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High-energy QCD scattering processes and Wilson lines.

High-energy Operator Product Expansion: factorization in rapidity
space.

Evolution equation and background field method.

NLO BK equation.

Hierarchy of Wilson lines evolution at NLO: The Balitsky-JIMWLK
evolution equation at NLO.

Conclusions.

G. A. Chirilli (The Ohio State Uni.) NLO evolution of Wilson lines Dallas - TX - April 29, 2015 2/24



High-energy scattering in QCD

Classical trajectoy

phase factor for the high-energy scattering: Wilson-line operator

UlxL,v) = Pe o J2 di suAr (x(1))

Pl diA() _ g | [T atA) + [TdrAQ) [T dl A(C) + ..
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pe’¢ / #x4" | Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.

>
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Propagation in the shock wave: Wilson line (Spectator frame)

B
y > ' y
X Wilson Line x
. 1 / /
[ZI,Z] — Pelgfo du(? —z)P AL (uz' +(1—u)z) Uz — [OOpl +2z,,—oop1 + Zi]

pt=apl +Bpy +pt, Pl =+/s/2(1,0,0,1), ph=+/5/2(1,0,0,-1)

s center-of-mass energy.
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

m At high energy all fields are ordered in rapidity = rapidity n is a
suitable factorization parameter.

“?
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

m At high energy all fields are ordered in rapidity = rapidity n is a
suitable factorization parameter.

B Bee oo
s mm >
Y <n ’gf W??
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High-energy Operator Product Expansion

(BIT{ju(x)j (»)}B) =~ /d221d222 1) (21, 225 %,y) (Blw {UZ UL "} B)

(6%
+ 2 [@adanda 106, 2200 Bl (UL UL e (UL UD) B)

m |B) Target state

G. A. Chirilli (The Ohio State Uni.) NLO evolution of Wilson lines Dallas - TX - April 29, 2015 6/24



High-energy Operator Product Expansion

(BIT{ju(x)ju ()}|B) =~ /d2Z1d222 10 (@1, 2232, y) (B [te{U% UL, 7" |B)

+ 7T/dz 1dP2d?23 10 (21, 22, 236, y) (Blee{ U2 U ye{ UL UL} |B)

3722

[Te{07, U = Te{02 08
2
« Z 1 PPN PPN P az
+ / &z 5 [ UL U { UL ULy = Te{U7 U} 0 5

+ 0(0 )
dm 2333 Ne 1323

m Conformal (energy independent) NLO Impact Factor /2-°

m For large nucleus (non-linear case): Balitsky and G.A.C. (2010).
m For pomeron exchange (linear case): Balitsky and G.A.C. (2012).

m See also G. Beuf (2012): Light front perturbation theory in mixed
space.
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Leading Order

4 A LO dZZ dZZZ P
(TG0 D] = | =2 120,y 21, 22)te{ U2 U1}
212

4 4 d2Z1d222 LO 7 Frin
(BIT{ju(x)jv(y)}B) = A Do (6yia, o) BIr{U U B) + ...
12

= If we use a model to evaluate (B|tr{U7, i/i{’}\B) we can calculate the DIS
cross-section.

m If we want to include energy dependence to the DIS cross section, we
need to find the evolution of (B|tr{T7 T/1"}|B) with respect to the rapidity
parameter .
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Regularization of the rapidity divergence

Matrix elements of Wilson lines: (tr{U(x)U(y)}) are divergent

For light-like Wilson lines loop integrals
are divergent in the longitudinal
direction

/‘ do /X
= dn = oo
Jo @ J—0

Regularization by: slope

[e.o]

U'(xy) = Pexp{ig/ du ny, A*(un +xJ_)} = ph + e—2np/21

—0o0

m At NLO the regularization by rigid cut-off is more convenient.
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Evolution Equation

ag(m — m)Keva ®

m Separate fields in quantum and classical according to low and large rapidity.
Formally we may write:

(BIO™[B) = (04 = (0" © O,

m Integrate over the quantum fields and get one-loop rapidity evolution of the
operator O

