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Single and double PDFs
Single parton scattering: one hard process Double parton scattering: two hard processes
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Figure 1.3. A schematic depiction of single parton scattering in a hadron-hadron collision.

The object σ̂ff �(Q2) is the short-distance cross section for the scattering of partons of types f and
f �. This partonic cross section can be computed in QCD as an expansion in terms of the strong
coupling constant, αs. The function Df

1 (x,Q
2) is known as a single parton distribution function.

This parton distribution function describes the probability density for finding a parton of flavor f
with a longitudinal momentum fraction x at a scale Q2. As a result of the non-perturbative nature
of partons, parton distribution functions cannot be obtained by utilizing perturbative QCD.

Analogous to single parton scattering, double parton scattering is when two hard collisions occur
per proton-proton interaction. Similarly, we can also represent double parton scattering diagram-
matically as follows:
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Figure 1.4. Here we see one possible diagram depicting double parton scattering.

Similarly to the single parton case, the functions Df1f2
2 (x1, x2, Q2) are called double parton dis-

tribution functions. As one might expect, they describe the probability density for finding two

partons of flavor f1 and f2 with longitudinal momentum fractions x1 and x2 respectively at a scale

Q2
. There has been ample experimental evidence for double parton scattering [5–10]. These dou-

ble parton distribution functions are the primary focus of this analysis.
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Single PDF: Double PDF:

Two types of partons: 

Two momentum fractions: 

Two hard scales:

Relative transverse momentum:

f1, f2

x1, x2 x1 + x2 ≤ 1

Q1, Q2 � ΛQCD

qT

(gluons, quark, antiquarks)



Evolution of PDFs
Note: in the following we restrict ourselves to the case 

of equal scales and zero transverse momentum. 

qT = 0 Q1 = Q2 = Q

Single PDFs evolve through DGLAP equations

Double PDFs also evolve through DGLAP equations

Df
1 (x,Q0) → Df

1 (x,Q)

Df1f2
2 (x1, x2, Q0) → Df1f2

2 (x1, x2, Q)



Evolution equations for single PDFs
QCD evolution equations for single PDF

� General form of evolution equations for single PDF (t = lnQ2)

∂tDf (x , t) =
�

f �

� 1

0
duKff �(x , u, t)Df �(u, t)

� The integral kernels describe real and virtual parton emission

u

x

+

x

u

x

Kff �(x , u, t) = KR
ff �(x , u, t)− δ(u − x) δff � KV

f (x , t)
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II. EVOLUTION EQUATIONS FOR SPDFS

To set the notation, let us recapitulate the QCD evolu-
tion equations in the collinear approximation for SPDFs,
Df (x,Q), which are used in the description of the single
parton scattering. The general form of these equations is
given by

!tDf(x, t) =
!

f !

" 1

0
duKff !(x, u, t)Df !(u, t) , (3)

where the evolution parameter t = ln(Q2/Q2
0) and the

parton momentum fraction x obey the condition 0 < x !
1. The integral kernels, Kff !(x, u, t), describe the real
and virtual parton emissions

Kff !(x, u, t) = KR
ff !(x, u, t)" "(u " x) "ff ! KV

f (x, t) . (4)

The real emission kernel KR
ff !(x, u, t) corresponds to the

parton transition (f !, u) # (f, x), where the momentum
fraction u > x, and is given by

KR
ff !(x, u, t) =

1

u
Pff !(

x

u
, t) #(u" x) . (5)

The virtual part, KV
f (x, t), can be computed from the

imposed momentum sum rule

!

f

" 1

0
dxxDf (x, t) = 1 (6)

where the normalization to unity means that partons
carry the whole nucleon momentum. Thus we find

xKV
f (x, t) =

!

f !

1
"

0

du uKR
f !f (u, x, t) . (7)

The functions Pff ! in Eq. (5) are splitting functions com-
puted perturbatively in QCD in powers of the strong cou-
pling constant:

Pff !(z, t) =
$s(t)

2%
P (0)
ff !(z) +

$2
s(t)

(2%)2
P (1)
ff !(z) + ... . (8)

The first term on the rhs corresponds to the leading log-
arithmic approximation while the higher terms are com-
puted in the next-to-leading approximations. In this way,
the well known DGLAP evolution equations for SPDFs
are obtained

!t Df (x, t)=
!

f !

1
"

x

dz

z
Pff !(z, t)Df !

#

x

z
, t

$

"Df(x, t)
!

f !

1
"

0

dzz Pf !f (z, t) . (9)

Note that the diagonal in flavors splitting functions,
Pff (z, t), have a simple pole singularity at z = 1 which is
removed by the virtual term [so called (+) prescription].

III. EVOLUTION EQUATIONS FOR DPDFS

The evolution equations for the DPDFs are only known
for q = 0 in the leading logarithmic approximation [1–
3, 6–8]. The first discussion of the next-to-leading cor-
rections can be found in [10]. We start from considering
two equal hard scales, Q1 = Q2 $ Q, and introduce the
following notation for the DPDFs in such a case

Df1f2(x1, x2, t) = Df1f2(x1, x2, Q,Q,q = 0) . (10)

A phenomenological discussion of the case q %= 0 in the
context of evolution equations, discussed below, can be
found in [13, 41].
The QCD evolution equations take general form

!tDf1f2(x1, x2, t)

=
!

f !

" 1"x2

0
duKf1f !(x1, u, t)Df !f2(u, x2, t)

+
!

f !

" 1"x1

0
duKf2f !(x2, u, t)Df1f !(x1, u, t)

+
!

f !

