
Lagrangian of the model

Lagrangian of Gross-Neveu model looks like

L = ψ̄s iγ
µDµψs +

G

2N
(ψ̄sψs)2 +

σs

2
gµBHψ̄sγ

0ψs , (1)

σs = ±1,

g is Lande factor, µB is Bohr magneton.

G
N . Devided by N so as to work in t'Hooft limit N →∞.

Outherwise, without N in denominator, we should consider

GN = const,G → 0 .

Dµ is covariant derivative : Dµ = ∂µ − ieAµ

A0 = 0 , A1 = 0 , A2 = const

Zeeman term can be written as

g = 2 =⇒ σsµBHψ̄sγ0ψs = µBHψ̄1γ0ψ1 − µBHψ̄2γ0ψ2
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Represantation of spinors

ψ belongs to reducible represantation of SO(2,1).

In (2+1)-dimensional space-time γ̃ matrices are

γ̃0 = σ3, γ̃1 = iσ1, γ̃2 = iσ2 (2)

ψ(x) =

(
ψ̃1(x)

ψ̃2(x)

)
, (3)

with two two-component spinors ψ̃1, ψ̃2.

Reducible representation is de�ned the following way

γµ = diag(γ̃µ,−γ̃µ)

We can de�ne two matrices γ5 analogs of (3+1) dimensional

space-time

γ3 =

(
0 , I
I , 0

)
, γ5 = γ0γ1γ2γ3 = i

(
0 , −I
I , 0

)
, (4)
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Symmetry

If there is no mass term in the Lagrangian then it is invariant under

chiral symmetry

ψ → γ5ψ (5)

Actually we could de�ne another symmetry that could be broken by

mass term and is analog of chiral symmetry in 4-dimentional

space-time

ψ → γ3ψ (6)

We call the �rst symmetry chiral symmetry.

It is occured that this symmetry can be dynamicaly broken and

fermion can aquire mass
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AB phase

Show that in Rd × S1 space-time vector potential along

compacti�ed dimension can not be gauged away.

Aµ = 0 for µ = 1, . . . , d , Ad+1 = const

Gauge transform is

ψ → e ieαψ (7)

Aµ → Aµ − ∂µα

Since boundary conditionis imposed on ψ, take periodic boundary

condition ψ(x1, ..., xd , xd+1 + L) = ψ(x1, ..., xd , xd+1), α should

yield a condition:

α(x1, ..., xd , xd+1 + L) = α(x1, ..., xd , xd+1) + 2πen (8)

where L-length of compacti�ed dimension.
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This condition is satis�ed if α(x) = 2πnxd+1

L .

Transformation for Ad+1 is

Ad+1 → Ad+1 −
2πen

L
(9)

In general this constant cannot be gauged away

If magnetic �eld is zero on surface of the cylinder but magnetic �ux

is nonzero. In this case there is no Zeeman interaction with spins of

electrons .

we will get that system interact with vector potential and not with

strenght tensor of magnetic �eld So we call corresponding phase

Aharonov-Bohm phase.
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Boundary conditions

We impose the boundary contition

ψ(x + L) = e2πiαψ(x) (10)

α = 0 -periodic boundary condition

α = 1
2 -anti-periodic boundary condition
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Ðèñ.: Lattice



Boundary condition for graphene is a little more complicated, it is

di�erent for di�erent Dirac points

ψK (x + L) = ψK (x)e2πi(φ− ν
3

) (11)

ψK ′(x + L) = ψK ′(x)e2πi(φ+ ν
3

)

ψ =


ψAK

ψBK

ψBK ′

ψAK ′

 =
1

L

∞∑
n=−∞

e( ix
R

)(n+φ) 1

2π

∫
d2pe ipx


ψAK

n e i( x
R

)ν/3

ψBK
n e i( x

R
)ν/3

ψBK ′
n e−i( x

R
)ν/3

ψAK ′
n e−i( x

R
)ν/3

 ,(12)



Equvalent action

Z (η̄, η) = N ′
∫

[dψ̄][dψ] exp
(
i

∫
(L+ η̄ψ + ψ̄η) d3x

)
,

S [ψ̄, ψ, σ] =

∫
d2x(iψ̄γµ∂µψ − σψ̄ψ −

N

2G
σ2) (13)

Perform Hubbard-Stratonovich transformation

Z (η̄, η) =

∫
D[ψ̄(x)]D[ψ(x)]e iS[ψ̄,ψ] = (14)

