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many new
smaller partons
are produced

Proton

(x, Q2)

Proton

(x0, Q2)

x0 >> x

Low Energy High Energy

parton

“Color Glass Condensate” 
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I. Balitsky 暍96, Yu. K. 暍99; 

JIMWLK ‘98-’01 

At very high energy gluon recombination becomes important. As energy  

(rapidity) increases, gluons not only split into more gluons, but also  

recombine. Recombination reduces the number of gluons in the wave function. 

Here Y~ln s~ln 1/x is rapidity, s is cms energy.  

Number of gluon pairs ~  2
N

∂

∂Y
N(x, k2

T
) = αs KBFKL ⊗ N(x, k2

T
)− αs [N(x, k2

T
)]2

splitting recombination
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NLO bites.

Initial Hybrid fits of RHIC data were reasonable.
And then we got greedy (or honest).
NLO corrections:
T.Altinoluk and A. K. - 2011 Elastic and Inelastic contributions (part of
NLO); G.A. Chirilli, B.W. Xiao, F. Yuan - 2012 Full NLO calculation...
Numerical resuts:
J. Jalilian Marian and A. Rezaeian- 2011; A.M.Stasto, B.W.Xiao, D.
Zaslavsky, - 2013 Numerical analysis...
Trouble: effect of NLO corrections very large, and disturbingly negative

Alex Kovner (University of Connecticut ) Particle Production in Hybrid Formalizm: Dotting the i’s April 28, 2012 3 / 17
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Matching between small x and collinear approximation with exact 
kinematics. 
The small x gives good prediction up to 
Collinear gives good description at large transverse momenta and 
overpredicts data  for low transverse momenta.

pT ∼ Qs
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fully resummed result at hadronic level

dσH1H2

dJ1dJ2d2k
=

1

π2

Z

dl1dl
0

1
dl2dl

0

2

dV(l1, l2, k, pJ,1, y1, s0)

dJ1

×G

✓
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ŝ

s0

◆
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, k, pJ,2, y2, s0)

dJ2
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• DIS: Coulomb corrections a important in DIS off heavy nuclei in a wide range of x and 

Q2. 10% in semi-inclusive and 25% in diffractive cross section at low x and Q2<Qs
2

.  




• Coulomb corrections violate the geometric scaling.

• Coulomb corrections in high energy pA collisions:

! Dilepton production receives Coulomb corrections at two stages: (i) virtual 

photon emission and (ii) photon splitting into a dilepton pair. Photon splitting in 

Coulomb field contributes up to 10% at small M and semi-peripheral b. 

! In photon production up to 7% (Au), 3% (Cu) at kT<1 GeV. Below 1% at higher 

kT.

• Beware of the Coulomb corrections at the EIC!
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d

dη
Tr{UxU†

y} =
αs

2π2

∫

d2z
(

[Tr{UxU†
z}Tr{UzU

†
y}− NcTr{UxU†

y}]

×

{(x − y)2

X2Y2

[

1 +
αsNc

4π
(
11

3
ln(x − y)2

µ
2 +

67

9
−

π
2

3
)
]

−

11

3

αsNc

4π

X2
− Y2

X2Y2
ln

X2

Y2
−

αsNc

2π

(x − y)2

X2Y2
ln

X2

(x − y)2
ln

Y2

(x − y)2

}

+
αs

4π2

∫

d2z′
{

[Tr{UxU†
z}Tr{UzU

†
z′
}{Uz′U

†
y}− Tr{UxU†

z Uz′U
†
yUzU

†
z′
}

−(z′ → z)]
1

(z − z′)4

[

− 2 +
X′2Y2 + Y ′2X2

− 4(x − y)2(z − z′)2

2(X′2Y2
− Y ′2X2)

ln
X′2Y2

Y ′2X2

]

+ [Tr{UxU†
z}Tr{UzU

†
z′
}{Uz′U

†
y}− Tr{UxU

†
z′

UzU
†
yUz′U

†
z}− (z′ → z)]

×

[ (x − y)4

X2Y ′2(X2Y ′2
− X′2Y2)

+
(x − y)2

(z − z′)2X2Y ′2

]

ln
X2Y ′2

X′2Y2

})

!∀)∗4−∃56∋78∗9∗))∗∋:;<∋
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Diagrams with 2 gluons interaction

(XXVI) (XXVII)

(XVI) (XVII) (XVIII) (XIX) (XX)

(XXI) (XXIV) (XV)(XXII) (XXIII)

(XVIII) (XXIX) (XXX)

Diagrams with 2 gluons interaction

(XXVI) (XXVII)

(XVI) (XVII) (XVIII) (XIX) (XX)

(XXI) (XXIV) (XV)(XXII) (XXIII)

(XVIII) (XXIX) (XXX)
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JIMWLK Hamiltonian @ NLO

H
NLO JIMWLK =

∫

x,y,z

KJSJ(x, y; z)
[

J
a
L(x)J

a
L(y) + J

a
R(x)J

a
R(y) − 2Ja

L(x)S
ab
A (z)Jb

R(y)
]

+

∫

x y z z′
KJSSJ(x, y; z, z

′)
[

f
abc

f
def

J
a
L(x)S

be
A (z)Scf

A (z′)Jd
R(y) − NcJ

a
L(x)S

ab
A (z)Jb

R(y)
]

