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Introduction: turbulence
Fully developed turbulence
Anomalous exponents

Fully developed turbulence

The turbulence is characterized by

» Cascades of energy;
» Scaling behaviour with universal “anomalous exponents”

> Intermittency.
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Introduction: turbulence
Fully developed turbulence
Anomalous exponents

Fully developed turbulence

The turbulence is characterized by

» Cascades of energy;
» Scaling behaviour with universal “anomalous exponents”

> Intermittency.
The key parameters:

» W and L — power of the external source of energy and integral
(external) scale;

» v and | — viscosity coefficient and dissipation (internal) scale.
Fully developed turbulence: Re > 1= L > | =
Inertial range | < r < L
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Introduction: turbulence
Fully developed turbulence
Anomalous exponents

Kolmogorov—Obukhov theory

The equal-time structure functions

Sn(r) = ([ve(t,x) — v,(t,x’)]">,

where v, is the component of the velocity field along the direction
/
r=x-—x.

From the two Kolmogorov hypotesis (independence of L for L > r
and independence of / for | < r) it follows, that in the inertial range
l<rglL

Sa(r) = Cp (Wr)"/3

with exact exponents and universal amplitudes C,.
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Introduction: turbulence
Fully developed turbulence
Anomalous exponents

Anomalous scaling

Due to the imtermittency statistical properties of the velocity are
dominated by rare spatiotemporal configurations — the main contributions
are given by infrequent, but strong events.

This phenomenon is connected with the strong fluctuations of the
energy flux and leads to the violation of the classical K41 theory:

Sa(r) = (W)™ (r/L)"

with [may be] singular dependence of L and an infinite set of “anomalous
exponents” .
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Introduction: turbulence
Fully developed turbulence
Anomalous exponents

Anomalous scaling

Due to the imtermittency statistical properties of the velocity are
dominated by rare spatiotemporal configurations — the main contributions
are given by infrequent, but strong events.

This phenomenon is connected with the strong fluctuations of the
energy flux and leads to the violation of the classical K41 theory:

Sa(r) = (W)™ (r/L)"

with [may be] singular dependence of L and an infinite set of “anomalous
exponents” .

The goal is to calculate 7, within a regular expansion.
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Description of the model Definitions
Description of the model: equations

Outline

We will consider the passive advection of the vector (inpurity) field
by the turbulent folw. The task is divided into several steps:
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Outline

We will consider the passive advection of the vector (inpurity) field
by the turbulent folw. The task is divided into several steps:

» Definition of the model — stochastic differential equations;

» Field theoretic formulation, diagrammatic technique;
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Description of the model: equations

Outline

We will consider the passive advection of the vector (inpurity) field
by the turbulent folw. The task is divided into several steps:

» Definition of the model — stochastic differential equations;

» Field theoretic formulation, diagrammatic technique;

» Renormalization and fixed point, which defining the inertial
range asymptotic behaviour;
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Description of the model Definitions
Description of the model: equations

Outline

We will consider the passive advection of the vector (inpurity) field
by the turbulent folw. The task is divided into several steps:
» Definition of the model — stochastic differential equations;
» Field theoretic formulation, diagrammatic technique;
» Renormalization and fixed point, which defining the inertial
range asymptotic behaviour;

» Renormalization of the operators Fy ,, critical dimension
matrix;

N.V. Antonov, N.M. Gulitskiy Turbulent advection of a passive vector field: Effects of the



Description of the model Definitions
Description of the model: equations

Outline

We will consider the passive advection of the vector (inpurity) field
by the turbulent folw. The task is divided into several steps:

» Definition of the model — stochastic differential equations;

» Field theoretic formulation, diagrammatic technique;

» Renormalization and fixed point, which defining the inertial
range asymptotic behaviour;

» Renormalization of the operators Fy ,, critical dimension
matrix;

» Asymptotic behaviour of the pair correlation function, OPE.
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Description of the model Definitions
Description of the model: equations

Outline

We will consider the passive advection of the vector (inpurity) field
by the turbulent folw. The task is divided into several steps:

» Definition of the model — stochastic differential equations;

» Field theoretic formulation, diagrammatic technique;

» Renormalization and fixed point, which defining the inertial
range asymptotic behaviour;

» Renormalization of the operators Fy ,, critical dimension
matrix;

» Asymptotic behaviour of the pair correlation function, OPE.

The step with surprising result — diagonalization of the matrix of
critical dimensions.
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Description of the model Definitions
Description of the model: equations

Definitions and aims

» The field 0 is a passive vector field, e. g. a field of impurity;

» We work within fully developed turbulence, in the inertial
range.
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Description of the model Definitions
Description of the model: equations

Definitions and aims

» The field 0 is a passive vector field, e. g. a field of impurity;

» We work within fully developed turbulence, in the inertial
range.

