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Introduction: Anomalous Transport

The Chiral Magnetic Effect

Hydrodynamics of Relativistic Fluids

The Chiral Magnetic Effect

[Kharzeev, McLerran, Warringa '07]

L Magnetic Field
plane

CANVANEY vt BB Nt chirality

Electric current

P-odd charge
separation

X (defines ¥g)

[parity violating currents: Vilenkin ‘80, Giovannini, Shaposhnikov ‘98, Alekseey, Chaianoy, Frohlich ‘98]

Strong Magnetic field induces a P-odd charge separation —-
— Electric current: J = ¢5B.
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Hydrodynamics of Relativistic Fluids

[Son,Surowka], [Eling,Neiman,0z], [Erdmenger et al.], [Banerjee et al.], [Loganayagam],
[Kharzeev, Yee], [Sadovyev et al.]

(TH)y = (e +P)uru” +Pgt” + ,
Ideal Hydro
) = put +
~—~
Ideal Hydro

@ Landau frame: (T%) ~ v/
2
(TH)diss & anom = —nP** P (DQUB+D6Ua_3gaBD>‘U/\> — CPHDUg + - -
<J#>diss&anom = 7O—TPHVDD (%) +oE* + (TBBM + O'Vw'u qFooc

where PH = gt + uru”, and vorticity: wh = SetPAu, D,uy.
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Introduction: Anomalous Transport T @l e s

Hydrodynamics of Relativistic Fluids

Parity and Time Reversal Properties (1)

@ Hydrodynamics at 1st order in derivative expansion:

(Jyy = ° B
~—~ S~~~ ~—
P—odd, T —odd P—odd, T—even P—even,T—odd
i v =
(h = o @

T — even — o8 and ¢ are non dissipative, i.e. they cannot
contribute to entropy production:

%S >0 (Only 7 -odd contributions in S)

Electric conductivity is dissipative:
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Equilibrium Partition Function

[Banerjee et al 12], [Jensen et al *13], [Bhattacharyya *14], [EM, Valle *14]

@ Relativistic Invariant Quantum Field Theory on the manifold
ds? = 27X (dt + a;(X)dx’)? + g;(x)dx’dx’
and time independent background U(1) gauge connection:
A = Ao(X)dx® + A;(X)adx" .

@ Partition function of the system:

H—1ugQ

Z=Tre D

= Dependence of Z on ¢, gj and &;?
)

@ 3-dim diffeomorphism invariance.
o Kaluza-Klein invariance: t — t + ¢(X), X — X.
o U(1) time-independent gauge invariance (up to an anomaly).
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Equilibrium Partition Function

= under t-indep variations

slogZ = l/d3x —0s 1 T 69" + JH0A,
To 2

- _ dlogZ _ dlogZ
L4 Tl“’ = _2T0 59‘“’ 5 JH = TOW

@ In particular, for log Z = W(e?, Ao, a;, Ai, 9", To, 110) one gets

oy = L = 0
V=G oA’ O V=G A

, To (W oW Toe® oW

i MGG, W aad — e
<T°>_m(6a,- Ao(sAi) , (Too) =G b0

@ = Wis a generating functional for the hydrodynamic
constitutive relations.
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Equilibrium Partition Function at Oth order

o

[IogZ—Wo :/d3x\/§% P(Toe ?,e77Ao) , Ao=Ao+ po-
0

Arbitrary function of 2 variables

@ Constitutive relations (a=e 7Ty, b=e 7 Ap):
(T =Pg",  (Too) = (P —abaP —bd,P),  (Tg)=0,
(J%) = e 79,P, (JY=0.
@ By comparison with the hydrodynamic constitutive relations:
(TH) = (e + P)uru” + Pgh”, (J*)y = put ,

one gets
ut = e “?(1,0,---,0),
P = P, 5:—P+303P+b0bp. /):ObP.