=

∫
D[ψ̄(x)]D[ψ(x)]D[σ(x)]e iS[ψ̄,ψ,σ]

Auxiliary Lagrangian has the form

L(ψ̄, ψ, σ]) = iψ̄γµ∂µψ − σψ̄ψ −
N

2G
σ2. (15)

Euler-Lagrange equation for scalar �eld is

σ = −G

N
ψ̄ψ. (16)



Z [η, η̄, J] =

∫
D[ψ(x)]D[ψ̄(x)]D[σ(x)] exp

(
i

∫
dxL(ψ̄, ψ, σ)+ (17)∫

dx η̄ψ +

∫
dxψ̄η +

∫
dx σJ

)
N : J = O(N).
Integrate over fermion �elds we obtain

Z [η, η̄, J] =

∫
D[σ(x)] exp

(
iN

∫
dx

(
− 1

2G
σ2 − itr lnD − 1

N
η̄D−1η

)
+(18)

+

∫
dx σJ

)

〈σ〉 = −iGtr 1

iγ∂ − σ
+ J +

1

N
η̄η, (19)



Generating functional of connected Green functions are

e iW (η̄,η,J) = Z (η̄, η, J) = N ′
∫

[dψ̄][dψ] exp
(
i

∫
(L+η̄ψ+ψ̄η+σJ) d3x

)
,



De�nition of classical average �elds are

σ(x) =
δW

δJ(x)
= 〈σ〉+ o

(
1

N

)
(20)

ψ(x) =
δW

δη̄(x)
= D−1η (21)

ψ̄(x) =
δW

δη(x)
= −η̄D−1 (22)

having performed Legandre transformation e�ective action could be

derived

Γ[ψ, ψ̄, σ] = W [η, η̄, J]−
∫
ψ̄η −

∫
η̄ψ −

∫
σJ = (23)



Γ[ψ, ψ̄, σ] =

∫
dx

(
ψ̄γµ∂µψ − σψ̄ψ −

N

2G
σ2 − iNtr ln(iγ∂ − σ)

)
(24)

δΓ

δψ
= η̄,

δΓ

δψ̄
= −η, δΓ

δσ
= −J (25)

Taking the sources to null we get vev of the ψ, ψ̄, σ �elds satisfying

condition of extremum of efectivef potential

δΓ

δψ
= 0,

δΓ

δψ̄
= 0,

δΓ

δσ
= 0 (26)

For fermions we get Dirac equation

iγµ∂µψ − σψ = 0 (27)

Suppose in oreder to maintain Lorentz invariance that

ψ = 0, ψ̄ = 0.



E�ective potential

We obtain the e�ective action of �eld

Γ[σ] =

∫
dx

(
− N

2G
σ2 − iNtr ln(iγ∂ − σ)

)
(28)

De�ning e�ective potential as

Veff = − Γ∫
d3x

= − Γ

TV

Veff =
N

2G
σ2 + i

1

TV
Ntr ln(iγ∂ − σ) (29)



Veff =
σ2

2G
− 1

βL

∑
s

∞∑
n=−∞

× (30)

×
∞∫
−∞

dp

2π
ln

[
p2

0 +

(
2π

L

)2

(n + φ+ α)2 + p2
1 + σ2

]
.

φ =
eL2H

8π2

magnetic �ux



To consider theory at �nite temperature and density we need to

substitute integration to summation over Matsubara frequencies

p → 2π

β

(
l +

1

2

)
− iµ,

∞∫
−∞

dp0

2π
→ 1

β

∞∑
n=−∞

(31)

E� potential at �nite temperature is

Veff =
σ2

2G
− 1

βL

∑
s

∑
l

∞∑
n=−∞

× (32)

×
∫
−∞

dp1

2π
ln

[(
2π

β

(
l +

1

2

)
− iµs

)2

+

(
2π

L

)2

(n + φ)2 + p2
1 + σ2

]
.