(OM) 4 = as(m — M) Kevol @ (O"™) 4

= Where in principle O and O’ are different operators.
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Non-linear evolution equation

m Linearcase O™ = a;An Keyo @ O™
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Non-linear evolution equation

m Linearcase O™ = a;An Keyoy @ O™
m Non-linearcase O™ = a;An Keyop @ {O™O™}
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Non-linear evolution equation

m Linearcase O™ = a;An Keyo @ O™

m Non-linearcase O™ = a;An Keyop @ {O™O™}

dzzl

T s

A=mn—m

{mwwmwmrﬁﬂwm

(Ul (URUPYy, VPV, (U Uy,
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Non-linear evolution equation

m Linearcase O™ = a;An Keyo @ O™

m Non-linearcase O™ = a;An Keyop @ {O™O™}

dzzl

T s

A=mn—m

{mwwmwmrﬁﬂwm

(Ul (URUPYy, VPV, (U Uy,

Obtain a set of rules that allow one to get the LO evolution of any trace
or product of traces of Wilson lines
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Leading order: BK equation

d . . .
%tr{UxU;f} = Kiot{UUf} + ... =

d A A
% <tr{ Uy U; }>shockwave = (KLOtr{ Uy U; }>shockwave
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Non-linear evolution equation: BK equation

U = 20{tULUSY = (UUN)™ — (UUN) + ag(m — m2) (U UL U.UT)™
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Non-linear evolution equation: BK equation

U = 20{t UL UL} = (UUN)™ — (UUN)™ + ag(my — m2) (U UL ULUT)™

Uxy) = 1 - w060 (1))

BK equation:

i) = G [ I (i) + () — ) ~ s W e.)

Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation: BK equation

U = 20{t UL UL} = (UUN)™ — (UUN) + ag(m — m2) (U UL ULUT)™

t(xy) = 1 - w000 (01))

BK equation:

d -~ asN, d?*z (x — y)? N A o N N
%U(m) = 22 )7 Zgz(y i)z)z{u(x,ZHU(z,y)fU(X-,y)—U(x’Z)U(z,y)}

Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1,y ~ 1)
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Non linear evolution equation: BK equation

U = 20{t UL USY = (UUN)™ — (UUN)™ + ag(m — m) (U UL U.UT)™

t(xy) = 1 - 000 (01))

BK equation:

Stey) = G [ I (i) + (e ) ~ e y) — U e, )

Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, agn ~ 1)
LLA for DISinsQCD = BKegn  (LLA:as, < 1, ag ~ 1, o243 ~ 1)

(s for semi-classical)
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Motivation: Why NLO correction?

m How to take higher-order corrections into account (either for BFKL
or non-linear evolution equation).

m Higher-order corrections are needed to improve phenomenology:
m Determine the argument of the coupling constant.

m Gives precision of LO.

m Check conformal invariance (in A'=4 SYM)
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Non-linear evolution equation at NLO |. Balitsky and G.A.C.

d
%Tr{UxU)T} =

2 Y — 2
/ % (a% + a?Kyo(x, y, z)) (Tr{U U TH{U U} — N.TH{U,U}] +

o? / d*zd*? <K4(x, v,2.){Ux, UL, U, USY + Ko (x.y,2.2 ){U, UL, Uy, U, U, UJ})

Knro is the next-to-leading order correction to the dipole kernel and K, and K¢ are the
coefficients in front of the (tree) four- and six-Wilson line operators with arbitrary white
arrangements of color indices.

m We need to calculate some diagrams analytically (pen and paper).
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

) < v (%)

) oxn) ) B o)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(xviy oxviny vy o XIX)

(XXI) i (£ 0) xxiy o)

(xxvy (XXVIT) . (xvin (XXIX) < oxxx)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(XXX1) M (XXX 4 (XXX ’ (XXXIV)
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Diagrams of the NLO gluon contribution

"Running coupling" diagrams

cicld

a - any

(Vi e (Vi
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Diagrams of the NLO gluon contribution