KR
f !#f1f2

(x1, x2, t)Df !(x1 + x2, t), (11)

where the integral kernels are given by Eq.(4) with the
real part (5) in the leading logarithmic approximation
and the virtual part found from Eq. (7). The two in-
tegrals in the above describe the DGLAP evolution of a
single parton with the second parton treated as a spec-
tator. This gives the upper integration limits resulting
from condition (2).
The third term needs special attention. It describes the

real emission splitting of a single parton into two partons
which undergo two independent hard scatterings. This is
why the SPDFs appear here and the evolution equations
(3) and (11) form a coupled set of equations which has
to be solved simultaneously. In the leading logarithmic
approximation, there is only one parton flavor, f !, which
leads to two parton flavors, f1 and f2. Thus, we have
the following splittings: q # qg, q # qg, g # qq, and
g # gg. In such a case

KR
f !#f1f2

(x1, x2, t) =
$s(t)

2%

1

x1 + x2
P (0)
f !f1

#

x1

x1 + x2

$

(12)

where P (0)
f !f1

are splitting functions in the leading loga-
rithmic approximation. It can easily be checked that the

splitting functions P (0)
f !f2

(x2/(x1 + x2)) can also be used
in this case. Thus the rhs. of the evolution equations
(11) is invariant with respect to the parton interchange,
(f1, x1) & (f2, x2). If the initial conditions for them,
specified at some initial scale t0, are parton exchange
symmetric,

Df1f2(x1, x2, t0) = Df2f1(x2, x1, t0) , (13)
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Real and virtual parts of the kernel:

t = lnQ2/Q2
0

Evolution variable:



Evolution equations for double PDFs
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Note that the diagonal in flavors splitting functions,
Pff (z, t), have a simple pole singularity at z = 1 which is
removed by the virtual term [so called (+) prescription].

III. EVOLUTION EQUATIONS FOR DPDFS

The evolution equations for the DPDFs are only known
for q = 0 in the leading logarithmic approximation [1–
3, 6–8]. The first discussion of the next-to-leading cor-
rections can be found in [10]. We start from considering
two equal hard scales, Q1 = Q2 $ Q, and introduce the
following notation for the DPDFs in such a case

Df1f2(x1, x2, t) = Df1f2(x1, x2, Q,Q,q = 0) . (10)

A phenomenological discussion of the case q %= 0 in the
context of evolution equations, discussed below, can be
found in [13, 41].
The QCD evolution equations take general form
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where the integral kernels are given by Eq.(4) with the
real part (5) in the leading logarithmic approximation
and the virtual part found from Eq. (7). The two in-
tegrals in the above describe the DGLAP evolution of a
single parton with the second parton treated as a spec-
tator. This gives the upper integration limits resulting
from condition (2).
The third term needs special attention. It describes the

real emission splitting of a single parton into two partons
which undergo two independent hard scatterings. This is
why the SPDFs appear here and the evolution equations
(3) and (11) form a coupled set of equations which has
to be solved simultaneously. In the leading logarithmic
approximation, there is only one parton flavor, f !, which
leads to two parton flavors, f1 and f2. Thus, we have
the following splittings: q # qg, q # qg, g # qq, and
g # gg. In such a case
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where P (0)
f !f1

are splitting functions in the leading loga-
rithmic approximation. It can easily be checked that the

splitting functions P (0)
f !f2

(x2/(x1 + x2)) can also be used
in this case. Thus the rhs. of the evolution equations
(11) is invariant with respect to the parton interchange,
(f1, x1) & (f2, x2). If the initial conditions for them,
specified at some initial scale t0, are parton exchange
symmetric,

Df1f2(x1, x2, t0) = Df2f1(x2, x1, t0) , (13)
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The functions Pff ! in Eq. (5) are splitting functions com-
puted perturbatively in QCD in powers of the strong cou-
pling constant:

Pff !(z, t) =
$s(t)

2%
P (0)
ff !(z) +

$2
s(t)

(2%)2
P (1)
ff !(z) + ... . (8)

The first term on the rhs corresponds to the leading log-
arithmic approximation while the higher terms are com-
puted in the next-to-leading approximations. In this way,
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are obtained
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Pff (z, t), have a simple pole singularity at z = 1 which is
removed by the virtual term [so called (+) prescription].

III. EVOLUTION EQUATIONS FOR DPDFS

The evolution equations for the DPDFs are only known
for q = 0 in the leading logarithmic approximation [1–
3, 6–8]. The first discussion of the next-to-leading cor-
rections can be found in [10]. We start from considering
two equal hard scales, Q1 = Q2 $ Q, and introduce the
following notation for the DPDFs in such a case

Df1f2(x1, x2, t) = Df1f2(x1, x2, Q,Q,q = 0) . (10)
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context of evolution equations, discussed below, can be
found in [13, 41].
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where the integral kernels are given by Eq.(4) with the
real part (5) in the leading logarithmic approximation
and the virtual part found from Eq. (7). The two in-
tegrals in the above describe the DGLAP evolution of a
single parton with the second parton treated as a spec-
tator. This gives the upper integration limits resulting
from condition (2).
The third term needs special attention. It describes the

real emission splitting of a single parton into two partons
which undergo two independent hard scatterings. This is
why the SPDFs appear here and the evolution equations
(3) and (11) form a coupled set of equations which has
to be solved simultaneously. In the leading logarithmic
approximation, there is only one parton flavor, f !, which
leads to two parton flavors, f1 and f2. Thus, we have
the following splittings: q # qg, q # qg, g # qq, and
g # gg. In such a case
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where P (0)
f !f1

are splitting functions in the leading loga-
rithmic approximation. It can easily be checked that the

splitting functions P (0)
f !f2

(x2/(x1 + x2)) can also be used
in this case. Thus the rhs. of the evolution equations
(11) is invariant with respect to the parton interchange,
(f1, x1) & (f2, x2). If the initial conditions for them,
specified at some initial scale t0, are parton exchange
symmetric,

Df1f2(x1, x2, t0) = Df2f1(x2, x1, t0) , (13)
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II. EVOLUTION EQUATIONS FOR SPDFS

To set the notation, let us recapitulate the QCD evolu-
tion equations in the collinear approximation for SPDFs,
Df (x,Q), which are used in the description of the single
parton scattering. The general form of these equations is
given by

!tDf(x, t) =
!

f !

