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The Chiral Magnetic Effect

[Kharzeev, McLerran, Warringa ’07]

Strong Magnetic field induces a P-odd charge separation =⇒
=⇒ Electric current: ~J = σB~B .
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Hydrodynamics of Relativistic Fluids

[Son,Surowka], [Eling,Neiman,Oz], [Erdmenger et al.], [Banerjee et al.], [Loganayagam],

[Kharzeev, Yee], [Sadovyev et al.]

〈Tµν〉 = (ε+ P)uµuν + Pgµν

︸ ︷︷ ︸

Ideal Hydro

+ 〈Tµν〉diss & anom
︸ ︷︷ ︸

Dissipative & Anomalous

,

〈Jµ〉 = ρuµ

︸︷︷︸

Ideal Hydro

+ 〈Jµ〉diss & anom
︸ ︷︷ ︸

Dissipative & Anomalous

.

Landau frame: 〈T 0i〉 ∼ ui

〈Tµν〉diss & anom = −ηPµαPνβ

(

Dαuβ+Dβuα−
2

3
gαβDλuλ

)

− ζPµνDαuα + · · ·

〈Jµ〉diss & anom = −σTPµνDν

( µ

T

)

+ σEµ + σBBµ + σVωµ + · · ·

where Pµν = gµν + uµuν , and vorticity: ωµ = 1
2
ǫµνρλuνDρuλ.
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Parity and Time Reversal Properties (I)

Hydrodynamics at 1st order in derivative expansion:

〈~J〉1
︸︷︷︸

P−odd ,T −odd

= σ
B

︸︷︷︸

P−odd ,T −even

· ~B
︸︷︷︸

P−even,T −odd

︷︸︸︷

〈~J〉1 =

︷︸︸︷

σ
V ·

︷︸︸︷

~ω

T − even =⇒ σB and σV are non dissipative, i.e. they cannot

contribute to entropy production:

∂

∂t
s > 0 (Only T -odd contributions in s)

Electric conductivity is dissipative: 〈~J〉1 = σ~E =⇒ ∂ts > 0.
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Equilibrium Partition Function

[Banerjee et al ’12], [Jensen et al ’13], [Bhattacharyya ’14], [EM, Valle ’14]

Relativistic Invariant Quantum Field Theory on the manifold

ds2 = −e2σ(~x)(dt + ai(~x)dx i)2 + gij(x)dx idx j

and time independent background U(1) gauge connection:

A = A0(~x)dx0 +Ai(~x)dx i .

Partition function of the system:

Z = Tr e
−

H−µ0Q

T0

Dependence of Z on σ, gij and ai?

Most general partition function consistent with:

3-dim diffeomorphism invariance.

Kaluza-Klein invariance: t → t + φ(~x) , ~x → ~x .

U(1) time-independent gauge invariance (up to an anomaly).
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Equilibrium Partition Function

Stress Tensor and U(1) current under t-indep variations

δ log Z =
1

T0

∫

d3x
√−g3

(

−1

2
Tµνδg

µν + JµδAµ

)

Tµν = −2T0
δ log Z
δgµν , Jµ = T0

δ log Z
δAµ

.

In particular, for log Z =W(eσ,A0,ai ,Ai ,g
ij ,T0, µ0) one gets

〈J i〉 = T0√
−G

δW
δAi

, 〈J0〉 = −
T0e2σ

√
−G

δW
δA0

,

〈T i
0 〉 =

T0√
−G

(
δW
δai

−A0
δW
δAi

)

, 〈T00〉 = −
T0e2σ

√
−G

δW
δσ

.

W is a generating functional for the hydrodynamic

constitutive relations.
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Equilibrium Partition Function at 0th order

Most general partition function up to 0th order in derivatives:

log Z =W0 =

∫

d3x
√

g3
eσ

T0
P(T0e−σ,e−σA0)
︸ ︷︷ ︸

Arbitrary function of 2 variables

, A0 = A0 + µ0 .

Constitutive relations (a ≡ e−σT0 , b ≡ e−σA0):

〈T ij〉 = Pg ij , 〈T00〉 = e2σ(P − a∂aP − b∂bP) , 〈T i
0〉 = 0 ,

〈J0〉 = e−σ∂bP , 〈J i〉 = 0 .

