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PDG average

Current uncertainties of ag are not fully reflected in the PDG average.
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Theory



Static energy

Eo(r) = lim v In ¢ > — exp {ig%dz“AM}

T—oo T

Perturbation theory describes Ey(r) in the short range (rA < 1, ag(1/r) < 1):

C(F Og

Eo(r) = As— (1+H#as+#a2 +#a +#a lnozs—l—#ozgL In? ozs—l—#a;l Inas+...)

r

Eo(r) is known at three loops.
o Anzai Kiyo Sumino PRL 104 (2010) 112003
A.Smirnov V.Smirnov Steinhauser PRL 104 (2010) 112002

In ag signals the cancellation of contributions coming from different energy scales:

Inag = In ol + In os/T
1/r L

o Brambilla Pineda Soto Vairo PRD 60 (1999) 091502



Energy scales

In the short range the static Wilson loop is characterized by a hierarchy of energy scales:
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Effective Field Theories

It is convenient to factorize the contributions from the different scales with EFTSs:

QSGGmb\ﬁ
— S D .
QCD pNRQCD

2 oo '
Eo(r) = As + vs<r,u)—7;9ﬁvj/0 dte VoVl (Tre . B(t)r - E0)) (1) + .. .

res. mass potential ultrasoft contribution

o Brambilla Pineda Soto Vairo NPB 566 (2000) 275

The 1 dependence cancels between
Ve ~Inru, In?ruy, ...
ultrasoft contribution ~ In(Vy, — Vi) /p, In?(V, — Vi) /p, ... Inrp, In? vy, ...



Va

The first contributing diagrams are of the type:

Therefore

Va(r,p) =1+ 0(af)



Chromoelectric field correlatotE(t) E(0))
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o Eidemuller Jamin PLB 416 (1998) 415



Static octet potential

RS S DA e
Tl;moofln—:ﬁTS(l—F#aS—F#ag—|—#a§—l—#ag’lnur—|—...)

Is known at three loops.

o Anzai Prausa A.Smirnov V.Smirnov Steinhauser PRD 88 (2013) 054030



Static singlet potential at NLO

2
Varg) = —Cp D) {1 Las/r) +(oasu/r)) ,

r U 47
1 371672
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The logarithmic contribution at N3LO may be extracted from the one-loop
calculation of the ultrasoft contribution;

the single logarithmic contribution at NLO may be extracted from the two-loop
calculation of the ultrasoft contribution.



Static energy at NLO
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Renormalization group equations

( d 2 3
p—V, = ——C’F—r V2V, — Vi (1+—c)
du s
d ]. Ols 2 Og
— Vo= ——=r?Vi[Vo-Vs]3(1+ =
dp N 7TT A[ ] ( T s C)
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Static singlet potential and energy atlNL

B CrC3 a3(1/r) 3 as(1/7) as(1/r)
= Vs(r,1/r) — 650 . {(1 + i al) In e (1)

(57 _60) [aSm) ) asu/r)]}
4830 s s

Summed to the ultrasoft contribution at two loops, it provides the static energy at N°LL.
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Mass renormalon

The perturbative expansion of V; is affected by a renormalon ambiguity of order A.
This ambiguity does not affect the slope of the potential (and the extraction of ay).

It may be eliminated from the perturbative series

either by subtracting a (constant) series in as to Vs and reabsorb it in a redefinition
of the residual mass Ag,

or by considering the force:
d

F(r,as(v)) = %EO(T’ as(v))

e The force F(r,as(1/r)) could be directly compared with lattice,
e or integrated and compared with the static energy

Eo(r) = /7‘ dr’ F(r', as(1/r"))

*

up to an irrelevant constant fixed by the overall normalization of the lattice data.
Note that there are no In vr (v = renormalization scale).



Analysis



Lattice

We use 2+1-flavor lattice QCD obtained from tree-level improved gauge action and
Highly-Improved Staggered Quark (HISQ) action by the HotQCD collaboration.

ms was fixed to its physical value, while m; = ms/20.

This corresponds to a pion mass of about 160 MeV in the continuum limit.

B 7.373 7.596 7.825
r1/a 5.172(34) 6.336(56) 7.690(58)
Volume | 483 x 64 644 644

The largest gauge coupling, 5 = 7.825, corresponds to lattice spacings of a = 0.041 fm.
o Bazakov et al PRD 90 (2014) 094503

dFEo(r)

The lattice spacing was fixed using the r; scale defined as 2 . = 1.0;
Tr

r1 = 0.3106 £ 0.0017 fm from the pion decay constant f.
o Bazakov et al PoS LATTICE 2010 (2010) 074



Procedure

We use data for each value of the lattice spacing separately, and at the end perform an
average of the different obtained values of as with the following procedure.