" 1

0
duKff !(x, u, t)Df !(u, t) , (3)

where the evolution parameter t = ln(Q2/Q2
0) and the

parton momentum fraction x obey the condition 0 < x !
1. The integral kernels, Kff !(x, u, t), describe the real
and virtual parton emissions

Kff !(x, u, t) = KR
ff !(x, u, t)" "(u " x) "ff ! KV

f (x, t) . (4)

The real emission kernel KR
ff !(x, u, t) corresponds to the

parton transition (f !, u) # (f, x), where the momentum
fraction u > x, and is given by

KR
ff !(x, u, t) =

1

u
Pff !(

x

u
, t) #(u" x) . (5)

The virtual part, KV
f (x, t), can be computed from the

imposed momentum sum rule

!

f

" 1

0
dxxDf (x, t) = 1 (6)

where the normalization to unity means that partons
carry the whole nucleon momentum. Thus we find

xKV
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1
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0

du uKR
f !f (u, x, t) . (7)

The functions Pff ! in Eq. (5) are splitting functions com-
puted perturbatively in QCD in powers of the strong cou-
pling constant:

Pff !(z, t) =
$s(t)

2%
P (0)
ff !(z) +

$2
s(t)

(2%)2
P (1)
ff !(z) + ... . (8)

The first term on the rhs corresponds to the leading log-
arithmic approximation while the higher terms are com-
puted in the next-to-leading approximations. In this way,
the well known DGLAP evolution equations for SPDFs
are obtained
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Note that the diagonal in flavors splitting functions,
Pff (z, t), have a simple pole singularity at z = 1 which is
removed by the virtual term [so called (+) prescription].

III. EVOLUTION EQUATIONS FOR DPDFS

The evolution equations for the DPDFs are only known
for q = 0 in the leading logarithmic approximation [1–
3, 6–8]. The first discussion of the next-to-leading cor-
rections can be found in [10]. We start from considering
two equal hard scales, Q1 = Q2 $ Q, and introduce the
following notation for the DPDFs in such a case

Df1f2(x1, x2, t) = Df1f2(x1, x2, Q,Q,q = 0) . (10)

A phenomenological discussion of the case q %= 0 in the
context of evolution equations, discussed below, can be
found in [13, 41].
The QCD evolution equations take general form
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=
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+
!

f !

" 1"x1

0
duKf2f !(x2, u, t)Df1f !(x1, u, t)

+
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KR
f !#f1f2

(x1, x2, t)Df !(x1 + x2, t), (11)

where the integral kernels are given by Eq.(4) with the
real part (5) in the leading logarithmic approximation
and the virtual part found from Eq. (7). The two in-
tegrals in the above describe the DGLAP evolution of a
single parton with the second parton treated as a spec-
tator. This gives the upper integration limits resulting
from condition (2).
The third term needs special attention. It describes the

real emission splitting of a single parton into two partons
which undergo two independent hard scatterings. This is
why the SPDFs appear here and the evolution equations
(3) and (11) form a coupled set of equations which has
to be solved simultaneously. In the leading logarithmic
approximation, there is only one parton flavor, f !, which
leads to two parton flavors, f1 and f2. Thus, we have
the following splittings: q # qg, q # qg, g # qq, and
g # gg. In such a case
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where P (0)
f !f1

are splitting functions in the leading loga-
rithmic approximation. It can easily be checked that the

splitting functions P (0)
f !f2

(x2/(x1 + x2)) can also be used
in this case. Thus the rhs. of the evolution equations
(11) is invariant with respect to the parton interchange,
(f1, x1) & (f2, x2). If the initial conditions for them,
specified at some initial scale t0, are parton exchange
symmetric,

Df1f2(x1, x2, t0) = Df2f1(x2, x1, t0) , (13)

Inhomogeneous term
Splitting term of one parton into two:

Evolution equation for double PDFs is coupled with single PDFs. 

Need to be solved together with suitable initial conditions.

Konishi, Ukawa, Veneziano; Snigirev, Zinovev, Shelest
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given by
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1. The integral kernels, Kff !(x, u, t), describe the real
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The first term on the rhs corresponds to the leading log-
arithmic approximation while the higher terms are com-
puted in the next-to-leading approximations. In this way,
the well known DGLAP evolution equations for SPDFs
are obtained
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Note that the diagonal in flavors splitting functions,
Pff (z, t), have a simple pole singularity at z = 1 which is
removed by the virtual term [so called (+) prescription].

III. EVOLUTION EQUATIONS FOR DPDFS

The evolution equations for the DPDFs are only known
for q = 0 in the leading logarithmic approximation [1–
3, 6–8]. The first discussion of the next-to-leading cor-
rections can be found in [10]. We start from considering
two equal hard scales, Q1 = Q2 $ Q, and introduce the
following notation for the DPDFs in such a case

Df1f2(x1, x2, t) = Df1f2(x1, x2, Q,Q,q = 0) . (10)

A phenomenological discussion of the case q %= 0 in the
context of evolution equations, discussed below, can be
found in [13, 41].
The QCD evolution equations take general form
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+
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(x1, x2, t)Df !(x1 + x2, t), (11)

where the integral kernels are given by Eq.(4) with the
real part (5) in the leading logarithmic approximation
and the virtual part found from Eq. (7). The two in-
tegrals in the above describe the DGLAP evolution of a
single parton with the second parton treated as a spec-
tator. This gives the upper integration limits resulting
from condition (2).
The third term needs special attention. It describes the

real emission splitting of a single parton into two partons
which undergo two independent hard scatterings. This is
why the SPDFs appear here and the evolution equations
(3) and (11) form a coupled set of equations which has
to be solved simultaneously. In the leading logarithmic
approximation, there is only one parton flavor, f !, which
leads to two parton flavors, f1 and f2. Thus, we have
the following splittings: q # qg, q # qg, g # qq, and
g # gg. In such a case
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where P (0)
f !f1

are splitting functions in the leading loga-
rithmic approximation. It can easily be checked that the

splitting functions P (0)
f !f2

(x2/(x1 + x2)) can also be used
in this case. Thus the rhs. of the evolution equations
(11) is invariant with respect to the parton interchange,
(f1, x1) & (f2, x2). If the initial conditions for them,
specified at some initial scale t0, are parton exchange
symmetric,

Df1f2(x1, x2, t0) = Df2f1(x2, x1, t0) , (13)
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FIG. 1: Sum rules violation by the symmetric input (19). The ratio should be equal to 1 if the sum rules are satisfied.

the evolution will preserve this symmetry for any value
of t.
In the case when the two hard scales are significantly

di!erent, e.g. Q1 ! Q2, the large logarithms ln(Q2
2/Q

2
1)

appear. They have to be resummed which leads to the
DGLAP evolution equation with respect to the second
parton

!t2Df1f2(x1, x2, t1, t2)

=
!

f !