By comparison with the hydrodynamic constitutive relations:

〈Tµν〉 = (ε+ P)uµuν + Pgµν , 〈Jµ〉 = ρuµ ,

one gets
uµ = e−σ(1,0, · · · ,0) ,
P = P , ε = −P + a∂aP + b∂bP , ρ = ∂bP .

ε, P and ρ are not independent functions, but are determined in

terms of a single master function.
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Equilibrium Partition Function at first order

Most general partition function at 1st order in derivative

expansion [Banerjee et al ’12]:

W1=

∫

d3x
√

g3

[

α1(σ,A0)ǫ
ijk AiFjk +α2(σ,A0)ǫ

ijk Ai fjk +α3(σ,A0)ǫ
ijk ai fjk

]

where Fij = ∂iAj − ∂jAi , fij = ∂iaj − ∂jai ,

Ideal gas of Dirac fermions from a computation of 〈T i
0〉 and

〈J i〉, one gets

α1(σ,A0) =
C

6T0
A0 , α2(σ,A0) =

1

2

(
C

6T0
A2

0 + C2T0

)

, α3(σ,A0) = 0 .

where:

{

C = − 1
4π2 (chiral anomaly): [Son, Surowka ’09], [Erdmenger et al ’09], . . .

C2 = 1
24

(gauge-gravitational anomaly): [Landsteiner, EM, Pena-Benitez ’11]

Coefficients related to chiral magnetic σB and chiral vortical σV

conductivities.
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Most general partition function at 2nd order [Bhattacharyya ’14]:

W2=

∫

d3x
√

g
[

M1g ij∂iT∂jT + M2g ij∂iν∂jν + M3g ij∂iν∂jT

+T 2
0 M4fij f

ij + M5FijF
ij + T0M6fijF

ij + M7R
]

,

where Mi = Mi(T , ν) with

T = T0 e−σ , ν =
A0

T0
.

From the relations 〈J0〉 ∝ ∂W
δA0

, 〈T00〉 ∝ ∂W
∂σ

Determine Mi .
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Free theory of Dirac fermions

Free theory of Dirac fermions:

S =

∫

d4x
√

−GL , where L = −iΨ̄γµ∇µΨ+ imΨ̄Ψ .

U(1) current and energy-momentum tensor:

Jµ = −Ψ̄γµΨ , Tµν =
i

4
Ψ̄
[

γ
µ

−→∇ν −
←−∇νγµ + (µ↔ ν)

]

Ψ ,

Explicit currents and energy-momentum tensor (left part):

J0 = −e−σψ†ψ , J i = −ψ†σiψ ,

T00 =
i

2
eσ

(
ψ†∂tψ − ∂tψ

†ψ
)
+ eσA0ψ

†ψ − 1

4
e3σǫijk∂jakψ

†σiψ ,

where Ψ =

(
ψL

ψR

)

and ψ ≡ ψL.
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Free theory of Dirac fermions

Expectation values of Jµ and Tµν at equilibrium Thermal

Green function

〈Tψ(−iτ, x)ψ†(0, x ′)〉β = T0

∑

n

e−iωnτG(x , x ′, ωn) , ωn =
2π

β

(

n +
1

2

)

then one gets

〈J0〉 = T0

∑

n

tr [−eσtrG(x , x , ωn)] ,

〈J i〉 = −T0

∑

n

tr [σi G(x , x , ωn)] ,

〈T00〉 = T0

∑

n

[

eσ(iωn + A0) trG(x , x , ωn)−
1

4
e3σǫijk∂jak tr [σi G(x , x , ωn)]

]

.

From the relations 〈J0〉 ∝ ∂W
δA0

, · · · We can determineW.
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The Green function

Action:

S = −
∫

d4x
√

−G Ψ̄γ0 [i∂t −H] Ψ ,

with the Hamiltonian

H = −i

(
1

4
ω ab

0 γab − iA0

)

− i

g00
γ0

(

γk ∇k −m
)

.

Rotation to imaginary time t → −iτ Green function obeys:

−
√

−G γ0γ0(iωn −H)G(~x , ~x ′, ωn) = δ(3)(~x − ~x ′) .