1 — 2 dipole transition diagrams

G. A. Chirilli (The Ohio State Uni.) NLO evolution of W ines - TX - April 29, 2015 15/24



Gluon contribution to the NLO kernel

d «
%Tr{UxU;} = 27:2 / d’*z ([Tr{UxUj}Tr{UZU;} — N Te{U,U}}]

(xiy)2|: aSNC 11 2 2 67 7T2
1 —In(x — 5 -]
A 1 TG e g - )

11 ayN, X* — Y? In X2 agN. (x —y)? n X2 | Y? }
_ e T A n

3 47 Xx2yr O y? 2r X2Y?2 T (x—y)r  (x—y)?

Qs
472

+ / d?7 { [Te{U, Ul Te{U. Ul U Ul - T{u Ul U, Ul .Ul

X/2Y2 Y/2X2 —A(x — 2(, _ JI)\2 X/2Y2
vy + R

— -2+

(z—2)* [ 2(X7?Y? — Y?X2) Tyrxe
+ [T{u U Te{U, UL U Ul — Te{u Ul U Uf U, U} — (2 — 2))
(x—y)* (x—y)? }1 XZY’Z})

[Xzy/Z(Xzyﬂ _ X’2Y2) (Z _ Z/)ZXZY/Z n X2y?

Our result Agrees with NLO BFKL
It respects unitarity
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Gluon contribution to the NLO kernel

Qg
= / &z ([Tr{UxUZT}Tr{UZU;f} — N Te{U, U} }]
(x—y)z[ a;Ne 11 » o 67 72
1 ~In(x—y SR }
><{)(21/2 4 (3= 5 )
11aN.X> —Y?>  X>  asN, (x —y)? x? Y? }
3 V2 2

d
-
%Tr{Uny} =

L 1
3 4r X2 2 27 XWzn@—”zn@—ﬁ
Qg
472

+ / d*7 { T {U U T (U UL U Ul - Te{u Ul o, Ul ol

24+ In
(z—2)* [ 2(X7%Y? — Y°X2) Y2 x2
+ [T{u U Te{U, Ul U, Ul — Te{u U v Ul U Ul — (2 — 2))
(x—y)* (x—y)? }1 XZY’Q})

Xzle(Xzle _ X/ZYz) (Z _ Z')ZXZY’Z n X/2Y2

, XV 47X -4 — ) -, X°Y?
~(Z = 2)] ]

NLO kernel = Running coupling terms + Non-conformal term + Conformal term
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Evolution equation for color dipoles in N/ = 4

( I. Balitsky and G.A.C. 2009)
d A
d—Tr{UZ ulny

2
2 Z12 OéN Z13 Z23
d°z {1 {3 +2In—=In 5= }}

Z13Z23 4 G
x [Te{TU7 U0 U} — N Te{U? UI7}]
- oy /‘d213d224 2134 [1 2% } In 21324
4 By Tsdy 21354 — D371 214735

x Te{ [T, T\ U2 T T UI" + 0702 (17, 7105} (U ) (U7 — U1)?

24

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = ¢*" in the rapidity
of Wilson lines.
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Evolution equation for color dipoles in N/ = 4

( I. Balitsky and G.A.C. 2009)
d A
d—Tr{UZ ulny

2

z asN, z Z
dz 12 {1 |: +21n 131 23i|}
47 L3 2

Z13Z23 Z12 212
x [Te{TU7 U0 U} — N Te{U? UI7}]
- oy /‘d213d224 2134 [1 2% } In 21324
4 By Tsdy 21354 — D371 214735

x Te{ [T, T\ U2 T T UI" + 0702 (17, 7105} (U ) (U7 — U1)?

24
NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o < o = ¢*" in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mébius invariant

G. A. Chirilli (The Ohio State Uni.) NLO evolution ines a TX - April 29, 2015 17/24



Evolution equation for composite conformal dipoles in N’ = 4 SYM

I. Balitsky and G.A.C (2009)

Te{ 07 i) = Tr{ on oin
[ w{ U7 Ty { U7 Oy — Te{T7 T In 592 4 0(a?)