1!x1
"

0

duKf2f !(x2, u, t2)Df1f !(x1, u, t1, t2), (14)

where t1,2 = ln(Q2
1,2/Q

2
0). Thus the evolution has two

steps, from equal initial scales (t0, t0) to the equal fi-
nal scales (t1, t1), according to Eq. (11), and then to
the scales (t1, t2), according to Eq. (14). However, we
do not discuss such a case in our analysis, concentrating
only on the first step of the evolution. We also refrain
from discussing the impact parameter representation of
the DPDFs and corresponding evolution equations, send-
ing the reader to Ref. [16].

IV. SUM RULES FOR DPDFS

The DGLAP evolution equations (3) obey the momen-
tum sum rule (6), while the evolution equations (11) pre-
serve a new momentum sum rule:

!

f1

" 1!x2

0
dx1x1

Df1f2(x1, x2, t)

Df2(x2, t)
= 1" x2 . (15)

This relation can be understood by treating the ratio of
the parton distributions under the integral as the condi-
tional probability to find parton f1 with the momentum
fraction x1, while the second parton characteristics, x2

and f2, are fixed. In such a the total momentum fraction
carried by partons f1 equals (1 " x2). In this way, the

momentum sum rule (15) relates the double and single
parton distribution functions for any value of t:

!

f1

" 1!x2

0
dx1x1Df1f2(x1, x2, t)=(1" x2)Df2(x2, t). (16)

The valence quark number sum rule for the SPDFs has
the well-known form

" 1

0
dx {Dqi(x, t)"Dq̄i(x, t)} = Ni , (17)

where Ni is the number of valence quarks qi. For the
DPDFs, the analogous sum rule depends on the flavor of
the second parton f2 (see Refs. [8, 42] for more details):

" 1!x2

0
dx1{Dqif2(x1, x2, t)"Dq̄if2(x1, x2, t)}

=

#

$

%

Ni Df2(x2, t) for f2 #= qi, q̄i
(Ni " 1)Df2(x2, t) for f2 = qi
(Ni + 1)Df2(x2, t) for f2 = q̄i .

(18)

It is important to emphasize that the momentum and
valence quark number sum rules are conserved by the
evolution equations (3) and (11) once they are imposed
at an initial value t0. If not true, the sum rules will not
be exactly satisfied during evolution.
The sum rules (16) and (18) are written with respect

to the first parton. Assuming the parton exchange sym-
metry (13) to be valid for any value of t, the sum rules
could also be written with respect to the second parton.
In this case, the integration is performed over x2 up to
(1"x1) with the first parton flavor f1 and the momentum
fraction x1 fixed.

V. SYMMETRIC INITIAL CONDITIONS

To solve Eqs. (3) and (11) we need to specify initial
conditions for both the SPDFs and DPDFs. The ini-
tial SPDFs can be taken from well-established param-
eterizations, e.g. from the leading-order (LO) MSTW
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FIG. 1: Sum rules violation by the symmetric input (19). The ratio should be equal to 1 if the sum rules are satisfied.

the evolution will preserve this symmetry for any value
of t.
In the case when the two hard scales are significantly

di!erent, e.g. Q1 ! Q2, the large logarithms ln(Q2
2/Q

2
1)

appear. They have to be resummed which leads to the
DGLAP evolution equation with respect to the second
parton

!t2Df1f2(x1, x2, t1, t2)

=
!

f !

1!x1
"

0

duKf2f !(x2, u, t2)Df1f !(x1, u, t1, t2), (14)

where t1,2 = ln(Q2
1,2/Q

2
0). Thus the evolution has two

steps, from equal initial scales (t0, t0) to the equal fi-
nal scales (t1, t1), according to Eq. (11), and then to
the scales (t1, t2), according to Eq. (14). However, we
do not discuss such a case in our analysis, concentrating
only on the first step of the evolution. We also refrain
from discussing the impact parameter representation of
the DPDFs and corresponding evolution equations, send-
ing the reader to Ref. [16].

IV. SUM RULES FOR DPDFS

The DGLAP evolution equations (3) obey the momen-
tum sum rule (6), while the evolution equations (11) pre-
serve a new momentum sum rule:

!

f1

" 1!x2

0
dx1x1

Df1f2(x1, x2, t)

Df2(x2, t)
= 1" x2 . (15)

This relation can be understood by treating the ratio of
the parton distributions under the integral as the condi-
tional probability to find parton f1 with the momentum
fraction x1, while the second parton characteristics, x2

and f2, are fixed. In such a the total momentum fraction
carried by partons f1 equals (1 " x2). In this way, the

momentum sum rule (15) relates the double and single
parton distribution functions for any value of t:

!

f1

" 1!x2

0
dx1x1Df1f2(x1, x2, t)=(1" x2)Df2(x2, t). (16)

The valence quark number sum rule for the SPDFs has
the well-known form

" 1

0
dx {Dqi(x, t)"Dq̄i(x, t)} = Ni , (17)

where Ni is the number of valence quarks qi. For the
DPDFs, the analogous sum rule depends on the flavor of
the second parton f2 (see Refs. [8, 42] for more details):

" 1!x2

0
dx1{Dqif2(x1, x2, t)"Dq̄if2(x1, x2, t)}

=

#

$

%

Ni Df2(x2, t) for f2 #= qi, q̄i
(Ni " 1)Df2(x2, t) for f2 = qi
(Ni + 1)Df2(x2, t) for f2 = q̄i .

(18)

It is important to emphasize that the momentum and
valence quark number sum rules are conserved by the
evolution equations (3) and (11) once they are imposed
at an initial value t0. If not true, the sum rules will not
be exactly satisfied during evolution.
The sum rules (16) and (18) are written with respect

to the first parton. Assuming the parton exchange sym-
metry (13) to be valid for any value of t, the sum rules
could also be written with respect to the second parton.
In this case, the integration is performed over x2 up to
(1"x1) with the first parton flavor f1 and the momentum
fraction x1 fixed.
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To solve Eqs. (3) and (11) we need to specify initial
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Valence quark number sum rule for double PDFs

If sum rules hold for initial conditions they will hold for higher scales after the evolution.