Computation of G in a derivative expansion

(G = G0 + G1 + G2 · · · ):
(iωn − H0(~x))G0(~x , ~x

′) = δ(3)(~x − ~x ′) ,

(iωn − H0(~x))G1(~x , ~x
′) = F(G0,H1) ,

(iωn − H0(~x))G2(~x , ~x
′) = F(G0,G1,H1,H2) , · · ·
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Energy and charge density up to second order

Then one can compute the constitutive relations up to p-th order:

〈J0〉p = T0

∑

n

tr [−eσtrGp(x , x , ωn)] ,

〈T00〉p = T0

∑

n

[

eσ(iωn + A0) trGp(x , x , ωn)−
1

4
e3σǫijk∂jak tr [σi Gp(x , x , ωn)]

]

To getW2, it is enough to compute 〈J0〉2 and 〈T00〉2 including

only bilinear terms ∼ ∂iX∂jY Pauli-Villars regularization.

〈J0〉2 =
1

24π2

(

−∇iA0∇iσ +
1

2
e2σfijF

ij +
1

2
A0e2σfij f

ij

)

NΛ(σ,A0)

+
1

48π2

(

∇iA0∇iA0 +
e2σ

2
A2

0fij f
ij +

e2σ

2
FijF

ij + e2σA0fijF
ij

)
∂NΛ

∂A0

− 1

24π2
A0∇iσ∇iσ +

7

96π2
∇iA0∇iσ +

5

192π2
e2σfijF

ij

+
3

64π2
e2σA0fij f

ij +
A0

48π2
R .
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Partition function at second order

M1(T , ν) = −
1

144

1

T
− 1

48π2

ν2

T
,

M2(T , ν) =
1

48π2
T

(

ln
M̄2

T 2
+ Q(ν)− 1

4
− 3

4

)

,

M3(T , ν) = −
1

12π2
ν ,

M4(T , ν) = −
1

96π2

ν2

T

(

ln
M̄2

T 2
+ Q(ν) +

11

4
+ 6π2C +

1

4

)

+
1

288

1

T
− C2

8T

+
1

384π2

1

T 3
M2 ln 2 ,

M5(T , ν) = −
1

96π2

1

T

(

ln
M̄2

T 2
+ Q(ν)− 1

4
+

1

4

)

,

M6(T , ν) = −
1

48π2

ν

T

(

ln
M̄2

T 2
+ Q(ν) +

7

4
+ 6π2C +

1

4

)

,

M7(T , ν) = −
1

288
T − 1

96π2
T ν2 +

1

96π2

1

T
M2 ln 2 .
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Renormalization and Trace Anomaly

The action can be renormalized by adding the counterterm

Wct
2 = −M2 ln 2

96π2

∫

d4x
√

−G R̃ ,

so thatW ren
2 =W2 +Wct

2 .

Under a Weyl rescaling:

gij → e2ωgij , σ → σ + ω ,

terms ∝ ln M̄2

T 2 are not invariant Trace Anomaly:

Wanom =
1

24π2

∫

d3x
√

g
1

T
ln

M̄

T

×
(

e−2σg ij∂iA0∂jA0 −
1

2
A2

0fij f
ij − 1

2
FijF

ij − A0fijF
ij

)

= − 1

48π2

∫

d4x
√

−G ln
M̄

T
FµνFµν 〈Tµ

µ 〉 = −
1

48π2
FµνFµν .
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Constitutive relations

Tµν= (ε+ P)uµuν + PGµν + T
µν

(1) + T
µν

(2) + . . . ,

Jµ= ρuµ + J
µ

(1) + J
µ

(2) + . . . .

Most general non-dissipative form of constitutive relations at 2nd

order [Bhattacharyya, David, Thakur ’14]:

T(2)µν=∆P (Gµν+uµuν)+T
(

κ1R̃〈µν〉+κ2uαuβR̃〈µαν〉β+κ3∇〈µ∇ν〉ν
)

+ · · ·

J(2)µ= λ1PµαuνR̃να + λ2Pµα∇νFνα + · · · .

