. 5

The large di↵erence between AFB predicted in exact
and approximate NNLO can be understood from the
PT,tt̄ dependence of AFB. We recall that soft gluon re-
summation applies to kinematical configurations that re-
semble the Born one, i.e. it should mainly contribute to
the small PT,tt̄ bins.

As fig. 4 suggests, harder radiation generates a signif-
icant portion of the NNLO corrections. Looking at the
cumulative di↵erential asymmetry AFB(PT,tt̄  Pcut

T,tt̄)
and the corresponding cumulative numerator, not shown
here, we observe that in the first bin P cut

T,tt̄  10GeV
(where soft gluon resummation should be most relevant)
the NLO and NNLO numerators are practically equal,
i.e. the 10% shift from NLO to NNLO in the first bin
in fig. 4 is exclusively due to the di↵erence between
NLO and NNLO denominators. With the inclusion of
the next bins, however, the NLO and NNLO numera-
tors start to di↵er quite rapidly. We observe that about
50% of the di↵erence between the fully inclusive NLO
and NNLO numerators is generated by the second bin
10GeV  Pcut

T,tt̄  20GeV, while the remaining 50% of

the di↵erence comes from bins with P cut
T,tt̄ > 20GeV. Fur-

ther details will be given in a forthcoming publication.
Analysing the PT,tt̄ dependence of AFB, the CDF col-

laboration [2] noted that the discrepancy between data

4

The settings in both papers are the same, except for a small

di↵erence of 0.2GeV in the value of mt which we neglect.

5

We refrain from directly comparing di↵erential asymmetries be-

cause in this work we define them through eq. (4) while the ones

in Ref. [20] are defined through eq. (5).

and NLO QCD appears to be independent of PT,tt̄. It
is easy to see from fig. 4 that the di↵erence between
NNLO and NLO corrections to the PT,tt̄ asymmetry for
PT,tt̄ � 10GeV follow precisely this pattern and is, fur-
thermore, consistent with the analysis of Ref. [31].

The pdf uncertainties are generally small and have
not been included in the results of this paper. To es-
timate pdf uncertainties, we compute AFB in NLO QCD
with both NLO and NNLO pdf sets (MSTW2008 (68%
CL) [44]). In inclusive quantities like the inclusive AFB

and numerator in eq. (4), the pdf uncertainty is smaller
than the scale uncertainty by a factor between 2 and 4
and thus can be safely neglected. Similar pattern is ob-
served in the di↵erential asymmetry with the exception
of AFB(Mtt̄) in the two highest Mtt̄ bins. In these two
bins, we observe comparable in size pdf and scale uncer-
tainties, albeit both are rather asymmetric and point in
opposite directions. Therefore, realistic theory error es-
timate in the two largest Mtt̄ bins require the inclusion
of pdf uncertainty; the total uncertainty will then be ap-
proximately symmetric and equal in size to the larger
scale variation (the one facing down) depicted in fig. 3.

The Monte Carlo (MC) integration error in all our re-
sults is insignificant. Specifically, its relative contribution
to the inclusive asymmetry and cross-section is at the
permil and sub-permil levels, respectively. In di↵erential
distributions this error is at the few–permil level in each
bin. The relative MC error in the di↵erential asymme-
tries is typically below 1% in each bin, with the exception
of the largest Mtt̄ bin and the 60  PT,tt̄  70GeV bin
where it is about 1.5% (for central scales).

In summary, in this work we have computed the largest
missing SM correction to AFB from NNLO QCD. We
observe significant correction to the inclusive and di↵er-
ential asymmetry.

We thank Dante Amidei, Tom Ferbel, Amnon Harel,
Regina Demina and Jon Wilson for clarifications about
the experimental results. We also thank S. Dittmaier
for kindly providing us with his code for the evalu-
ation of the one-loop virtual corrections and Markus
Schulze for a comparison with the results of Ref. [30,
53]. The work of M. C. and P. F. was supported by
the German Research Foundation (DFG) via the Son-
derforschungsbereich/Transregio SFB/TR-9 “Computa-
tional Particle Physics”, and the Heisenberg programme.
The work of A. M. is supported by the UK Science and
Technology Facilities Council [grants ST/L002760/1 and
ST/K004883/1].
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FIG. 4: As in fig. 2 but for the PT,t¯t di↵erential asymmetry.