How to consistently impose the initial conditions for sPDF and dPDF with sum rules?



Initial conditions:  Dirichlet distribution
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IX. DIRICHLET DISTRIBUTION

Let us start with the simple ansatz for the single parton distribution that has the required properties

• Is properly normalized

• Has a Regge type behavior at small x

• Vanishes at x = 1

In the following we shall consider the single channel only, that means gluons, generalization to quarks will be presented
in the next section. We take the ansatz for the single parton distribution to be of the form of the beta distribution

D(x) = N1 x
!! (1! x)" , (40)

where N1 is the normalization which can be evaluated from the momentum sum rule of the single PDF

! 1

0
dxxD(x) = 1 , (41)

which gives us

N1 =
1

B(2! !, 1 + ")
, (42)

where B is the Euler Beta function. In the following we shall assume that ! < 2 and " > 0.
The Mellin transform of the single PDF with the ansatz (40) is of the form

D̃(n) =
1

B(2! !, 1 + ")

! 1

0
dxxn!1x!!(1! x)" =

B(n! !," + 1)

B(2 ! !," + 1)
. (43)

Now we take the ansatz for the double parton distribution which will be of the form

D(x1, x2) = N2 x
!!̃
1 x!!̃

2 (1! x1 ! x2)
"̃ . (44)

Here, since we are considering one channel only, that is gluons, therefore we can safely assume that the powers which
govern the small x behaviour are the same. N2 is the normalization which will be fixed later, it depends on !̃ and "̃.
The above ansatz is of the form of the Dirichlet distribution which is a continuous multivariate probability distribution
of general form

f(x1, x2, . . . , xM ; a1, a2, . . . , aM ) "
M
"

k=1

xak (45)

where

x1, . . . , xM!1 > 0, xM = 1!
M!1
#

i=1

xi .

In our case we consider M = 3.
Let us perform the double Mellin transform of the ansatz for the double parton distribution

D̃(n1, n2) =

! 1

0
dx1x

n1!1
1

! 1

0
dx2x

n2!1
2 D(x1, x2) , (46)

Inspecting the behavior of the ansatz (IX) we see that the double Mellin transform has to be taken over the triangle
x1 + x2 < 1. The result is

D̃(n1, n2) = N2
!(n1 ! !̃)!(n2 ! !̃)!(1 + "̃)

!(n1 + n2 + 1 + "̃ ! 2!̃)
. (47)

Consider Beta distribution and gluons only (for now)

D̃(n) =

� 1

0
dxxn−1D(x)

Mellin transform: Momentum sum rule in Mellin space:

D̃(2) = 1

8

IX. DIRICHLET DISTRIBUTION

Let us start with the simple ansatz for the single parton distribution that has the required properties

• Is properly normalized

• Has a Regge type behavior at small x

• Vanishes at x = 1

In the following we shall consider the single channel only, that means gluons, generalization to quarks will be presented
in the next section. We take the ansatz for the single parton distribution to be of the form of the beta distribution

D(x) = N1 x
!! (1! x)" , (40)

where N1 is the normalization which can be evaluated from the momentum sum rule of the single PDF

! 1

0
dxxD(x) = 1 , (41)

which gives us

N1 =
1

B(2! !, 1 + ")
, (42)

where B is the Euler Beta function. In the following we shall assume that ! < 2 and " > 0.
The Mellin transform of the single PDF with the ansatz (40) is of the form

D̃(n) =
1

B(2! !, 1 + ")

! 1

0
dxxn!1x!!(1! x)" =

B(n! !," + 1)

B(2 ! !," + 1)
. (43)

Now we take the ansatz for the double parton distribution which will be of the form

D(x1, x2) = N2 x
!!̃
1 x!!̃

2 (1! x1 ! x2)
"̃ . (44)

Here, since we are considering one channel only, that is gluons, therefore we can safely assume that the powers which
govern the small x behaviour are the same. N2 is the normalization which will be fixed later, it depends on !̃ and "̃.
The above ansatz is of the form of the Dirichlet distribution which is a continuous multivariate probability distribution
of general form

f(x1, x2, . . . , xM ; a1, a2, . . . , aM ) "
M
"

k=1

xak (45)

where

x1, . . . , xM!1 > 0, xM = 1!
M!1
#

i=1

xi .

In our case we consider M = 3.
Let us perform the double Mellin transform of the ansatz for the double parton distribution

D̃(n1, n2) =

! 1

0
dx1x

n1!1
1

! 1

0
dx2x

n2!1
2 D(x1, x2) , (46)

Inspecting the behavior of the ansatz (IX) we see that the double Mellin transform has to be taken over the triangle
x1 + x2 < 1. The result is

D̃(n1, n2) = N2
!(n1 ! !̃)!(n2 ! !̃)!(1 + "̃)

!(n1 + n2 + 1 + "̃ ! 2!̃)
. (47)

Take the ansatz for double distribution in the form of the Dirichlet distribution:
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Double Mellin transform:
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Initial conditions: relating the parameters
The momentum sum rule for dPDFs in Mellin space

9

The combination of ! functions in the above equation is a multinomial beta function

B(a1, a2, a3) !
!(a1)!(a2)!(a3)

!(a1 + a2 + a3)
. (48)

Now let us inspect the momentum sum rule in the Mellin space for the single channel case, which read

D̃(n1, 2) = D̃(n1)" D̃(n1 + 1) , (49)

and likewise

D̃(2, n2) = D̃(n2)" D̃(n2 + 1) . (50)

We take the Mellin transform of the double parton distribution (47) and set n2 = 2

D̃(n1, 2) = N2
!(n1 " !̃)!(2" !̃)!(1 + "̃)

!(n1 + 3 + "̃ " 2!̃)
. (51)

This gives the left hand side of Eq.49. The right hand side of the same sum rule (49) in terms of moments of single
parton distribution is

D̃(n1)" D̃(n1 + 1) =
1

B(2 " !," + 1)

!