There is a very usefull formula, using it we can separate

contribution of compacti�cation

∞∑
n=−∞

ln(1 +
b2

(n + α)2 + a2
) = (33)

∞∑
n=−∞

(ln((n + α)2 + a2 + b2)− ln((n + α)2 + a2)) = (34)

=

∫ ∞
−∞

dτ ln(1 +
b2

τ2 + a2
)+

ln
1− 2 cos(2πα)e−2π

√
a2+b2

+ e−4π
√

a2+b2

1− 2 cos(2πα)e−2π
√

a2 + e−4π
√

a2



E�ective potential could be obtained in the relatively short form

Veff =
N

π
(
σ3

3
− σ2σ0

2
) + VµT + (35)

+
4N

βL

∞∑
n=1

∞∑
l=−∞

σl

n
K1(Lσln) cos(2παn)

where is used the notation

∆l =

√
(

2π

β
(l +

1

2
)− iµ)2 + ∆2

Kµ(x) modi�ed Bessel function of the second kind



Contribution due to �nite temperature and chemical potential is

given by

VµT = − N

πβ3
Li3(−e−βσ+βµ) +− N

πβ3
Li3(−e−βσ−βµ) + (36)

− Nσ

πβ2
Li2(−e−βσ+βµ) +− Nσ

πβ2
Li2(−e−βσ−βµ) = (37)

where polilogarithm was used which is de�ned

Liν(z) =
∞∑

k=1

zk

kν
(38)



We need renormalization of the coupling constant

1

g(µ)
=

1

G
− Λ

π
+

µ

π2
=

1

g
+

µ

π2
. (39)

Running of the coupling

1

g(µ)
=

1

g(µ0)
+

1

π2
(µ− µ0). (40)



Veff = VL + V0 + VµT (41)

VL = 2Re(
1

πL3
Li3(e−Lσ+2πiφ) +

σ

πL2
Li2(e−Lσ+2πiφ)) (42)

V0 =
N

π
(
σ3

3
− σ2σ0

2
) (43)

VµT = − 2

βL

∑∫
dp1

2π
(ln(1 + eβE +

np1 ) + ln(1 + eβE−np1 )) (44)

E±np1
= Enp1 ± µ (45)



Veff =
N

π
(
σ3

3
− σ

2σ0

2
)+

2N

πL3
Li3(e−Lσ+2πα)+

2N

πL3
Li3(e−Lσ−2πiα)+

(46)
2Nσ

πL2
Li2(e−Lσ+2πiα) + +

2Nσ

πL2
Li2(e−Lσ−2πiα)

− 2N

πβL

∑
σn<µ

∫
dp1

2π
ln
(
1 + e(−β

√
p2
1+∆2

n+βµ)
)

+

+
2N

πβL

∑
σn>µ

∞∑
m=1

(−1)mσn

m
K1(βσnm)eβµm

+
2N

πβL

∞∑
n=−∞

∑
m=1

(−1)mσn

m
K1(βσnm)e−βµm

where ∆n =
√

( 2π
L )2(n + α)2 + σ2



Full magnetization is given by

m = −(
∂Veff

∂µ

gµB

2
+
∂Veff

∂φ

eL2

8π2
) (47)

ns =
1

L

∞∑
n=−∞

∫
dp1

2π

(
sh(βµs)

ch(βµs) + ch(βEnp1)

)
(48)

where

Enp1 =

√
p2

1 +

(
2π

L

)2

(n + α)2 + σ2

Magnetization is given by

m = µB(n1 − n2)



Represantation of spinors

Ðèñ.: T-µ phase diagram for L=1.2Lc
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Ðèñ.: Dependence of Zeeman magnetization on magnetic �eld
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Ðèñ.: magnetic susceptibility on �ux T = 3/2Tc (solid line),T = 5/4Tc

(dashed line). T = Tc (dotted line)
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Ðèñ.: Aharonov-Bohm magnetization on �ux L >> Lc ,β >> βc
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Ðèñ.: AB magnetization on magnetic �ux L = 0, 5Lc , β = 3βc
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Ðèñ.: T-µ phase diagram for L=1.2Lc
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Ðèñ.: L -T phase diagram for H=0
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Ðèñ.: L -T phase diagram for H=33
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Ðèñ.: L -T phase diagram for H=115
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Ðèñ.: L -T phase diagram for H=135
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Ðèñ.: L -T phase diagram for H=0



Plots

Ðèñ.: L -T phase diagram for H=0, α = 1
2
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Ðèñ.: L -T phase diagram for H=130, α = 1
2
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Ðèñ.: L -T phase diagram for H=330, α = 1
2



Summary

Gross-Neveu model with one compacti�ed spatial dimension (i.e., a

cylinder) under the in� uence of the magnetic feld parallel to the

axis of the cylinder with consideration for the fnite temperature and

chemical potential.

Two Zeeman interaction with spins of the electrons and AB phase

due to �ux through cylinder can be accounted for in (2+1)

We hope this result can shed light on carbon nanotubes under

in�uence of external magnetic �eld



Summary

Thanks for the attention


