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Motivation

� Classical walks are useful
� Quantum walks are interesting
� Exploration of the power of quantum walks
� Practical implications
� Influence of external perturbation



The Problem of The Random Walk

Karl Pearson to Nature 1905 (july 27)
Can any of your readers refer me to a work wherein I should

find a solution of the following problem, or failing the
knowledge of any existing provide me with an original one? I
should be extremely grateful for aid in the matter.

A man starts from point O and walks l yards in a straight line,
he then turns through any angle whatever and walks
another l yards in a second straight line. He repeats this
process n times. I require the probability that after n of these
stretches he is at a distance between r and r+δr from his
starting point, O.

The problem is one of considerable interest, but I have only
succeeded in obtaining an integrated solution for two
stretches. I think, that a solution ought to be found, if only in
the form of a series of powers of r/n, when n is large.



Quite an interesting issue



Classical walks

This problem proposed by prof. Pearson in the current
number of NATURE is the same as that of the
composition of n iso-periodic vibrations of unit
amplitude and of phases distributed at random,
considered in Phil. Mag., x. p. 73, 1880; xlvii, p.246,
1899. If n be very great, the probability sought be

2 exp(-r2/n) r dr .
Probably methods similar to those employed in the

papers referred to would avail for the development of
an appropriate expression applicable when n is only
moderately great.

J. Strutt, Rayleigh (1842-1919)



Pearson’s answer



Simple quantum transition



Our hero -- the photon

φώτο = photo = light

Gilbert N. Lewis
1875-1946

It would seem inappropriate to speak of one of these 
hypothetical entities as a particle of light, a light quantum, 
or a light quant, if we are to assume that it spends only a 
minute fraction of its existence as a carrier of radiant 
energy, while the rest of the time it remains as an important 
structural element within the atom. It would also cause 
confusion to call it merely a quantum, for … it will be 
necessary to distinguish between the number of these 
entities present in the atom and the so-called quantum 
number. I therefore take the liberty of proposing for this 
hypothetical new atom, which is not light but plays an 
essential part in every process of radiation, the name 
photon. (G. N. Lewis  X. 1926)

First -- american physicist and psychologist L. T. Troland (1889-1932) -1916, second -- Irish physicist J. Joly (1857-1933) - 1921, third 
-- French physiologist, René Wurmser (1890-1993), fourth -- July 1926 french physicist F. Wolfers (ca. 1890-1971)

Helge Kragh, Eur. Phys. J. H (2014) 



From classical to quantum walks



Quantum walks

0 1 2-2 -1



Discrete quantum walks

Requirements on a Quantum Walk:
� Coherent superposition of positions
� Unitary time evolution

►Particles with an inner degree of freedom



Quantum walks

Acts on internal state

Coin dependent displacement (1D walk:  2-level system)

Dependence with:

• Initial state
• Coin operatorσσσσ 2 ~  N2

J. Kempe, Contemp. Phys. 44 (4), 307 (2003).
V.M. Kendon, Phil. Trans. R. Soc. A 364, 3407 (2006).



Simple example – 2D quantum walk



Optical Galton board



Classification of walks

G. Pólya -- hungarian mathematician (13 Dec 1887,
Budapest (Hungary) - 7 Sept 1985, Palo Alto (USA))
worked on probability, analysis, number theory, geometry,
combinatorics and mathematical physics, highly
interested in teaching natural sciences to students

A GREAT discovery solves a great problem, but there is a
grain of discovery in the solution of any problem. Your 
problem may be modest, but if it challenges your curiosity 
and brings into play your inventive faculties, and if you 
solve it by your own means, you may experience the 
tension and enjoy the triumph of discovery.



G. Pólya

I thought I am not good enough for physics 
and I am too good for philosophy. 
Mathematics is in between.



Pólya number – the problem

Basic problem -- what is the probability for a random walker
to return to its starting position

characteristics of random walks considered

� the walker leaves its actual position in each step with
certainty

� probability for each direction is the same 1/(2d) with d
being the dimensionality of the walk grid



Definition of Pólya number

Definition of the Pólya number

po (t) is the probability the walker returns to the origin after t steps

The value of the Polya number gives two classes

� P = 1 - recurrent

� P < 1 - transient

link to the meeting problem for two walkers
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Classical walks and dimension

Pólya showed (1921) that po (t) ~1/td/2 and hence

� the walk is recurrent for d=1, 2

� the walk is transient for d > 2

When is a walk reccurent?

� It is recurrent if the probability at the origin po (t) does not 
decay faster than 1/t
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Pólya number for quantum walks
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M. Štefaňák, T. Kiss, I.Jex, Phys. Rev. Lett.  100 (2008) 020501; Phys. Rev. A 78 (2008) 032306



Controlling the Pólya number
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The recurrence of QW is determined by

•the initial state ִ(0,0)
•the coin C (determines the spectrum)
•the topology of the walk determined by the  displacements

This is in great contrast to the classical RW, where the 
recurrence behavior is uniquely determined by the 
dimension of the RW.