2,
e

-+ 4—3/61223 N
™ Z1%123 ¢ 13223

di [Te{ U7 Uly "

- &’z
us 113123
2 2 2 2.2
o z 22,72 77,2 7132
T 4t d223d214 52 2 {2111 52 24 + [1 + 212 342 0] }ln 53 %4}
Z13124234 214723 213224 — 214423 214203

x Te{ [T, TP )00 T T U5 + TP 707 [, 7105 [(02) (07 — (24 — 23)]

2
N, )
i [170‘; 7;}[Tr{T“U”UT”T“ 0., U1} — NTe{ 07 iy
vy

Now Mobius invariant!
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NLO evolution of composite “conformal” dipoles in QCD

d N Qg PN PN PN
%[tr{Um ng }]Conf = /dZZS ([tr{Um U;g}tr{Um Usz} = N.tr{U,, U;rz}]conf

20T 2
2 2
ogN, 2. 2 67
2| C (bindyp? 4 by T 6T ”—)]
21323 4m Z13123 Z23 9 3

2 5. 2.2 - "2
Qg d 24 5 <J4 <23 +’<Z4 g]} 4\]7\}4 In <23
+ 472 4 -2+ YR, o 22 2.2

& 234 2(z14%233 — 224°213) 247373

x [tr{U,, Ul }o{U, Ul }{U,, U} — {0, UL U, UL U, U5} — (za — 23)]

2.2 2 2

[21 lezm (1+ 212434 )ln 213224 }
2 22 2.2 2.2
Z1412% 313224 — 14423 2147233

% [ir{ U, U Yor{ U, U, Yor {0, UL} = {0, UF, U, 0L 0,08} = (24 = )] })

2 .2
212434
t 55
213224

b=4N,—2n, . Balitsky and G.A.C

KnLo Bk = Running coupling part + Conformal "non-analytic” (in j) part
+ Conformal analytic (N = 4) part

Linearized Knio gk reproduces the known result for the forward NLO BFKL
kernel Fadin and Lipatov (1998).
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NLO Balitsky-JIMWLK evolution equation

m Scattering amplitudes for proton-Nucleus and Nucleus-Nucleus collisions
are described by matrix elements made of multiple Wilson lines.

m Typical matrix elements in pA and AA collisions is (tr{UxU)TUWUZT}>
quadrupole operator.

m To include energy dependence = need NLO Balitsky-JIMWLK evolution
equation.
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Sample of diagrams: a), b) are self-interactions; c), d) are pairwise interactions;

e), f) are triple interactions.
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Self interaction at NLO I. Balitsky and G.A.C. (2013)

d*z4d?z5

7 2
8 s

d , , /
%(Ul)if: {UZM(U? - Uy)

% <[211 }fadcfbd’c’(t U th)z] (1147115) @[lfad’e’({the}Ultu)ij _ ifade(tuUl {tdlvte,})ij])

214215 s

a2N, 111 67 7

Pz (U = U (E0P) x5 [ g + 5 = 7]

+43 2 ( )W) 213 Gt g T3
I = I(z1,24,25) = lflrh":j‘{ e (’:H;:]F) - (’:H;:H) 2]

214 s s S s




Pairwise Interaction at NLO I. Balitsky and G.A.C. (2013)

d 1- 062
L )Uy = =
d77( D2k = o3

IN,
/d2z4d215 (A + A+ Az) + %/dzm(lgl + N.Bp)
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Pairwise Interaction at NLO I. Balitsky and G.A.C. (2013)

A = [(t"U) (Ut + (Un?) (1 Un)id]