The inclusion of higher order QCD corrections reduces
the scale uncertainty of the di↵erential asymmetry. The
only exception is the PT,tt̄ dependent asymmetry whose
scale behaviour at NLO QCD is atypical.

Factorization RR RV VV

(princ. contr.)/(↵4

SN4

) �0.47 5.34 �3.90 0.03

TABLE I: Principal contributions to the numerator N
4

.

The relative contributions of the principal NNLO cor-
rections 9 to the inclusive numerator in eq. (2) are given
in table I. Clearly, the inclusive asymmetry at NNLO
is driven by a strong cancellation between RR and RV
contributions. The contribution from factorisation is
sizeable while the pure virtual (VV) correction is quite
small. We have also checked that the numerator ↵4

SN4

almost exclusively originates 10 in the qq̄ partonic chan-
nel. Where present, the contribution to ↵4

SN4 due to the
qg reaction is two orders of magnitude smaller than qq̄.
The remaining qq0-type partonic reactions are another
two orders of magnitude smaller. This pattern is in line
with the contributions of these partonic reactions to the
total cross-section [34–37].

9 Note that this separation is not unambiguous, just as at NLO.
10 The contribution due to collinear factorisation is not included in

this comparison.

NLO NNLO NLO+NNLL

↵3

SN3

+ ↵4

SN4

[pb] 0.394+0.211
�0.127 0.525+0.055

�0.085 0.448+0.080
�0.071

↵4

SN4

[pb] – 0.148 –

A
FB

[%] (eq. (3)) 7.34+0.68
�0.58 8.28+0.27

�0.26 7.24+1.04
�0.67

A
FB

[%] (eq. (2)) 5.89+2.70
�1.40 7.49+0.49

�0.86 –

TABLE II: Comparison of the numerator in eq. (2) and the in-
clusive asymmetry A

FB

computed in pure QCD at NLO (with
NLO pdf set), NNLO and NLO+NNLL [20]. Only errors from
µF = µR scale variation are shown.

In contrast to the negligible approximate NNLO QCD
correction to AFB implied by soft-gluon resummation
[19, 20], we find that the exact NNLO QCD correction
to the inclusive AFB is, in fact, large. Specifically, in ta-
ble II we compare 11 the exact results for AFB and its
numerator (defined as the QCD part of the numerator in
eq (2)) through NNLO in QCD, with the NLO+NNLL

predictions of Ref. [20]. The ratio A(NNLO)
FB /A(NLO)

FB is
1.27 (1.13) for AFB defined through eq. (2) (eq. (3)). The
corresponding ratio for the numerator of the asymmetry
is 1.33, which is even larger than that for AFB. Clearly
the corrections to both quantities are significantly di↵er-
ent from those of approximate NNLO, which yield 0.99
for the AFB and 1.13 for the numerator ratio. 12

The large di↵erence between AFB predicted in ex-
act and approximate NNLO can be understood from its
PT,tt̄ dependence. We recall that soft gluon resumma-
tion applies to kinematical configurations that resemble
those at Born level, i.e. it should mainly contribute to
the small PT,tt̄ bins. As fig. 4 suggests, harder radia-
tion generates a significant portion of the NNLO correc-
tions. Studying the cumulative di↵erential asymmetry
AFB(PT,tt̄  P cut

T,tt̄) and the corresponding cumulative nu-

merator we observe that in the first bin P cut
T,tt̄  10GeV

(where soft gluon resummation should be most relevant)
the NLO and NNLO numerators are practically equal,
i.e. the 10% shift from NLO to NNLO in the first bin
in fig. 4 is exclusively due to the di↵erence between NLO
and NNLO denominators. With the inclusion of the next
bins, however, the NLO and NNLO cumulative numera-
tors start to di↵er quite rapidly. Indeed, about 50% of
their di↵erence is generated by the addition of the second
bin P cut

T,tt̄ = 20GeV.
Analysing the PT,tt̄ dependence of AFB, the CDF col-

laboration [2] noted that the discrepancy between data
and NLO QCD appears to be independent of PT,tt̄. It
is easy to see from fig. 4 that the di↵erence between

11 The settings in both papers are the same, except for a small
di↵erence of 0.2GeV in the value of mt which we neglect.

12 We refrain from directly comparing di↵erential asymmetries be-
cause in this work we define them through eq. (2) while the ones
in Ref. [20] are defined through eq. (3).
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The difference w/r to approximate NNLO 

