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Contents of previous lecture -

Transverse Optics |

¢ Transverse coordinates

¢ Vertical Focusing

¢ Cosmotron

¢ Weak focusing in a synchrotron
¢ The “n-value”

¢ Gutter

¢ Transverse ellipse

¢ Cosmotron people

¢ Alternating gradients

¢ Equation of motion in transverse co-
ordinates
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Lecture 4 - Transverse Optics |

Contents

¢ Equation of motion in transverse co-
ordinates

¢ Check Solution of Hill

¢ Twiss Matrix

¢ Solving for a ring

¢ The lattice

¢ Beam sections

¢ Physical meaning of Q and beta
¢ Smooth approximation
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Equation of motion in transverse co-
ordinates

¥ Hill’s equation (linear-periodic coefficients)
2

£ k(s)y =0
o (s)y

— l dBZ at quadrupoles
(Bp) dx
— like restoring constant in harmonic motion

¥ Solution (e.g. Horizontal plane)

y=AIp(s)Vesn[p(s)+ ¢, ]

v Condition ds

¢=jﬂ“)

¥ Property of machine _| B(s)
¥ Property of the particle (beam) ¢

¥ Physical meaning (H or V planes)

Envelope ) m

Maximum excursions

y=~gB(s) P =Je/ B(s)

— wheref; =
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Check Solution of Hill

¢ Differentiate y=-/0(s)¢ cos(¢(S) + ¢0)
substituting w = \/,B o=¢(s)+ o

V' = { '(s)cos@ — ¢W(S)Sln¢}

¢ Necessary condition for solution to be true

dp 1 1

&8 T B(s) wi(s)

¢ Differentiate Xgaln { (s)cosp— (S) sin ¢}

cancels to 0

must be zero 0
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Continue checking

cancels to 0

+ky kw(s)cos g

must be zero 0

¢ The condition that these three coefficients
sum to zero is a differential equation for
the envelope

w"(s)+ kw(s)— 31 =0
w(s)
alternatively

1 | R >
BB — =B+ kB =1
BB~ Bk
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Twiss Matrix

¢ All such linear motion from points 1 to 2 can
be described by a matrix like:

Y(Sz)J _| ¢ b (J’(Sl)) _ (J/(Sl)j
(y'(sz) (C dj V'(s)) Y y(s))
¢ To find elements first use notation w = \/,E

2w cos (p+ dp)
¢ Differentiate and remember 1

1
Bow
1/2 e'* .
y="2w cos (p+ do)-Z sin (p+ )
¢ Trace two rays one starts $=0  “cosine”

¢ We know = ¢!

¢ The other starts with p=r/2 “‘sine”

¢ We just plug in the “c” and “s” expression
for displacement an divergence at point 1 and
the general solutions at point 2 on LHS

¢ Matrix then yields four simultaneous
equations with unknowns : a b ¢ d which can
be solved
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Twiss Matrix (continued)

¢ Writing b= —
4 The matrix elements are

w v :
—2 cos @ —wyw, sin @ , wiw, sin @

W
M = 1 1 1 1
12 1+ Wl Wl W2W2 . Wl W2 Wl v
— Ssm—| — ——| COS® , — COS (0+W1W2 Sin @
wiw, W, M W)

¢ Above is the general case but to simplify we
consider points which are separated by only
one PERIOD and for which

W =Wy =W, W=w,=w, u=¢, —¢ =270

¢ The “period” matrix is then

cos (—ww'sin u w? sin 1
M=| 1+ww? o
— 5 Sin 44, COS 4 +ww' sin i
w

¢ If you have difficulty with the concept of a
period just think of a single turn.
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Twiss concluded

cos u—ww'sin u , w? sin 1
M=| 1+ww? o
— 5 Sin 44, COS 4 +ww' sin i
w

¢ Can be simplified if we define the “Twiss”
parameters:

v (cos,u+asin,u, Bsin u J
- —y sin 4, CoOSU—a SInu
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The lattice