Perform fits to the lattice data for the static energy Eq(r) at different orders of
perturbative accuracy. The parameter of the fits is Agrs.

Repeat the above fits for each of the following distance ranges: r < 0.75r1,
r <0.7r1,r < 0.65r1, r < 0.6r1, r < 0.557r1, r < 0.571, and r < 0.457r1.

Use ranges where the reduced x? either decreases or does not increase by more
than one unit when increasing the perturbative order, or is smaller than 1.

To estimate the perturbative uncertainty of the result, repeat the fits

e by varying the scale in the perturbative expansion, fromv = 1/rto v = /2/r
and v = 1/(v/2r),

e by adding/subtracting a term i((;*p/rQ)o/'s'“r2 to the expression at n loops.

Take the largest uncertainty.



Data ranges
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x*/d.o.f. for B = 7.825
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Fits for » < 0.671 are acceptable. In the final result we will use only fits for » < 0.57.
The fitting curve has been normalized on the 7th, 8th and 9th lattice point respectively.



al\yrg at different orders of perturbative accuracy for= 7.825
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r Ay at three-loop accuracy
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Statistical error vs perturbative error
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The statistical error is estimated by taking values of Ay at one x2 unit above minimum.



Analysis with the force

pB=7.825; 7.596; 7.373— Force
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The counting of the ultrasoft contributions

r2F (r,1r)

15— 11.5
finite 3 loops *
O 10
finite 2 loops ;
0.5j i0'5
e | ,
s 9% agx LL o0
g i ]
_0.5} E—O.E
-1.0r LL 1-1c
_1_57 ““““““““““““““““““““ 7_1_5

r/ry

Leading-ultrasoft resummation included along with the three-loop terms is consistent
with the observed size of the terms. This goes in our final result.

We chose p = 1.26r7 ' ~ 0.8 GeV, for the ultrasoft factorization scale.

Variations of 1 only produce small effects on the results.



Short-distance points vs long-distance points
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Looking for condensates

B=7.825—— Nref=7 —— 3 loop | rdterm
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By repeating the fits adding a monomial term proportional to »3 and r2, which could be
associated with gluon and quark local condensates, and also a term proportional to r,
we do not find evidence for a significant non-perturbative term at short distances and the
value of Ag;s remains unchanged.



Results



MS

Results at three-loop plus leading-ultrasoft resummation for the » < 0.5 fit range.
The final result is the weighted average of different 3s with linearly added errors.

aAsgs; Nret = 7|alj55; Neer = 8|aAgg: Neer = 9| aAgs; range spanned r1Ay5g; range spanned

B =17.373| 0.0957%g s | 0.0957+570058 | 0.09577G 50o 0.0957%9:9048  10.49495-021% =+ 0.0086 + 0.0025
+0.0017 +0.0017 +0.0017 +0.0017 - []_49491%_‘3?_5?3

B =1.596| 0.0781%5 500 | 0.0784%570057 | 0.078520 00xd 0.078370 0948 0.496175 339300066 4 00044
+0.0007 +0.0010 +0.0007 +0.0010 = []_49{311%_‘33}?

B =17.825| 0.064470 001 | 0.064270003% | 0.064370 0050 0.064350:0037  0.49447 50725 + 0.0065 + 0.0037
+0.0006 +0.0008 +0.0008 +0.0008 = 0_4944J_Fg-_g?§é

Average riAss = U.495fg:gfg

+0.028
—0.018

which converts to  Ags = 315115 MeV




r Eo+const

Static energy vs lattice data
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Static energy at different perturbative orders vs lattiagead
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Lattice data with 3 from 6.664 to 7.825 are displayed.
The red error bars correspond to the errors of the lattice data (include normalization).



Force vs lattice data
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as(1.5 GeV,ny = 3) = 0.3367_L8:8(1)§
which corresponds to
as(Mz,ny =5) = 0.1166 1) 0003

from four-loop running, m., = 1.6 GeV and m; = 4.7 GeV.



Comparison with other determinations
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o Boito Golterman Maltman Osborne Peris PRD 91 (2015) 034003
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