= ¢, P and p are not independent functions, but are determined in
terms of a single master function.
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Equilibrium Partition Function at first order

o in derivative
expansion [Banerjee et al *12]:

[W1 :/d3X\/@ {Oﬁ (U, Ao)eijkA,'ij—l—ag(U, Ao)e”kA/I(]‘k+a3(U, Ao)eijka,ﬂ‘k}]

where F,‘j = 8/Aj = 3jA,‘ 5 f,‘j = 6,-a,- = 8,-a,-,
@ Ideal gas of Dirac fermions =+ from a computation of (T}) and
(J'"), one gets

C 1 C
o, A as(o, A — A+ CT az(o,Ag) =0.
( 0) 6T 2( ) 0) 6T 0 210 b) 3( b 0)
C= —ﬁ (chiral anomaly): [Son, Surowka ’09], [Erdmenger et al ’09], . . .
where e
Co = 54 (gauge-gravitational anomaly): [Landsteiner, EM, Pena-Benitez *11]

@ Coefficients related to chiral magnetic «® and chiral vortical o
conductivities.
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Equilibrium Partition Function at second order

[Bhattacharyya ’14]:
Wo= / dSX\/g [M1 g’ja,- Ta,-T aF Mzg/ja,'uajl/ + Msg’/é’,-uajT

+T02M4f,'jfij + MsF,'jF/j I ToMeﬂ‘jFij I M7R} ,

where M; = M;(T,v) with

Ao
T=Tye ? = —.
0€ ) TO

14

@ From the relations (Jy) oc 93, (Too) o< 9% =+ Determine M;.
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Free theory of Dirac fermions

S = /d4X\/ —-GL, where L= —iUy*V, ¥+ imbV.
@ U(1) current and energy-momentum tensor:
- i -
B\~ = — =
P==UpV, Tu=20[ V-V o)y,

@ Explicit currents and energy-momentum tensor (left part):

b=-ely, J=-¢loy,
i 1 7
Too = 567 (V10 — Oyl) + & Aoyl — 2> Gaylaoy,

where ¥ = < Vi ) and ¢ = .
YR
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Free theory of Dirac fermions

) = Thermal
Green function

(TY(=ir, )07 (0,x)s = To 3 S €7 G(x, X', wn) ,  wn = = <n+ )
then one gets
(do) = TOZtr[—e"trg(X,X,wn)] ;

(Jhy = —TOZtr [0: G(x, X, wn)]

(Too)=To » [e"(iwn + Ao) tr G(x, X, wn) — %es"e"f"a,-ak tr[o; G(X, X, wn)]

n

@ From the relations (Jy) o 93 ,--- = We can determine .

Eugenio Megias Anomalous Transport in Second Order Hydrodynamics




Free theory of Dirac fermions
Partition function at second order
Second Order Transport Non-dissipative constitutive relations

The Green function

@ Action:
S— —/d“x\/—G\T@O [0y — H] W,
with the Hamiltonian
(1 , i o/ k
@ Rotation to imaginary time t — —ir = Green function obeys:
—v/ =G~ (iwn — H)G(X, X', wn) = 6O (X — X').

@ Computation of G in a derivative expansion
(G=G+G1+Ga---):

5000
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Energy and charge density up to second order

@ Then one can compute the

. 1 7
<T00>p = 7—0 Z [eg(lwn + AO) tr gp(Xa X, wn) - Zes"e’/kajak tr [0’,‘ gp(X7 X, w,—,)]]
n
@ To get W, it is enough to compute (Jy)2 and (Too)2 including
only bilinear terms ~ 9;X0;Y =+ Pauli-Villars regularization.

1 ] 1 | ;
<J0>2 = 2472 (_VIAOVIU + §ezafijFll + 2A0620fijfll>./\//\(a, Ao)
1 2 ez 20 8-/\//\
+48 2 <VAOVA°+ 2 5 Al + 5 FiF e A f”FU> 920
5 N
~ 24r 2AOVIUV/U+ 9% ZV AoV,O’—F 1997 om0 Zaf,'jFU
A
20 A f. £l 0
6a,2° ol + 75,21
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Partition function at second order

1 2 M 11 1 11 G
M(T,) = ~ggs ' (In Tz + QW)+ 5 670+ 3} + ggr— 57
11,
T 3eaz M N2
1 1 M? 1 1
Ms(T,v) = 967r2T<|nT2+Q(V)_4+4>7
1 v /\_ﬂ2 7 1
Me(T,v) = 4871'2T<| ﬁ"'o(y)‘f'z‘f‘ +4),
M(Toy =7 L ree 1 Thppo
V)= 588t T oer2 | U T 96:2 T :

Eugenio Megias Anomalous Transport in Second Order Hydrodynamics



Free theory of Dirac fermions
Partition function at second order
Second Order Transport Non-dissipative constitutive relations

Renormalization and Trace Anomaly

@ The action can be renormalized by adding the counterterm

M?In2
ct_ 4
B 962/d

so that
@ Under a Weyl rescalmg.