» We are interested in the inertial-range asymptotic behaviour of
the scalar operators

FNP = (9,‘(9,')p (n595)2m7 N = 2(p + m);
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Description of the model Definitions
Description of the model: equations

Definitions and aims

» The field 0 is a passive vector field, e. g. a field of impurity;

» We work within fully developed turbulence, in the inertial
range.

» We are interested in the inertial-range asymptotic behaviour of
the scalar operators

FNP = (9,‘(9,')p (n595)2m7 N = 2(p + m);

» The measurable quantities are some correlators like

G2 = (L F).
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Description of the model Definitions
Description of the model: equations

Stochastic equation

The stochastic equation for advection of the passive field is
0:0; + Ok (vij — Ao vibk) + OP = v (97 + odf) 0, + 1,

where P is pressure term and f; is random foreign force (supplied the
energy W in our system) with zero mean and preassigned correlator

Dr = (fi(t, x) fi(t', X)) = 6(t — ') Ca(r/L).
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Description of the model Definitions
Description of the model: equations

Gaussian ensembles

Passive field approximation — we neglect the feedback of the passive
field 8 to the velocity v = instead of the stochastic Navier—Stokes
equations the velocity field is modeled by Gaussian ensemble.
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Description of the model Definitions
Description of the model: equations

Gaussian ensembles

Passive field approximation — we neglect the feedback of the passive
field 8 to the velocity v = instead of the stochastic Navier—Stokes
equations the velocity field is modeled by Gaussian ensemble.

Kraichnan's model (zero correlation time)
ik-(x—x")

() =8t = 10Dy [ O Py e et
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Description of the model Definitions
Description of the model: equations

Gaussian ensembles

Passive field approximation — we neglect the feedback of the passive
field 8 to the velocity v = instead of the stochastic Navier—Stokes
equations the velocity field is modeled by Gaussian ensemble.

Kraichnan's model (zero correlation time)

(vi(x)vj(x")) = o(t — t') Do /k> % P;i(k) kdl+£ ek (x—x')

Model with finite correlation time:
F{vi)vi(x)} = f(w, k; &),

where & and 7 are two UV regularizers and are characteristics of the
environment.
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Description of the model Definitions
Description of the model: equations

Anisotropy and finite correlation time

The velocity field possesses defined direction n:

v(t, x) =n-v(t, x1).
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Description of the model Definitions
Description of the model: equations

Anisotropy and finite correlation time

The velocity field possesses defined direction n:
v(t, x) =n-v(t, x1).

It is Gaussian, with pair correlation function
(vi(t, ) vi (¢, X)) = mimie (v(t, x1) v(t', X))

(v(t, x0) v(t', X)) = / dk i) D (o, k).

k>m (27T)d

and for D, (w, k) we choose
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Description of the model Definitions
Description of the model: equations

Anisotropy and finite correlation time

The velocity field possesses defined direction n:
v(t, x) =n-v(t, x1).

It is Gaussian, with pair correlation function
(vi(t, ) vi (¢, X)) = mimie (v(t, x1) v(t', X))

(v(t, x0) v(t', X)) = / dk i) D (o, k).

k>m (27T)d
and for D, (w, k) we choose
j(5—d—(&+n)
Dy (w, k) = 2m6(ky) Do L 5.
w? + [aoyoki_n]
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Action Functional

The standart problem of stochastic dynamics
00 = U(x,0) + f(x), <f(x)f(x')> = D(x,x),

is equivalent to action functional
S6,0) — / / dxdx' 0/ (x) D(x, X )0/ (x') /2 +
+ /dx@’(x) [—0:0(x) + U(8(x))]

Here
» 0(x) = 0(t,x) is a random field,
» U(x,0) is a given t-local functional,
» f is a random force with Gaussian distribution, zero mean and
a given pair correlator D.
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Action Functional

Our stochastic problem is equivalent to the field theoretic model of
the extended set of three felds ® = {6, 8, v} with action functional

1 1
S() = Eejofe’k—iv,-D;lkar

+ 0 [_61:01( — (vi0))0k + Ao(0;0;) vk + 10(91 + foaﬁ)ek ’
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Action Functional

Our stochastic problem is equivalent to the field theoretic model of
the extended set of three felds ® = {6, 8, v} with action functional

1 1
S() = Eejofe’k—iv,-D;lkar

+ 0 [_61:01( — (vi0))0k + Ao(0;0;) vk + 10(91 + foaﬁ)ek ’

triple vertex (nonlinearity in stochastic equation; interaction part)

Veab = = i0pc Pg - ’.Aéac Pg
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Propagators

and propagators (quadratic in fields part of action; free action Sp)