B‘BQ'BQ'B1'B1JFLB1'B1'BQ'BQ—L

80°

J30°

LENGTH ANGLE KgY) ALPHA{P) BETACH) ALPHACH)  MUHAZPL  BETA{V) ALPHA(Y)  mUY/RP] AM/2 Av/s2
o]  4,085000 0,000000 =,015083 |,D658440104,80408B5 2,452160 +O00487L 19,011780 e, 520345 108607 6€53,713683 9,9ir580
2 4380000 0,000000 0,000000 1,374053103,127960 2,428089 005522 (¥,398014 e, 544408 029555 54,547913 10,0170
0y 6,260000 006448 0,000000 1,19612&4 X5, 348083¢ 2, 009%21 (016433 20,028710 =, 968619 G4, 00437) 12,212911
4 400000 ©0,000000 ©0,000000 1,186405 73,751941 1, 988776 037207 20,609417 w,9B9248 54,79434] 13,376828
05 5,260000 008443 0,000000 |,060742 51,548094 1 ,864207 (003474 44,810910 =1,40707} S54,174091 19,192432
& 390000 09,000000 0,000060 1,084559 50, 338182 1 538130 034602 45,710680 »3 433,22 48,42888) 1S, 379447
87 6,280000 008443 0,000000 981783 3Y TOL223 1,119583  [0BBYYS 66,27498) w],850%27 44,903088 18,517478%
5 380000 0,000000 0,000000 978943 32,86001) 1,004184 06079 67,691002 »1,878096 (132344 35,983337 LB,713708
09 6,280000 $008445  0,000000 (PE0017 24 ,781585 (875388 JOP0308 DY, TETETE w2, 292703 1134881 36, 84921 23,020267
10 2,342700 0,000000 ©0,000000 981460 16,P83148 518942 L118720104,806277 w2, 440038  3)0621 30,069327 2),265624
11 3,085000 ¢,000000 2018037 1,034354 19,9830648 =, 518916 J143368164,001020 2,447388 1342101 28, ,340412 33,718820
12 80000 ©,000000 0,000000 1,0%0730 19,334%00 = 542318  ,1d6278103,196611 2,424087 343726 28,638026 23,206213
13 6,260000 ,00B24S  0,000000 1,370047 28,764399 o, 080870 189031 73,492{32 2,007803 183027 35,08983% 23108121
(6 ,380000 0,000000 0,000000 1,391035 29,504322 «, 008287 101088 73,939822 |,982463  ,¥BUEIG 3D ,B46047 18,767412
15 §,260000 ,00844% 0,0000GC 1,76J21F 44, 470640 =) 404647  2({8731 51,724004 |, 585610 ,1PL97S 43,78037% 19,657280
18 390000 0,000000 0,000000 |,78809Y 45,57859) «f, 430924 220409 50,513067 1,539%89  ,1)I149 44,26B987 16,380308
17 6,260000 ,00644% 0,000000 2,213103 85,113699 w1 ,049484  ,2IMRPS 33,849{77 1,122200  J9PIT7 SI, 470174 18,106b762
8 ,400000 0,000000 0,006000 2,241982 57 403508 w1 876229  ,p3ISAE; 32,062034 |,008579 QU8 B4, 070136 §3,233307
19 6,200000  ,DOB443  0,000000 2,7]9888 $3,7143%4 a2,294790  ,25170¢ 21,899390 677943 (BIET45 61,83025] 13,008741
20 2,332700 0,000000 0,000000 2,9094R0104, 482261 =2, 452099 29550 19,038998 520847 BSR40 47, 852709 10,634409
2. 3,08%000 4,080000 we,01%083 2,946010104,882260 2,482408 )260188 {0,038108 », 520546 +361673 60, B53G88 9,F24076
2z 360000 0,000000 0,000000 2,928443103,12842)% 2,428027 260680 19,62153] w, 544379  RE4E03 67,668880 10,0A30850
23 6,260000 003445  0,000000 2,994240 79,347037 2,000487 271902 28,084161 =, 942177  yIRP2i6 67,1081R4 17,218208
24 400000 0,000000 0,000000 2,574763 3. 750102 §,982722 72046 29,6J4602 «, 988874  LIR0424 B7,546838 12,)82087
¥ 6,260000 y008445  0,000000 2,296428 %) 548933 1, 564182 (382037 44, 628200 L 408188 yIB6RAT 56, ,950587 15,198477
26 390000 0,000000 0,000000 2,28Q734 80,337057 1,83808%  ,29025] A5,735100 =1,433204  ,3881)) 47, 8998587 15,302330
27 6,:0000 008448 ,D00000 2,098244 I2,700612 1,11952% 114504 46,270062 =), 849098 s 376466 47,368020 18, B17744
28 380000 0,000000 0,000000 2,043182 J2,850438 1,094117 310382 87,651805 =1, 874435 ITTI89 39,127020 18,713047
29 6,260000 008445 g, 000600 1,B70N77 21,78(005  &r5557 3NMRM] 9),750093 w2,200702  ,JORA888 J8,663082 22,030830
3¢ 2,342700 0,000000 0,000000 §,A[B875 18,983j0f ,Bi0917  ,373316104,005002 »2, 448673 0544 31 ,80333¢ I, 20228}
34 3,088000 0,000000 015037 1473603 18,983170 w BtA943  30BSR104,862044 2,447912  ,IPEI0 30,027988 23,71208¢

