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1. Limiting Temperature 

R. Hagedorn, “Statistical Thermodynamics of Strong Interactions  at High Energies” 
Nuovo Cim. Suppl. (1965) 
“We describe the thermodynamics of fireballs which consists of fireballs, which consists 
of fireballs, which…” 
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E. Beth and G.E. Uhlenbeck, Physica (1937), calculated the level density 
for interacting particles. They derived an expression for this density which  
describes the interaction by the scattering phase shifts. 
 
 
S.Z. Belenkij, Nucl. Phys. (1956), proposed to treat hadronic resonances exactly  
like stable particles in phase space calculations. 
 
 
R. Dashen, S. Ma, and H.J. Bernstein, Phys. Rev. (1969), S-matrix formulation 
of statistical mechanics. 
 
 

Interacting hadrons = (non-interacting) Hadrons + Resonances 
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Strings (1020 citations) 

Fireballs=Strings 
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0    must govern the transverse momentum spectra of outgoing 

      final particles in high energy collisions: 
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R. Hagedorn, “Remarks on the Thermodynamical Model of Strong Interactions”, 
Nucl. Phys. B (1970).  
 
          A firebal is 
               a statistical equilibrium of undetermined numbers of fireballs, 
               each of which, in turn, is considered to be …    
 

2 2 5/4

0 0

4 2/3

0 0

( )  exp       for  1000 MeV
( )

2.63 10  MeV ,   160 MeV,  500 MeV

C m
m m

m m T

C T m


 

  
  

   

R. Hagedorn and J. Ranft, Suppl. Nuovo Cim. (1968);  
R. Hagedorn, Suppl. Nuovo Cim. (1968), Nuovo Cim. (1967, 1968). 

New philosophy: If quarks exist as real free particles then the hadron mass  
contains  states with non-integer charge and baryon number; if they do not  
exist as free particles, then the hadron spectrum does not contains such 
states. In both cases quarks need not be considered more elementary than 
other hadrons, they are just members of the family 

New terminology: Boiling Point  



S. Frautschi, “Statistical Bootstrap Model of Hadrons”, Phys. Rev. D (1971) 
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W. Nahm, “Analytical Solution of the Statistical Bootstrap Model”, 
Nucl. Phys. B (1972)      a=3 
 
S. Frautschi and C.J. Hamer, Phys. Rev. D (1971), Nuovo Cim. (1973), 
Inhomogenious Bootstrap Equation, a=3 
 
C.J. Hamer, Nuovo Cim. (1972) 
 
J. Yellin, Nucl. Phys. B (1973), “An Explicit Solution of the Statistical Bootstrap” 
 
R. Hagedorn and I. Montway, “A Model Study in Hadron Statistical Bootstrap”,  
Nucl. Phys. B (1973)  
 
R. Hagedorn and U. Wambach, “Large Transverse Momenta from Statistical 
Bootstrap with Spin”, Nucl. Phys. B (1977) 
 
R. Hagedorn and J. Rafelski, Commun. Math. Phys. (1982) 
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Selected papers on the Statistical Bootstrap Model: 



Belkasem,…, Bravina,…, M.I.G.,…, W. Greiner, Phys. Rev. C (1998)  
UrQMD in the box with periodic boundary conditions  

0 130 10 MeVT  
Strings = Fireballs 

Hadron and 
resonance 
without Strings  

Hadrons 
and resonances  
with 
Strings 
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Limiting Temperature (short summary) 



0                 is a limiting temperature in the Hadron World                                                                                                T

From fitting the data on 
hadron multiplicities within 
statistical model,  
Becattini 
arXiv:0901.3643 [hep-ph] 

center of mass energy 



Limiting Temperature in pion gas  
with  the van der Waals Equation of State 
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Vovchenko, Poberezhnyuk,  Anchishkin, and M.I.G., arXiv  (2015)  

Energy density of the pion gas with the VDW EoS 
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2. Phase Transitions in the Gas of Bags 

R. Hagedorn and J. Rafelski,  Phys. Lett. B (1980)  
J. Kapusta, Phys. Rev. D (1981). 
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Phase Transition in the Gas Bags 

   
3/41/4 1/4

1

0

3/2

3/

0

2

*

4
, ( ) exp

3

( , )

( )

1ˆ( , ) exp( ) ( , )
( , )

( , )   exp  exp( )
2

( ) ( ) max{ ( ), ( )}

N

H

i

i

Q

V V v

m

Z T s dV sV Z T V
s f T s

T m
f T s dmdv m sv

T

m v Cv m Bv v m Bv

m v

p T Ts T T s sT T

   








 
  

 



  


   
     
   

 

 
     







M.I.G.,  Petrov, and Zinovjev, Phys. Lett. B (1981) 

   

* *ˆ is the farthest-right singularit (  

, ,         

) (y of  ( , ) :  )

 s ,

 

QH H

s Z p T T

f

T s

s

T

sT f T

s 





4

conditions for the PTs

                                                     ( ) ( )
3

                       

,

                     

            

            

 3 < 7/4 

H PG QG

Qp T Ts T T B

 





 

 







M.I.G., Zinovjev, Petrov, and Shelest, 
Teor. Mat. Fiz. (1982) 
M.I.G. Yad. Fiz. (1984) 
 
1st order PT 
 
M.I.G., W. Greiner, and 
Shin Nan Yang, J. Phys. G (1998) 
 
2nd order PT 
 
M.I.G., Gazdzicki, and  
W. Greiner, Phys. Rev. C (2005) 
 
Higher order PTs 



2nd order PT 

1st order PT 

2nd order PT 

1st order PT, 2nd order PT, …, Cross-over   

hadrons=small bags QGP=infinitely large bag  



3. Onset of Deconfinement 



 
1/2

                                                 

NNF s
  Gazdzicki and M.I.G., Acta Phys. Pol. (1998)  

step horn 

Statistical Model of Early Stage 

HG 

QGP 



                   Experimental Data  in 1998 

AGS    SPS                   RHIC 

strangeness

entropy



The Horn:   Pb+Pb 
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          The Step: Pb+Pb 
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temperature.  
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Phase Transition in the Gas Bags 
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