B(n1 " !," + 1)"B(n1 + 1" !," + 1)
"

=
B(n1 " !," + 2)

B(2 " !," + 1)

=
1

B(2 " !," + 1)

!(n1 " !)!(2 + ")

!(2 + " + n1 " !)
, (52)

where we have used the following property of the Beta function

B(a, b) = B(a+ 1, b) +B(a, b+ 1) . (53)

For the momentum sum rule to be satisfied we need expression in (51) to be equal to (52). We can see that we can
do this by simultaneously requiring

!̃ = !, "̃ = " + !" 1 , (54)

and setting the normalization constant (which does not depend on n1) equal to

N2 =
1

B(2 " !,!+ ")B(2 " !," + 1)
=

1

B(2" !, "̃ + 1)B(2" !," + 1)
. (55)

The first observation is that the powers which govern the small x behaviour stay the same in the single and double
parton distribution, which is reflected by the fact that !̃ = !. This is physically understandable, since we expect that
momentum correlation will not a"ect partons with very small x. The second comment is that the powers " and "̃
di"er by !, i.e. the growth of partons at small x actually is correlated with the power at large x. The third comment
is that the results are obviously symmetric with respect to the change of n1 and n2 which is required physically and
which is satisfied by this example because of the property of the Beta function (53).

A. Generalization: expansion in terms of Dirichlet distributions

Now let us generalize this case by assuming that we can expand the single parton distribution in the series of beta
distributions with di"erent power coe#cients !k,"k and weights ak. That is, in the momentum space we would have

D(x) = N1

K
#

k=1

akx
!!k (1" x)"k , (56)

and without the loss of generality we can set a1 = 1. In principle there is no constraint on the value of K, the above
sum could contain an infinite number of terms. Later on for practical purposes we shall consider a finite value for K.
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The first observation is that the powers which govern the small x behaviour stay the same in the single and double
parton distribution, which is reflected by the fact that !̃ = !. This is physically understandable, since we expect that
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and without the loss of generality we can set a1 = 1. In principle there is no constraint on the value of K, the above
sum could contain an infinite number of terms. Later on for practical purposes we shall consider a finite value for K.
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The first observation is that the powers which govern the small x behaviour stay the same in the single and double
parton distribution, which is reflected by the fact that !̃ = !. This is physically understandable, since we expect that
momentum correlation will not a"ect partons with very small x. The second comment is that the powers " and "̃
di"er by !, i.e. the growth of partons at small x actually is correlated with the power at large x. The third comment
is that the results are obviously symmetric with respect to the change of n1 and n2 which is required physically and
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A. Generalization: expansion in terms of Dirichlet distributions
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distributions with di"erent power coe#cients !k,"k and weights ak. That is, in the momentum space we would have
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K
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akx
!!k (1" x)"k , (56)

and without the loss of generality we can set a1 = 1. In principle there is no constraint on the value of K, the above
sum could contain an infinite number of terms. Later on for practical purposes we shall consider a finite value for K.

Comparing the functional form of both sides we see that the equality can be satisfied if 

and
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IX. DIRICHLET DISTRIBUTION

Let us start with the simple ansatz for the single parton distribution that has the required properties

• Is properly normalized

• Has a Regge type behavior at small x

• Vanishes at x = 1

In the following we shall consider the single channel only, that means gluons, generalization to quarks will be presented
in the next section. We take the ansatz for the single parton distribution to be of the form of the beta distribution

D(x) = N1 x
!! (1! x)" , (40)

where N1 is the normalization which can be evaluated from the momentum sum rule of the single PDF

! 1

0
dxxD(x) = 1 , (41)

which gives us

N1 =
1

B(2! !, 1 + ")
, (42)

where B is the Euler Beta function. In the following we shall assume that ! < 2 and " > 0.
The Mellin transform of the single PDF with the ansatz (40) is of the form

D̃(n) =
1

B(2! !, 1 + ")

! 1

0
dxxn!1x!!(1! x)" =

B(n! !," + 1)

B(2 ! !," + 1)
. (43)

Now we take the ansatz for the double parton distribution which will be of the form

D(x1, x2) = N2 x
!!̃
1 x!!̃

2 (1! x1 ! x2)
"̃ . (44)

Here, since we are considering one channel only, that is gluons, therefore we can safely assume that the powers which
govern the small x behaviour are the same. N2 is the normalization which will be fixed later, it depends on !̃ and "̃.
The above ansatz is of the form of the Dirichlet distribution which is a continuous multivariate probability distribution
of general form

f(x1, x2, . . . , xM ; a1, a2, . . . , aM ) "
M
"

k=1

xak (45)

where

x1, . . . , xM!1 > 0, xM = 1!
M!1
#

i=1

xi .

In our case we consider M = 3.
Let us perform the double Mellin transform of the ansatz for the double parton distribution

D̃(n1, n2) =

! 1

0
dx1x

n1!1
1

! 1

0
dx2x

n2!1
2 D(x1, x2) , (46)

Inspecting the behavior of the ansatz (IX) we see that the double Mellin transform has to be taken over the triangle
x1 + x2 < 1. The result is

D̃(n1, n2) = N2
!(n1 ! !̃)!(n2 ! !̃)!(1 + "̃)

!(n1 + n2 + 1 + "̃ ! 2!̃)
. (47)
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If the single distribution is given by a Beta distribution

There is a unique solution in terms of the Dirichlet distribution for the double parton density:

With powers of the dPDF being related to the powers of sPDF
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The first observation is that the powers which govern the small x behaviour stay the same in the single and double
parton distribution, which is reflected by the fact that !̃ = !. This is physically understandable, since we expect that
momentum correlation will not a"ect partons with very small x. The second comment is that the powers " and "̃
di"er by !, i.e. the growth of partons at small x actually is correlated with the power at large x. The third comment
is that the results are obviously symmetric with respect to the change of n1 and n2 which is required physically and
which is satisfied by this example because of the property of the Beta function (53).

A. Generalization: expansion in terms of Dirichlet distributions

Now let us generalize this case by assuming that we can expand the single parton distribution in the series of beta
distributions with di"erent power coe#cients !k,"k and weights ak. That is, in the momentum space we would have

D(x) = N1

K
#

k=1

akx
!!k (1" x)"k , (56)

and without the loss of generality we can set a1 = 1. In principle there is no constraint on the value of K, the above
sum could contain an infinite number of terms. Later on for practical purposes we shall consider a finite value for K.