Implications

The asymptotic behavior of Ij(t) is affected only by the saddle points of the 
phase �j(k) and their degeneracy

� if there are no saddle points - Ij(t) decay exponentially

� if there is a finite number of non-degenerate saddle points then of Ij(t) ~
1/t d/2 and hence

po (t) ~ 1/td

and the 1-D walk should be recurrent

� when �j(k) does not depend explicitly on some ki we can split the integral 
and after evaluation

po (t) ~ 1/td-n

and we can find localization (in higher dimensions we can slow down the 
decay at the origin)



Example of localizationI - Grover 
walk
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The Grover walk exhibits 
localization and is for certain
initial states recurrent 



Example of localizationII - Fourier
walk
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localization but is for certain
initial states recurrent 



Optical Galton board



An implementation

H. Schmitz, R. Matjeschk, Ch. Schneider, J. Glueckert, M. Enderlein, T. Huber, T. Schaetz  Phys. Rev. Lett. 103, 090504 (2009), 
M. Karski, L. Forster, Jai-Min Choi, A. Steffen, W. Alt, D. Meschede,  A. Widera Science 325, 174 (2009)



The mechanism I

A. Schreiber, K. N. Cassemiro, V. Potocek, A. Gabris, P. J. Mosley, E. Andersson, I. Jex, Ch. Silberhorn
Phys. Rev. Lett. 104 (2010) 05502



HWP

PBS

0 -1 1

HWP

PBS

-1 1 -2 0 2

Coin:  Polarization degree of freedom

Implementing quantum walk on the line 

Integrated PBS
HWP

ThemechanismII 



First results

Probability
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Improved setup – coin control

After 10 steps

After 12 steps



Advanced experiments



The new experiment

A. Schreiber et. al., Science 336, 55-58 (2012)



The actual experiment



2D-QW theory
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2D Implementation

a

b

A. Schreiber et al.,Science 336, 55 (2012)
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and vertical

polarization and

two spatial modes

a and b
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a and b
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Results I



Results II



Quantum walks with errors
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Effect -localization
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Randomization I 



Randomization  II

A. Schreiber, K. N. Cassemiro, V. Potoček, A. Gábris, I. Jex, and 
Ch. Silberhorn Phys. Rev. Lett. 106 (2011) 180403



Localization and jumps



Localization and jumps
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Localization and jumps

H. Lavička, V. Potoček, T. Kiss, E. Lutz, I.Jex, Quantum Walk with Jumps, EJPD 64 (2011) 119



Localization and jumps

X=p jα , Y=j-β Var(x), α=1.04,β=1.67 



Open quantum dynamics and quantum 
walks
� Time evolution of the density matrix:

unitary evolution
coupling to the external system
randomness in the (unitary) evolution
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A. S. Holevo, Statistical Structure of Quantum Theory (Springer, Berlin, 2001)
R. Alicki, K. Lendi, Quantum Dynamical Semigroups and Applications (Springer, Berlin, 1987)



Formulation of the problem

� N sites and a single coin
� Graph describing possible steps
� Set of unitary operations Ui describing walks
� Set of probabilities pi

� Iterative applications of the operation
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J. Phys. A: Math. Theor. 42 (2009) 282003, New J. Phys. 13  (2011) 053052



Percolation on graphs

� Each configuration is characterized by

� Time evolution reads
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Percolated walk -- implementation



Implementation with walk primitives 



Implementation with optical 
feedback loop



Photons walking on graphs



Measurement results



Summary 

� Quantum walks and its properties
� Classification of quantum walks
� Quantum walks with imperfections
� Quantum walks and its realizations



� Thank you for your attention
� The Prague group



Structure theorem 

Asymptotic states are characterized by
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The asymptotic state does not depend on the set of probabilities pi 
It depends on the topology of the network and the set of operators U



Simple application 

� pkl probability that a link is missing
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Asymptotics
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1D asymptotics

� We assume the coin

� The eigenvalues for the attractor space is a 
subset of 1, exp(i2β), exp(-i2β)

� The attractor space has the following 
properties 
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1D asymptotics - line

� The dimension of the space for Exp(i2β) is 
one

� The dimension of the space for Exp(-i2β) is 
one

� The dimension of the space for 1 is three

� As the reflection operator we have chosen  
R=σx



1D asymptotics - circle

� For N=2k+1 and α=lπ/N the eigenvalue is 1 
and has dimension 2

� For N=2k and 2lπ/N the attractor space 
equals to that of the line

� For N=2 and α ≠lπ the attractor space is two
dimensional (eigenvalue 1) 

� In all other cases only the trivial solution is 
available

� As the reflection operator we have chosen  
R=σx



Implications

� The position distribution is in all cases 
uniform

� The asymptotics of the line and the circle can 
be different

� The number of positions is important 
(possibility of identification)

� The choice of the coin is nontrivial
� The coin can be used to generate limit cycle 

instead of a limit state



Open questions

� Experiments (walks in higher dimensions)
� Percolation in higher dimensions (nonuniform) 
� Convergency rate 
� Graph identification