+

∫

x,y,z,z′
Kqq̄(x, y; z, z

′

)
[

2 J
a
L(x) tr[S

†
(z) t

a
S(z

′

)t
b
] J

b
R(y) − J

a
L(x)S

ab
A (z) J

b
R(y)

]

+

∫

w,x,y,z,z′
KJJSSJ(w; x, y; z, z

′

)f
acb

[

J
d
L(x) J

e
L(y)S

dc
A (z)S

eb
A (z

′

) J
a
R(w)

− J
a
L(w)Scd

A (z)Sbe
A (z′) Jd

R(x) J
e
R(y)

]

+

∫

w,x,y,z

KJJSJ(w; x, y; z) f
bde

[

J
d
L(x) J

e
L(y)S

ba
A (z) J

a
R(w)− J

a
L(w)S

ab
A (z) J

d
R(x) J

e
R(y)

]

+

∫

w,x,y

KJJJ(w; x, y)f
deb

[J
d
L(x) J

e
L(y) J

b
L(w) − J

d
R(x) J

e
R(y) J

b
R(w)] .

/01∋ΦΓΗΙ02∋8∀−∋Χ,,Α∋#?Α−49%#4,+∋Χ5∋!∀)∗4−∃5∋ϑ∋78∗9∗))∗Κ∋2?>Α,96∋0%Χ)∗Α−∃5∋∀Α+∋Η%)∗∀ΑΚ∋

∆9∀Χ?>−∃5∋Λ∀))∋3;.ΒΜΝ∋∋

4∀)∃∋Χ5∋Η∗#8∀,)∋0%Χ)∗Α−∃5∋
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NLO corrections

NLO evolution of 2 Wilson lines with open indices from Balitsky

and Chirilli 2013

@B123

@⌘
=

↵s(µ
2)

8⇡2

Z

d~r0

h

(B100B320 + B200B310 − B300B210 − 6B123)

×

⇢

~r 2
12

~r 2
01
~r 2

02

−
3↵s

4⇡
β



ln

✓

~r 2
01

~r 2
02

◆✓

1

~r 2
02

−
1

~r 2
01

◆

−

~r 2
12

~r 2
01
~r 2

02

ln

✓

~r 2
12

µ̃2

◆]}

−
↵s

⇡
ln
~r 2

20

~r 2
21

ln
~r 2

10

~r 2
21

⇢

1

2



~r 2
13

~r 2
10
~r 2

30

−

~r 2
32

~r 2
30
~r 2

20

]

(B100B320 − B200B310)

−

~r 2
12

~r 2
10
~r 2

20

✓

9B123 −
1

2
[2 (B100B320 + B200B130)− B300B120]

◆}

+ (1 ↔ 3) + (2 ↔ 3)

]

A.V. Grabovsky Higher Fock states in CGC
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Τ∗&?),∋ςΩ&)∗4%+,∋∀−∋∀∋Θ9?Χ,∋∋

?Ξ∋(&∀≅∀)∋∆)%?Α∋Τ∗−49∗Χ%≅?Α∋

•  Τ∗&?),∋∀Ω&)∗4%+,∋∗−∋9,)∀4,+∋4?∋Υ)%?Α∋+∗−49∗Χ%≅?ΑΝ∋

•  Γ4∋∗−∋9,)∀4,+∋4?∋48,∋Ι∗ΥΑ,9∋+∗−49∗Χ%≅?Α∋Ξ?9∋)?ΨΖ[∋Υ)%?Α−∴∋

•  Φ%−4∋)∗∃,∋Ξ?9∋48,∋Ι∗ΥΑ,9∋+∗−49∗Χ%≅?Α6∋?Α,∋#∀Α∋,[49∀#4∋48,∋Υ)%?Α∋49∀Α−>,9−,∋

Ω?Ω,Α4%Ω∋+∗−49∗Χ%≅?Α∋Λ]ΗΤΜ∋?%4∋?Ξ∋∗4∴∋

•  Τ∗&?),∋∀Ω&)∗4%+,∋Υ∗>,−∋%−∋∗ΑΞ?9Ω∀≅?Α∋∀Χ?%4∋48,∋−&∀≅∀)∋+∗−49∗Χ%≅?Α∋?Ξ∋

−Ω∀))Ζ[∋Υ)%?Α−Ν∋∋

N(~x⊥,~b⊥, Y = ln 1/xBj) ⇐ (Fourier transform) ⇒ W (~k⊥,~b⊥, xBj)

Z
d2b⊥ N(~x⊥,~b⊥, Y = ln 1/xBj) ⇐ (Fourier transform) ⇒ f(~k⊥, xBj)

<∋

x⊥

k⊥



∆,?Ω,49∗#∋(#∀)∗ΑΥ∋∗Α∋ΤΓ(∋

Geometric scaling has 
been observed in DIS 

data by  

Stasto, Golec-Biernat, 

Kwiecinski in 䇻00. 

 
Here they plot the total 

DIS cross section, which 

is a function of 2 variables 

- Q2 and x, as a function 

of just one variable:  

τ =

Q2

Q2
s
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