Normalization for dPDF in this particular case is uniquely determined.

Small x powers for single and double PDFs are the same. 

The large x power of the correlating factor in dPDF is related to the sum of 
large and small x powers of the single distribution.



Initial conditions: quarks and gluons

�

f1

D̃f1f2(2, n2) = D̃f2(n2)− D̃f2(n2 + 1) D̃qif2(1, n2)− D̃q̄if2(1, n2) = Aif2D̃f2(n2)

Aif2 = Ni − δf2qi + δf2q̄i

Momentum sum rule with quarks: Quark number sum rule:

Df1f2(x1, x2) = N2 x
−α̃f1

1 x−α̃f2

2 (1− x1 − x2)
β̃f1f2Ansatz for dPDF with different flavors:

• Can perform the same analysis as before. 
• Conditions for  powers for dPDFs and sPDFs are exactly the same from both momentum and 

quark sum rules. 
• Can satisfy simultaneously both sum rules:

α̃f2 = αf2

α̃f1 = αf1

β̃f1f2 = β̃f2f1

Small x powers are 
identical:

Large x powers:

Symmetry with 
respect to the 

parton exchange

Implies the 
correlation of 

powers in sPDFs:
βf2 + αf1 = βf1 + αf2

Df (x) = N1 x
−αf

(1− x)β
f

Ansatz for sPDF :

β̃f1f2 = βf2 + αf1 − 1



Initial conditions: expansion
Realistic parametrizations are however more complicated than a single Beta distribution.

Example MSTW2008 gluon PDF:
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Nf = 0,

Ca = 3,

TR = 1/2, (4.2.4)

b =
33− 2Nf

12π
.

We now assume that the single parton distribution function for gluons has the form obtained from

the leading order fits given by [18].

xDg
1

�
x,Q2

�
= N1x

−δg (1− x)ηg
�
1 + �g

√
x+ γgx

�
, (4.2.5)

δg = 0.83657, (4.2.6)

ηg = 2.3882, (4.2.7)

�g = −38.997, (4.2.8)

γg = 1445.5, (4.2.9)

N1 =

�� 1

0

dx x−δg (1− x)ηg
�
1 + �g

√
x+ γgx

��−1

≈ 0.00337. (4.2.10)

We note that in the MSTW 2008 fits presented in [18] the normalization is different. Here we

normalize the distribution such that the momentum sum rule is satisfied. Similarly, D̃2(n1, n2, t =
0) is also a specified initial condition. In momentum space it is given by the ansatz given in

Eq. (3.2.5). To be precise and more easily make use of our previously developed formalism, we

take the ansatz for the initial condition of the single distribution to be of the form:

Dg
1(x) = N1

�
a1x

−α1 (1− x)β1 + a2x
−α2 (1− x)β2 + a3x

−α3 (1− x)β3
�
, (4.2.11)

where the parameters are given by

a1 = 1, a2 = �g, a3 = γg, (4.2.12)

α1 = δg + 1, α2 = δg + 1/2, α3 = δg, (4.2.13)

β1 = β2 = β3 = ηg. (4.2.14)

According to the formalism described in Chapter 3, we take the double parton distribution to be of

the form

Dgg
2

�
x1, x2, Q

2
0

�
= N2

�
c1 x

−α̃1
1 x−α̃1

2 (1− x1 − x2)
β̃1

+ c2 x
−α̃2
1 x−α̃2

2 (1− x1 − x2)
β̃2 + c3 x

−α̃3
1 x−α̃3

2 (1− x1 − x2)
β̃3

�
. (4.2.15)

However, this parametrization is sum of Beta distributions of the form:

D(x) = N1

K�

k=1

akx
−αk (1− x)βk

Assuming that the dPDF is the sum of Dirichlet distributions:

D(x1, x2) = N2

K�

k=1

ckx
−α̃k
1 x−α̃k

2 (1− x1 − x2)
β̃k

Performing the same analysis as before (for single channel) one obtains the conditions for each k:

α̃k = αk β̃k = βk − 1 + αk

ck = ak
B(α1 + β1, 2− α1)

B(βk + αk, 2− αk)
N2 = N1

1

B(α1 + β1, 2− α1)

The normalizations:



Initial conditions for dPDFs using MSTW2008 gluon
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Also, due to the formalism given in Chapter 3, the parameters must obey the resulting conditions:

α̃k = αk, β̃k = βk − 1 + αk. (4.2.16)

Furthermore, we also have the conditions on the coefficients ck and N2:

N2 = N1
1

B(α1 + β1, 2− α1)
, (4.2.17)

ck = ak
B(α1 + β1, 2− α1)

B(βk + αk, 2− αk)
, (4.2.18)

with c1 = a1 = 1.

Using the initial distribution given by Eq. (4.2.11) and the parameters given above we see below
in Figure 4.1 the form of our single parton distribution function at the initial scale Q2

0. For all plots
shown, parton indices are omitted.
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x

x
D
1�x,Q
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SingleParton Distribution Function
Q2�1. GeV2

Figure 4.1. Single parton distribution, Eq. (4.2.11), given at the initial scale Q2
0.

Similarly, using the initial distribution given by Eq. (4.2.15) and the parameters above, we see
below in Figure 4.2 the form of the double parton distribution function given at the initial scale,
Q2

0 and x2 = 10−2.
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Figure 4.2. The double parton distribution function, Eq. (4.2.15), given at the initial scale Q2
0 and x2 =

10−2.

In the Mellin moment space, our ansatz for the single distribution is given by Eq. (3.2.15) and
our ansatz for the double distribution is given by Eq. (3.2.18). Using these initial conditions in
Eq. (4.1.18) we then have the evolved double parton distribution function at an arbitrary scale, Q2.