—(&+n)
(Vivi)g= i~~~ k= i - 0(ky) - Do - W
9,‘9’-> = - 20,
< J 0 I k —/w+uo(k +fOkH)
0.0, — i . _ Cir(k)
(0i6))o w2+ [k +6k2)]
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Renormalization constants

The only divergent diagram is the Self-Energy operator:

From Dyson equation it follows that:

» one new dimensionless constant u is needed;

» vg=v, Ag = A, ag = o — no renormalization required,;

v

fo = f - Z¢ with nontrivial constant Zr;

» ug = u - Z, with nontrivial constant Z,,.
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Multiloop diagrams

Some examples of the multiloop diagrams:
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Multiloop diagrams

Some examples of the multiloop diagrams:

In Kraichnan's model (zero correlation time) they are equal to zero
due to the closed cycles of the retarded propagators.
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Multiloop diagrams

Some examples of the multiloop diagrams:

U 13' ‘;
In Kraichnan's model (zero correlation time) they are equal to zero

due to the closed cycles of the retarded propagators.

Finite correlation time destroys this simple construction, but all these
diagrams still are equal to zero:
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Fixed points and asymptotic

From remormalization group (RG) it follows, that in the case of one
charge the asymptotic behaviour of the invariant charge g is

g(s)=g"+ const - s,

where s = 1/ur, u is the renormalization mass, g* is fixed point:

Bg(g") = 0.

IR asymptotic behaviour (s - 0 < r — o0): w='(g*) > 0.
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Fixed points and asymptotic

From remormalization group (RG) it follows, that in the case of one
charge the asymptotic behaviour of the invariant charge g is

g(s)=g"+ const - s,
where s = 1/ur, u is the renormalization mass, g* is fixed point:
Pe(g”) = 0.
IR asymptotic behaviour (s = 0 < r — o0): w = f'(g*) > 0.

In the case of many charges §i(g*) = 0 and Qi = 93i/0gk at the
point gj = g has to be positive.
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Action Functional
Diagrammatic Technique

Field Theoretic Formulation Renormalization of the model

Fixed points and asymptotic

Depending of the exponents £ and 7 the model possesses 4 fixed
points:

» 1a, 2a are trivial (Gaussian fixed point)

» 1b corresponds to the limit of “frozen” velocity field

» 2b corresponds to the limit of “rapid-change” (Kraichnan's)
model
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Action Functional
Diagrammatic Technique
Renormalization of the model

Field Theoretic Formulation

Fixed points and asymptotic

Picture of the fixed points on the £ — 7 plane

P

2a

(trivial)

m

1b

(trivial)
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Operator diagram

Our aim is to obtain asymptotic behaviour of the correlation
function

G = <FN1P1 FN2P2>
of two composite operators, built solely from the fields itself:

FNP = ((9,'9,')/3 (n595)2m, N = 2([) + m)
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G
Operator Product Expansion

Composite operators

Operator diagram

Our aim is to obtain asymptotic behaviour of the correlation
function
G = <FN1P1 FN2P2>
of two composite operators, built solely from the fields itself:
Frp = (0i6:)7 (ns05)*™, N =2(p + m).

Therefore we have to calculate one one-loop diagram

and then contract it with external fields and operator vertex.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Multiloop diagram

Any multiloop diagram contains as a part the structure

o | Y
Lk

and therefore all of them are equal to zero.

This property is closely connected with the presence of the
anisotropy.

N.V. Antonov, N.M. Gulitskiy Turbulent advection of a passive vector field: Effects of the



Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Operator diagram

The (exact!) result is

52FN,p,m

120 0.0, =
501 - 00, 12 7a7h

=2m(2m—1)-Fypr1m-1 + (2p+8pm—2m(2m—1))-Fypm +

+(4p(p—1) —2p —8pm) - Fnp-1,m+1 — 4p(p — 1) Fnp-2m+2-
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Operator diagram

The (exact!) result is

52FN,p,m

120 0.0, =
501 - 00, 12 7a7h

=2m(2m—1)-Fypr1m-1 + (2p+8pm—2m(2m—1))-Fypm +

+(4p(p—1) —2p —8pm) - Fnp-1,m+1 — 4p(p — 1) Fnp-2m+2-

There is mixing of operators = renormalization constant Z¢ is a
matrix!
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

The matrix Zr: renormalization

Therefore the renormalozation matrix Zr and takes the form

dil1 di2 ai3 0 . 0
dp1 d22 423 d24

| 0 ax asz as - 0
ZF =
0 a3 - T dn—2n

dn—1n
0 ... ... 0 ap1 am
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Critical dimension matrix

And we can calculate anomalous dimension matrix YNp, Np'-
b

W, pr1 = B-2m(2m —1) - ¢;
B-(2p+8pm—2m(2m — 1)) - &;
W, p-1 B-(4p(p —1) —2p —8pm) - ;
W, p—2 = B-(=4p(p—1))-¢&,