2
gi — €°gj, o—0+w,

_ . .
terms « In % are not invariant =» Trace Anomaly:

1 . 1. M
Wmm—m/d"@T'”7

; 1 A ; ;
X (e2”g’/8iA06,Ao - EASf,-/f’/ - 5Fif’ - Aof,-/F’/>
1
_ 4 T~ m\ — nz
-~ /d xV—G In Fun o=y (Tt) = ~ g Fun .
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Constitutive relations

T= (e + P)uu” + PG + Tl + T +

[Bhattacharyya, David, Thakur ’*14]:

T( ) pr— AP(G#V+U;Lul/)+T(’ﬁ’é(ul/)+’€2uau5ﬁ(/u1u>/3+H3v(;1,v1/)l/)+
J(Z)p,: M P;Lauy'rqua + )\ZP;uxvz/‘/—'.Va +

@ Determination of x; and \; by comparison with W:

o Tg 6W2 _ 2 2 2 3Mre"
Too|eq = TT/G o0 U (—2M1V T—MVov+ —L- a7 R) ,
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Constitutive relations

o
r Teyw=T (m :E!’(uu> + KzU”uBIN-?’Wm,W + ’QSV(#VV)V) +e ]
J2) u= MPouat, B + XoPoV, F* +
r Kt = —2M5", )
kp = —2MZF" — 27_82/7:“ ,
o — 28g/ljen |

AN = 4T2 (2VM5 = Ms) - ip T3 (/V,ren T V2M5 - VMG) y

= —-4TM;y + T2 (2VM5 - MG)

J
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Second Order Transport Non-dissipative constitutive relations

Constitutive relations: free theory of Weyl fermions

_L 1 ﬁ /i2:2/€17 HS:_2527
T

1
e 1 P 1 (o 1) ,2 1\
M=3 C+37r2> +5+P[ 2<C+6w2>“+<02 36>T]
1 M? L p 1 1
A2_247r2<'”72+o(r))+s+/34< +37r2)“7

Remarks:
@ )\, is sensitive to renormalization scale.
@ No mixture of trace and in constitutive relations.
@ k¢ and k» in agreement with [Moore, Sohrabi *12] after 1 = 0.
@ k3 and \> computed in a holographic model in 5 dimensions in

[Erdmenger et al. ’09], [Banerjee et al. *11], [EM, Pena-Benitez ’13].
2

I
[KS]weak coupling X [HS]strong coupling » [)\2]weak c. ™ C( T) + Wﬁ X [)\2]str0ng c.
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Parity and Time Reversal Properties (Il)

= transport coefficients multiplying quantities
that survive in equilibrium.

@ Hydrodynamics at 1st order: non-dissipative coefficients are
P-odd and T-even =+ o5 and ¢V.

@ Hydrodynamics at 2nd order:
@ coefficients P-odd and 7 -even vanish

ik iik ik ik
" Viofy, e " VioFy, €"V,Aofk , € ViAoFik

= we have explicitly checked it with the partition function
formalism.
@ non-dissipative coefficients calculated are 7P-even and T -even.
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Conclusions

@ We have studied non-dissipative transport effects up to 2nd order
in the hydrodynamic expansion.

@ Effects are induced by external magnetic fields, vortices and
curvature in a relativistic fluid —

: time reversal properties.

@ Dissipative effects (shear viscosity, electric conductivity, ...) =
other methods: Kubo formulae, Fluid/gravity correspondence, ...

@ Results at 2nd order for free fermions consistent with strong
coupling results.

@ We have studied Renormalization and Conformal Anomaly
effects = chiral and conformal anomaly mix in the partition
function, but not in the constitutive relations.
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Conclusions

@ Derivation of Kubo formulae for 2nd order hydrodynamics
(Y = —ioPhy + Eswhy+ -+ = (J)=0PB+&EVXE+---
&5 is P-odd and T-odd = Entropy production?
@ Computation of entropy current up to 2nd order in holography:
0,8" >0.

@ Applications, not only to the QGP, but also to condensed matter
systems with triangle anomalies = Weyl semi-metals [Basar,
Kharzeev, Yee ’14], [Landsteiner ’14].
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Thank You!
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