Determination of κi and λi by comparison withW2:

T00

∣
∣
eq
= − T 2

0

T
√

g

δW2

δσ
= T 2

0

(

−2M1∇2T −M3∇2ν +
∂M ren

7

∂T
R

)

+ · · · ,

J0

∣
∣
eq
= − T 2

0

T
√

g

δW2

δA0
=

T0

T

(

M3∇2T + 2M2∇2ν − ∂M ren
7

∂ν
R

)

+ . . . .
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Constitutive relations

General result for any theory:

T(2)µν= T
(

κ1R̃〈µν〉 + κ2uαuβR̃〈µαν〉β + κ3∇〈µ∇ν〉ν
)

+ · · · ,

J(2)µ= λ1PµαuνR̃να + λ2Pµα∇νFνα + · · · .

κ1 = −2M ren
7 ,

κ2 = −2M ren
7 − 2T

∂M ren
7

∂T
,

κ3 = 2
∂M ren

7

∂ν
,

λ1 = 4T 2 (2νM5 −M6)−
8ρ

ε+ P
T 3

(
M ren

4 + ν2M5 − νM6

)
,

λ2 = −4TM5 +
2ρ

ε+ P
T 2 (2νM5 −M6) .

Eugenio Megı́as Anomalous Transport in Second Order Hydrodynamics



Introduction: Anomalous Transport

Equilibrium Partition Function Formalism to Hydrodynamics

Second Order Transport

Free theory of Dirac fermions

Partition function at second order

Non-dissipative constitutive relations

Constitutive relations: free theory of Weyl fermions

Free theory of Weyl fermions:

κ1 =
T

144
+

1

48π2

µ2

T
, κ2 = 2κ1 , κ3 = − µ

24π2
,

λ1 =
1

2

(

C+
1

3π2

)

µ+
ρ

ε+ P

[

−1

2

(

C+
1

6π2

)

µ2+

(

C2−
1

36

)

T 2

]

λ2 =
1

24π2

(

ln
M̄2

T 2
+ Q

( µ

T

))

+
ρ

ε+ P

1

4

(

C +
1

3π2

)

µ ,

Remarks:

λ2 is sensitive to renormalization scale.

No mixture of trace and chiral anomalies in constitutive relations.

κ1 and κ2 in agreement with [Moore, Sohrabi ’12] after µ = 0.

κ3 and λ2 computed in a holographic model in 5 dimensions in

[Erdmenger et al. ’09], [Banerjee et al. ’11], [EM, Pena-Benitez ’13].

[κ3]weak coupling ∝ [κ3]strong coupling , [λ2]weak c. ∼ c(T ) +
5

112π4

µ2

T 2
∝ [λ2]strong c.
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Parity and Time Reversal Properties (II)

Equilibrium partition function can only account for non-dissipative

effects ∂µsµ = 0 transport coefficients multiplying quantities

that survive in equilibrium.

Hydrodynamics at 1st order: non-dissipative coefficients are

P-odd and T -even σB and σV .

Hydrodynamics at 2nd order:

coefficients P-odd and T -even vanish

ǫ
ijk
∇iσfjk , ǫ

ijk
∇iσFjk , ǫ

ijk
∇iA0fjk , ǫ

ijk
∇iA0Fjk

we have explicitly checked it with the partition function

formalism.

non-dissipative coefficients calculated are P-even and T -even.
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Conclusions

We have studied non-dissipative transport effects up to 2nd order

in the hydrodynamic expansion.

Effects are induced by external magnetic fields, vortices and

curvature in a relativistic fluid =⇒ Anomalous Transport.

Equilibrium partition function method can only account for

non-dissipative effects: time reversal properties.

Dissipative effects (shear viscosity, electric conductivity, ...)

other methods: Kubo formulae, Fluid/gravity correspondence, ...

Results at 2nd order for free fermions consistent with strong

coupling results.

We have studied Renormalization and Conformal Anomaly

effects chiral and conformal anomaly mix in the partition

function, but not in the constitutive relations.
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Conclusions

Future directions:

Derivation of Kubo formulae for 2nd order hydrodynamics

〈JxJy 〉 = −iσBkz + ξ̃5ωkz + · · · =⇒ 〈~J〉 = σB~B + ξ̃5
~∇× ~E + · · ·

ξ̃5 is P-odd and T -odd =⇒ Entropy production?

Computation of entropy current up to 2nd order in holography:

∂µsµ > 0 .

Applications, not only to the QGP, but also to condensed matter

systems with triangle anomalies Weyl semi-metals [Basar,

Kharzeev, Yee ’14], [Landsteiner ’14].
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Thank You!
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