Lecture 4 - E. Wilson - 23 Oct 2014 — Slide 1 O




Beam sections
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Physical meaning of Q and Beta

Beam profile

>
Scanning voltage « beam displacement

Signal «< No. of electrons collected

—»  m— Period of revolution {1 turn)

/ Envelope — x,, sin 2 gACHt

Signal from beam position monitor
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Smooth approximation

Nu=2x0
ds
1
2 7R
midea
7 70
.5 R
-~ B 0
Y
1 D
v,. R
==X
0,
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Principal trajectories

y(s) = C(s)y, +S(s)y, + D(s) 2P

e <DL,

[y Y(C S D) ( y
yr CI SI DI — yr
\4p/p)\ 0 0 1) (4p/p),
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Effect of a drift length and a
quadrupole

A (X7 Xz) X A (a7, xy)
/ ) /H > (%)
5] -
7 (s xp) X
- Lo
1
Drift length
h . A -~ )
o= —x N0 = M. x

-
,.I; .
L
o
e

-

0 =

3L, O
xé - -1/f, 1 x'l
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Focusing in a sector magnet

cosfd, psinéb

_ 1 .
M= _2 sin 4, cosd

yo,
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The lattice (1% of SPS)

pB2}{B2}{B1}{B1HFYB1} B1}{B2|{ B2
nd | L

m
120 60°
60 30°
S—>» m
LENGTH ANGLE KgY) ALPHA{P) BETACH) ALPHACH)  MUHAZPL  BETA{V) ALPHA(Y)  mUY/RP] AM/2 Av/s2

o]  4,085000 0,000000 =,015083 |,D658440104,80408B5 2,452160 +O00487L 19,011780 e, 520345 108607 6€53,713683 9,9ir580
2 4380000 0,000000 0,000000 1,374053103,127960 2,428089 005522 (¥,398014 e, 544408 029555 54,547913 10,0170
0y 6,260000 006448 0,000000 1,19612&4 X5, 348083¢ 2, 009%21 (016433 20,028710 =, 968619 G4, 00437) 12,212911
4 400000 ©0,000000 ©0,000000 1,186405 73,751941 1, 988776 037207 20,609417 w,9B9248 54,79434] 13,376828
05 5,260000 008443 0,000000 |,060742 51,548094 1 ,864207 (003474 44,810910 =1,40707} S54,174091 19,192432
& 390000 09,000000 0,000060 1,084559 50, 338182 1 538130 034602 45,710680 »3 433,22 48,42888) 1S, 379447
87 6,280000 008443 0,000000 981783 3Y TOL223 1,119583  [0BBYYS 66,27498) w],850%27 44,903088 18,517478%
5 380000 0,000000 0,000000 978943 32,86001) 1,004184 06079 67,691002 »1,878096 (132344 35,983337 LB,713708
09 6,280000 $008445  0,000000 (PE0017 24 ,781585 (875388 JOP0308 DY, TETETE w2, 292703 1134881 36, 84921 23,020267
10 2,342700 0,000000 ©0,000000 981460 16,P83148 518942 L118720104,806277 w2, 440038  3)0621 30,069327 2),265624
11 3,085000 ¢,000000 2018037 1,034354 19,9830648 =, 518916 J143368164,001020 2,447388 1342101 28, ,340412 33,718820