•  It is better to look at the Cumulative differential asymmetry 
    (i.e. the inclusive asymmetry with a cut on PT,tt) 

•  Recall: the inclusive asymmetry is not an integral  
    over the differential one … 

•  Soft gluon resummation “operates” near PT,tt=0. The  
    Cumulative asymmetry will illustrate how AFB develops 
 
•  Cumulative PT,tt asymmetry: 

5

 0

 0.5

 1

 1.5

 2

 2.5

-80 -60 -40 -20  0  20  40  60  80

d
σ
/
d
P
t
t
 
[
p
b
/
b
i
n
]

Ptt × sign(∆Y) [GeV]

PPbar → tt+X

mtop=173.3 GeV

MSTW2008NNLO(68cl)

NLO
NNLO

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0  10  20  30  40  50  60  70  80

A
F
B

Ptt [GeV]

mtop=173.3 GeV

MSTW2008NNLO(68cl)

NLO
NNLO

FIG. 4: The PT,t¯t di↵erential asymmetry in pure QCD at
NLO (blue) and NNLO (orange). Error bands are from scale
variation only. For improved readability some bins are plotted
slightly narrower. The highest bins contain overflow events.

responding ratio for the numerator of the asymmetry is
1.34, which is even larger than that for AFB. Clearly the
corrections to both quantities are significantly di↵erent
from the ones in approximate NNLO. 5

The large di↵erence between AFB predicted in exact
and approximate NNLO can be understood from the
PT,tt̄ dependence of AFB. We recall that soft gluon re-
summation applies to kinematical configurations that re-
semble the Born one, i.e. it should mainly contribute to
the small PT,tt̄ bins.

As fig. 4 suggests, harder radiation generates a signif-
icant portion of the NNLO corrections. Looking at the
cumulative di↵erential asymmetry AFB(PT,tt̄  Pcut

T,tt̄)
and the corresponding cumulative numerator, not shown
here, we observe that in the first bin P cut

T,tt̄  10GeV

5

We refrain from directly comparing di↵erential asymmetries be-

cause in this work we define them through eq. (4) while the ones

in Ref. [20] are defined through eq. (5).

(where soft gluon resummation should be most relevant)
the NLO and NNLO numerators are practically equal,
i.e. the 10% shift from NLO to NNLO in the first bin
in fig. 4 is exclusively due to the di↵erence between
NLO and NNLO denominators. With the inclusion of
the next bins, however, the NLO and NNLO numera-
tors start to di↵er quite rapidly. We observe that about
50% of the di↵erence between the fully inclusive NLO
and NNLO numerators is generated by the second bin
10GeV  Pcut

T,tt̄  20GeV, while the remaining 50% of

the di↵erence comes from bins with P cut
T,tt̄ > 20GeV. Fur-

ther details will be given in a forthcoming publication.

Analysing the PT,tt̄ dependence of AFB, the CDF col-
laboration [2] noted that the discrepancy between data
and NLO QCD appears to be independent of PT,tt̄. It
is easy to see from fig. 4 that the di↵erence between
NNLO and NLO corrections to the PT,tt̄ asymmetry for
PT,tt̄ � 10GeV follow precisely this pattern and is, fur-
thermore, consistent with the analysis of Ref. [31].

The pdf uncertainties are generally small and have
not been included in the results of this paper. To es-
timate pdf uncertainties, we compute AFB in NLO QCD
with both NLO and NNLO pdf sets (MSTW2008 (68%
CL) [44]). In inclusive quantities like the inclusive AFB

and numerator in eq. (4), the pdf uncertainty is smaller
than the scale uncertainty by a factor between 2 and 4
and thus can be safely neglected. Similar pattern is ob-
served in the di↵erential asymmetry with the exception
of AFB(Mtt̄) in the two highest Mtt̄ bins. In these two
bins, we observe comparable in size pdf and scale uncer-
tainties, albeit both are rather asymmetric and point in
opposite directions. Therefore, realistic theory error es-
timate in the two largest Mtt̄ bins require the inclusion
of pdf uncertainty; the total uncertainty will then be ap-
proximately symmetric and equal in size to the larger
scale variation (the one facing down) depicted in fig. 3.