-ade pbd' e’ 1 rdd’ ee’ ee’ 4 I/ [_
x{f fephd ¢ jdd (e’ _ e )( K~ o+ o _’H

K is the NLO BK kernel for N'=4 SYM

Ay = 4(Us — UM (Us — Uy)*

2
{i[fad/e/(thlta)ij(l‘gUz)k[ — fadg(taU]td,),:/’(Ugl‘el)k[]J1245 In %
15
2
[ U) (1 Unt) g — (U ) (1 Unt” Y] Tarsa In Z%}
225
214, 225 215, 245) (215, 225 205,245
Jias = J(21,22,24,25) = (2 5 2)_ ( 5 2)(2 ) ) (z 5 z)
214%25%45 214%15%25%45 214%25%45
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Pairwise Interaction at NLO I. Balitsky and G.A.C. (2013)

A3 = ZUZd/{i[fad/el(Ull‘a)ij(ldte(]z)kl—fade(l‘aUl),‘j(Uzlell‘d,)kl]
2 2

Z Z /
X {;71245 In " + (Ja45 — J2154) In %} (Us — Ua)*
s 225
+ l-[fad’e’(tdteU])ij(Uzta)kl _fade(Ul £ ld )ij(taUZ)kl]
3 2 /
X {52145 In 2% 4 (J1245 — Ji2s4) In %} (Us —Up)* }
225 s

Jas = J(21,22,24,25)
_ (24,205)  2(zoa,25)(215,205) | 2(225,245) (214, 224) 2(114,224)(2157@5)

2 2.2 2222 2222 2.2 .22
224305245 224225215245 214%04%55%5 2142154525
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Pairwise Interaction at NLO I. Balitsky and G.A.C. (2013)

B, = 2In 1141 124

112 112
s 1
X {(U4 — Ul)abi[fbde(l‘aUltd)ij(Uzte)kl +fade(teU1fb)ij(th2)k1] [(Z124 Z224) N T}
214224 v
, 1
+ (Us = Ua)™i [ (U ) (" Ust Y + F% (0051 Uat ) ][M =
Z14Z24 224

By = [2U5" — U — U] (U ) (Ut + (Ur2) (1 Un i)

214,204) 1 11 67 72 11, 1 . 2 1 2
{(27)[3 T s R %sz—zln%)}
214204 27, 4 2
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Triple interactions

I. Balitsky and G.A.C. (2013) (see also A. Grabovsky (2013))

2(z14, 234) (225, 235)
214255254355
 2(z14,245)(225,235) | 2(225,245)(214,234) | (214, 225)
1%42%52%5235 2%4255234@2;5 2%41%524215

Jias = J(21,22,23,24,25) = —




Triple interactions

|. Balitsky and G.A.C. (2013)

%(Un,»j(uz)k,(ug)m

o? 2. 0 Z%4
=i [ dzdzs {512345 In 5=
21 235

X [ (U (1 Un)ia (U3t )un(Us — Uy (Us — Up)"

— (U11){(Uat) (1 U3 ) (Us — Uy )*(Us — U)*"
2
z
+ Jzo145 In 3
s
Xfade [(Ulta)ij(thg)kl(th3)mn(U4 — U3)Cd(U5 — Uz)be

— (1"U1) @ (Ut )a(U3t ) (U — US)(US — USP)]
2

24
+ Ji3045 In 5+
25

X fP (U (Ut Y (1°U3)n(Us = U1)™(Us — Us)
— (D) U2)a (U3t ) (Us — U1)*(Us — Uaf"]}
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Conclusions

m Dynamics of QCD at high-energy is non-linear.

m Scattering amplitudes at high-energy and high-density QCD are factorized
in rapidity space using the high-energy OPE in Wilson lines.

m BK and B-JIMWLK evolution equations include the energy dependence to
scattering amplitude at high energy.

m NLO BK and NLO Balitsky hierarchy of evolution equation (NLO
B-JIMWLK) has been presented.

m NLO BK equation: I. Balitsky and G.A.C. (2007)
m Triple interactions: A. Grabovsky (2013); I. Balitsky and G.A.C. (2013)
m NLO Balitsky hierarchy (NLO B-JIMWLK): |. Balitsky and G.A.C. (2013)

m NLO JIMWLK Hamiltonian from triple interaction and NLO BK results: Kovner
and Lublinsky (2013); Kovner, Lublinsky and Yair Mulian (2014)
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