We can numerically invert the analytic solutions obtained in Eq. (4.1.19) and Eq. (4.1.18); in
particular we have that

Dg
1

�
x,Q2

�
=

�

C

dn

2πi
x−nD̃g

1

�
n1, Q

2
�
, (4.2.19)

Dgg
2

�
x1, x2, Q

2
�
=

�

C1

dn1

2πi

�

C2

dn2

2πi
x−n1
1 x−n2

2 D̃gg
2

�
n1, n2, Q

2
�
. (4.2.20)

where the contour C is taken to the right of all poles present in D̃g
1 (n1, Q2) and the contours C1

and C2 are such that they lie to the right of all poles present in D̃gg
2 (n1, n2, Q2).

Using Eq. (4.1.19) and numerically performing the integral in Eq. (4.2.19) we have the form of the
single parton distribution function evolved up to scales Q2 = 25 GeV2 and Q2 = 100 GeV2, seen
below in Figure 4.3.

• Use this algorithm, expansion in terms of Beta and Dirichlet distributions, to construct dPDF 
from MSTW2008 gluon. 

• Single channel (gluons) only. 

• Using different normalization for the LO MSTW2008 gluon.



Initial conditions for dPDFs: ratios
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This quantity can be seen below at the initial scale, Q2
0, with x2 = 10−2

in Figure 4.5.
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Figure 4.5. The ratio of double parton distribution function to the product of single parton distribution

functions at the initial scale Q2
0 = 1 GeV

2
and x2 = 10−2

.

We see that at this scale, this ratio is not at all near unity. Hence, one cannot factorize a double

parton distribution function into a product of single parton distribution functions. In Figure 4.6

below, we see the ratio of the evolved parton distribution functions at scales Q2 = 25 GeV
2

and

Q2 = 100 GeV
2

with x2 = 10−2
.
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Figure 4.4. Double parton distribution function evolved to two different scales, Q2 = 25 GeV2 and Q2 =
100 GeV2, with x2 = 10−2.

It should be noted that after the evolution up to some scale Q2 that the momentum sum rule given
by Eq. (2.2.8) is exactly satisfied by the parton distributions shown above.

Finally, in an effort to determine how well double parton distribution functions factorize, that is,
how good of an approximation it is to say that Dgg

2 (x1, x2, Q2) = Dg
1 (x1, Q2)Dg

1 (x2, Q2), we plot
the following quantity:

Rgg
�
x1, x2, Q

2
�
=

Dgg
2 (x1, x2, Q2)

Dg
1 (x1, Q2)Dg

1 (x2, Q2)
. (4.2.21)

Ratio of double distribution to product of single distributions:

• Measure of the correlations at the initial scale.

• For this parametrization the correlations are 
very significant.

• Ratio different from unity over wide range of x.

• Factorization of powers at small x but different 
normalization.



Evolution of single and double PDFs
Evolve the  dPDFs and sPDFs using DGLAP equations; 

Df
1 (x,Q0) → Df

1 (x,Q)

Df1f2
2 (x1, x2, Q0) → Df1f2

2 (x1, x2, Q)

Solution found in the Mellin space and then numerically inverted to the momentum space.
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This quantity can be seen below at the initial scale, Q2
0, with x2 = 10−2

in Figure 4.5.
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Figure 4.5. The ratio of double parton distribution function to the product of single parton distribution

functions at the initial scale Q2
0 = 1 GeV

2
and x2 = 10−2

.

We see that at this scale, this ratio is not at all near unity. Hence, one cannot factorize a double

parton distribution function into a product of single parton distribution functions. In Figure 4.6

below, we see the ratio of the evolved parton distribution functions at scales Q2 = 25 GeV
2

and

Q2 = 100 GeV
2

with x2 = 10−2
.
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Figure 4.6. The ratio of double parton distribution function to a product of single parton distributions
functions at two different scales, Q2 = 25 GeV2 and Q2 = 100 GeV2, with x2 = 10−2.

Additionally, in Figure 4.7 below we see the quantity given in Eq. (4.2.21) plotted at the initial
scale Q2

0 and with a momentum fraction x2 = 0.3.
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Figure 4.7. The ratio of double parton distribution function to the product of single parton distribution
functions at the initial scale Q2

0 = 1 GeV2 and x2 = 0.3.

We see that at this scale the double parton distribution function does not factorize well. This is

Correlation washed out by evolution except for large x.



Evolution of single and double PDFs
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because the momentum fraction x2 is much larger, therefore we expect there to be correlation
between the two partons, and hence factorization not to be a good approximation. In Figure 4.8
below, we see the ratio of the evolved parton distribution functions at scales Q2 = 25 GeV2 and
Q2 = 100 GeV2.
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Figure 4.8. The ratio of double parton distribution function to a product of single parton distributions
functions at two different scales, Q2 = 25 GeV2 and Q2 = 100 GeV2, with x2 = .3.

It is observed that the factorization of the double parton distribution function into a product of
single parton distribution functions holds at small values of the momentum fraction x. This is
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because the momentum fraction x2 is much larger, therefore we expect there to be correlation
between the two partons, and hence factorization not to be a good approximation. In Figure 4.8
below, we see the ratio of the evolved parton distribution functions at scales Q2 = 25 GeV2 and
Q2 = 100 GeV2.
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Figure 4.8. The ratio of double parton distribution function to a product of single parton distributions
functions at two different scales, Q2 = 25 GeV2 and Q2 = 100 GeV2, with x2 = .3.

It is observed that the factorization of the double parton distribution function into a product of
single parton distribution functions holds at small values of the momentum fraction x. This is

Correlations present for larger values of x

Very little change between two scales.



• Summary:

• Double PDFs need consistent initial conditions for the evolution.

• Beta functions for single PDF and Dirichlet distributions for double PDF with suitably matched 
powers and coefficients are good initial conditions.

• The momentum sum rule and quark number sum rule are satisfied simultaneously.

• Extending the formalism: expansion in terms of Dirichlet distributions.  First numerical tests with 
gluons.

• Sum rules provide relations between the powers at small and large x for single and double parton 
distributions.

• Imply relations between powers of single parton distributions and therefore constraints on the form 
of single PDFs.

• Outlook:

•  Check the consistency of the Beta expansion for the system with quarks.

• Perform expansion of the existing parametrizations in terms of the functions needed by the 
algorithm.

• Is there any deeper physical meaning of the presented algorithm?

Summary and outlook