12 250000 ©0,000000 0,000000 1,0%0730 19,334%00 =, 542318  ,{d6278103,194811 2,424087 343726 28,630026 23296218
13 6,260000 ,00B24S  0,000000 1,370047 28,764399 o, 080870 189031 73,492{32 2,007803 183027 35,08983% 23108121
(6 ,380000 0,000000 0,000000 1,391035 29,504322 «, 008287 101088 73,939822 |,982463  ,¥BUEIG 3D ,B46047 18,767412
15 §,260000 ,00844% 0,0000GC 1,76J21F 44, 470640 =) 404647  2({8731 51,724004 |, 585610 ,1PL97S 43,78037% 19,657280
18 390000 0,000000 0,000000 |,78809Y 45,57859) «f, 430924 220409 50,513067 1,539%89  ,1)I149 44,26B987 16,380308
17 6,260000 ,00644% 0,000000 2,213103 85,113699 w1 ,049484  ,2IMRPS 33,849{77 1,122200  J9PIT7 SI, 470174 18,106b762
8 ,400000 0,000000 0,006000 2,241982 57 403508 w1 876229  ,p3ISAE; 32,062034 |,008579 QU8 B4, 070136 §3,233307
19 6,200000  ,DOB443  0,000000 2,7]9888 $3,7143%4 a2,294790  ,25170¢ 21,899390 677943 (BIET45 61,83025] 13,008741
20 2,332700 0,000000 0,000000 2,9094R0104, 482261 =2, 452099 29550 19,038998 520847 BSR40 47, 852709 10,634409
2. 3,08%000 4,080000 we,01%083 2,946010104,882260 2,482408 )260188 {0,038108 », 520546 +361673 60, B53G88 9,F24076
2z 360000 0,000000 0,000000 2,928443103,12842)% 2,428027 260680 19,62153] w, 544379  RE4E03 67,668880 10,0A30850
23 6,260000 003445  0,000000 2,994240 79,347037 2,000487 271902 28,084161 =, 942177  yIRP2i6 67,1081R4 17,218208
24 400000 0,000000 0,000000 2,574763 3. 750102 §,982722 72046 29,6J4602 «, 988874  LIR0424 B7,546838 12,)82087
¥ 6,260000 y008445  0,000000 2,296428 %) 548933 1, 564182 (382037 44, 628200 L 408188 yIB6RAT 56, ,950587 15,198477
26 390000 0,000000 0,000000 2,28Q734 80,337057 1,83808%  ,29025] A5,735100 =1,433204  ,3881)) 47, 8998587 15,302330
27 6,:0000 008448 ,D00000 2,098244 I2,700612 1,11952% 114504 46,270062 =), 849098 s 376466 47,368020 18, B17744
28 380000 0,000000 0,000000 2,043182 J2,850438 1,094117 310382 87,651805 =1, 874435 ITTI89 39,127020 18,713047
29 6,260000 008445 g, 000600 1,B70N77 21,78(005  &r5557 3NMRM] 9),750093 w2,200702  ,JORA888 J8,663082 22,030830
3¢ 2,342700 0,000000 0,000000 §,A[B875 18,983j0f ,Bi0917  ,373316104,005002 »2, 448673 0544 31 ,80333¢ I, 20228}
34 3,088000 0,000000 015037 1473603 18,983170 w BtA943  30BSR104,862044 2,447912  ,IPEI0 30,027988 23,71208¢
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Calculating the Twiss parameters