*
N, p

and critical dimension matrix Apnp np:

*
App, v = =N +Ynp, N>

where N is its canonical dimension.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

RG equation

The basic RG statement is the following: if the quantity is multiplicatively
renormalizable, we can use RG equation:

[Drc +7F] FR =0,

where Dg¢ is some differential operator, v — anomalous dimension
of F.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

RG equation

The basic RG statement is the following: if the quantity is multiplicatively
renormalizable, we can use RG equation:

[Drc +7F] FR =0,

where Dg¢ is some differential operator, v — anomalous dimension
of F. This equation provides us an exponential law, and the leading
term of IR asymptotic behaviour is at fixed point g = g*:

F = const - xF.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

The necessity of the diagonalization

If Z is a matrix Zj, i.e., if there is a mixing of operators,
Fi = ZyF¢,

to solve the RG equations we need to diagonalize our system. So our
aim is to find the eigenvalues of the matrix

ANp, Np' = _2(,0 + m) + F}/I»{lp, Np'»
or, equivalently, to find the diagonal matrix

Ar = UZ'ArUF.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Jordan Form

It is proved, that for any dimension N

)\]_ = ... :)‘N/Q—l—l = —2(p—|—m) = —N,

and the critical dimension marix is not diagonalizable, but have a
Jordan form!
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G
Operator Product Expansion

Composite operators

Jordan Form

It is proved, that for any dimension N

)\]_ = ... :)‘N/Q—l—l = —2(p—|—m) = —N,

and the critical dimension marix is not diagonalizable, but have a
Jordan form!

—2(p+m) 1 0 ... 0
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Asymptotic behaviour of the operator Fy,

Therefore the RG equations mixes up with each other and asymptotic
behaviour of the operators FR contains the logarithmic corrections:

FR oc (M/p)* - Pz (In M /1),
Ff oc (M/p) - Pyjo—i (InM/p),

'E/I\?/2+1 X (M//ﬁ))\a

where Px (In M/p) is the X degree polynomial with In M/ as an
argument.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

RG equation for correlation function G

The main aim is to find the asymptotic behaviour of the pair
correlation function

G = <FN1P1 FN2P2>

of two composite operators with arbitrary N; and No.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

RG equation for correlation function G

The main aim is to find the asymptotic behaviour of the pair
correlation function
G = (Fny p Fiz o)

of two composite operators with arbitrary N; and No.
RG equations in this case take form

Dre Gk = DjsGs + Ays Gis,

where Gjj = (F;Fj), Aj is the critical dimension of Gj;.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Solution of the RG equation for correlator G

Solution of the RG equation gives us asymptotic behaviour for r > I:

GR o (AN Py gy In A= @ (Mr, mr, 5) ik,

it also contains logarithms.

N.V. Antonov, N.M. Gulitskiy Turbulent advection of a passive vector field: Effects of the



Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Operator Product Expansion

The inertial range | < r < L corresponds to the additional condition,
which is studied using OPE. According to the OPE

Fi(X)Fa(x") = Cp(r)F(t,x),
5

where F are all possible operators. After averaging with the weight
exp Sk the sought-for asymptotic takes the form

(Fa) o< (Mr)2e,

where A, is a Jordan matrix.
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Asymptotic behaviour of the correlator G

Taking into account the nilpotency of the matrix Zj, using RG and
OPE together one can obtain the desired asymptotic behaviour:

G(r) = (Fiypr Fiz o) o [In A H1)/2. i )M 1/2.5 ()
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Asymptotic behaviour of the correlator G

Taking into account the nilpotency of the matrix Zj, using RG and
OPE together one can obtain the desired asymptotic behaviour:

G(r) = (Fiypr Fiz o) o [In A H1)/2. i )M 1/2.5 ()

No power dependence, only logarithmic corrections!
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Conclusion

» We applied the field theoretic renormalization group and the
operator product expansion to the analysis of the inertial-range
asymptotic behavior of a divergence-free vector field, passively
advected by the anisotropic turbulent random flow with
finite correlation time;
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Renormalization constant Z
Diagonalization

Mean value of operator F
Pair correlation function G

Composite operators Operator Product Expansion

Conclusion

» We applied the field theoretic renormalization group and the
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Conclusion

» We applied the field theoretic renormalization group and the
operator product expansion to the analysis of the inertial-range
asymptotic behavior of a divergence-free vector field, passively
advected by the anisotropic turbulent random flow with
finite correlation time;

» The anomalous scaling, which is typical for such models, is
violated;

» The key point is that the matrices of scaling dimensions of the
relevant families of composite fields (operators) appear
nilpotent and cannot be diagonalized;

» All multiloop diagram for this model are equal to zero, i.e., the
model is solved exactly.
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Thank you for your attention!
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