The Monte Carlo (MC) integration error in all our re-
sults is insignificant. Specifically, its relative contribution
to the inclusive asymmetry and cross-section is at the
permil and sub-permil levels, respectively. In di↵erential
distributions this error is at the few–permil level in each
bin. The relative MC error in the di↵erential asymme-
tries is typically below 1% in each bin, with the exception
of the largest Mtt̄ bin and the 60  PT,tt̄  70GeV bin
where it is about 1.5% (for central scales).

In summary, in this work we have computed the largest
missing SM correction to AFB from NNLO QCD. We
observe significant correction to the inclusive and di↵er-
ential asymmetry.

We thank Dante Amidei, Tom Ferbel, Amnon Harel,
Regina Demina and Jon Wilson for clarifications about
the experimental results. We also thank S. Dittmaier
for kindly providing us with his code for the evalu-
ation of the one-loop virtual corrections and Markus

2 4 6 8
0.40

0.45

0.50

0.55

0.60

2 4 6 8

1.05

1.10

1.15

1.20

1.25

1.30

NNLO and NLO numerators NNLO/NLO numerators 

PT,tt bin PT,tt bin 



Top pair at NNLO                                                                               Alexander Mitov                                                                                    CERN, 12 Jan 2015 

The difference w/r to approximate NNLO 
 
•  Cumulative PT,tt asymmetry: 

NNLO and NLO AFB NNLO/NLO AFB 

PT,tt bin 
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•  Equal NLO and NNLO numerators in the first bin (where soft resummation is most relevant) 
•  Thus, the NLO – NNLO difference in the first bin is only due to the denominator! 
•  They start to diverge fast afterwards  
•  The second bin contains already 50% of the NNLO-NLO difference in the numerator 

•  Clearly the difference between NLO and NNLO comes from hard emissions which 
    cannot be described by soft-gluon resummation 
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NNLO QCD differential distributions for Tevatron 

Work in progress with: 
 Michael Czakon and Paul Fiedler 
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!  We have computed (calculations are completed) all differential distributions that were 
measured at the Tevatron 

!  Paper being prepared. Preliminary results in the following. 

!  Fixed scales used (muF,muR=mtop) 

!  Quality of calculation is high (relative MC error small except in the highest bins where x- 
    section is extremely small) 

!  Will present results for: MtT, PT,top, PT,tT, ytop, cos(theta) 

!  Have some more distributions (relevant for the Legendre moment analysis of AFB) 

Tevatron 
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!  Absolute normalization 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: MtT  
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!  Normalized distribution 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: normalized MtT  

Preliminary 
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!  Absolute normalization 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: PT,top  
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!  Normalized distribution 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: Normalized PT,top  

Preliminary 
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!  Absolute normalization 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: PT,tT  

Preliminary 

 0

 1

 2

 3

 4

 5

 6

 7

 0  20  40  60  80  100

dm
/d
P T

,t
tb
ar
 [
pb
/b
in
]

PT,ttbar

NNLO
NLO
LO

NNLO scales



Top pair at NNLO                                                                               Alexander Mitov                                                                                    CERN, 12 Jan 2015 Top pair at NNLO                                                                               Alexander Mitov                                                                                    CERN, 12 Jan 2015 

 
!  Absolute normalization 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: ytop  

Preliminary 
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!  Absolute normalization 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: cos(theta)  

Preliminary 
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!  Normalized distribution 
!  mtop=173.3GeV 
!  Fixed scales (muR,muF=mtop) 
!  MSTW2008NNLO 

Tevatron: normalized cos(theta)  

Preliminary 
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$  We have a working code which calculates exactly the fully differential ttbar production 
   ( all channels, no approximations like leading color used) 

$  We have high-quality predictions for the Tevatron 

$  The results for AFB at Tevatron published (healthy NNLO effect found which brings SM theory 
closer to experiment 

$  We have computed all Tevatron distributions with Tevatron binning. Paper in preparation. 

$  LHC differential computed but not good enough. 

$  New code development underway which will allow a number of improvements: 

$  All calculations exact 
$  dynamic scales 
$  O(100) speed improvement 
$  Allows for top decay! 

$  Anticipate LHC results before any new LHC 13 TeV results. 

$  If all goes as planned this year we should also have NNLO with NNLO decayed tops. 
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Summary and Conclusions 