THEORY COMPUTATION

\ (multlply\leQ?nts)
(cos,u+asin,u, [ sn u ] ( j

M = .
—y sin u, cos (L—a sin u c d

e

Real hard numbers

Solve to get Twiss parameters:

= COS_I(TF M): cos_l(CH_dj
2 2

PB=b/sm u
a—d
o= —
2sm  u
y=—c/sin u
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Meaning of Twiss parameters

—o. N el

Q-
48]
& \
33
] oo | |
_E
=
T
y

v ey

Velp

Ymax =

¥ € 1S either :
» Emittance of a beam anywhere in the ring

» Courant and Snyder invariant fro one particle
anywhere in the ring

Y(S)y® +2a(s)yy' +B(s)y” =¢
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Example of Beam Size Calculation

¢ Emittance at 10 GeV/c
e=207mm.mrad =207 x10"° m.rad

o\

L=108m

—0.43310°°

=0.43.10" rad
=0.43 mrad.

Je8=~10820.10"°

— 463107°
=46.10"° m

=46 mm.
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Summary

¢ Equation of motion in transverse co-
ordinates

¢ Check Solution of Hill

¢ Twiss Matrix

¢ Solving for a ring

¢ The lattice

¢ Beam sections

¢ Physical meaning of Q and beta
¢ Smooth approximation
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Further reading

¢ The slides that follow may interest students
who would like to see a formal derivation of
Hill’s Equation from Hamiltonian Mechanics
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Relativistic H of a charged particle
in an electromagnetic field

¢ Remember from special relativity:
my

SRSy

my

_ Y
S

—_— va Z
SN

H=p:c’ +p§c2 + p2c® +mc’

i.e. the energy of a free particle

¢ Add in the electromagnetic field

» electrostatic energy €¢

» magnetic vector potential cA has same dimensions
as momentum
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Hamiltonian for a particle in an
accelerator

H(q,p,t)= e¢+c[(p eA) +mlc ]V

¢ Note this is not independent of g because

A=A(x,y,s)
¢ Montague (pp 39 — 48) does a lot of rigorous,
clever but confusing things but in the end he
just turns H inside out

¢ p_ is the new Hamiltonian with s as the
independent variable instead of 7 (see M 48)

¢ Wilson obtains
H = px —eA,
» assumes curvature is small
» assumes =
» assumes magﬁet has no ends Ax - Ay =0
» assumes small angles p << D,

» ignores y plane

¢ Dividing by

P=\p +pl+p’

¢ Finally (W Equ 8)
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Multipoles in the Hamiltonian

()4
2 (Bp)

¢ We said 4, contains x (and y) dependance

A = A x"

S n n

¢ We find out how by comparing the two
expressions:

A e
By‘(y:O) = — ﬁxs = —ZnnAnx 1

1 5(” I)B .
b ‘ 0 (n—1) x
Yl(y=0) (n D! &

¢ We find a series of multipoles:
1 Of;(n—l)B

(x ) I :
H =
2oy a0
¢ For a quadrupole n=2 and:

g = (x') . k(s)x”
2 2
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Hill’s equation in one ( or two) lines

¢ Hamilton’s equations give an equation of
motion (remember independent coordinate is
now s not¢)

p “oH a(x) oH

and: o A
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Other interesting forms

eA 1/2
Inx plane  H~-—"-(1- Px )
p
Small divergences: . ed | Py
p 2
OA D
But: B(z=0=—=n 4 X

n

Substitute a Taylor series:

%:izl o”(n—l)Ban
p Be™n! d(n-1]

Multipoles each have a term:

2 00
I 1 lB
H:&JFZ on—1) o

—o(Be) n! dk(n— 1)

2 2
Quadrupoles: |z — 1; N k(Sz)x
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