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In most oscillation experiments neutrinos propagate considerable 
distances in matter 
 
An accurate description of matter neutrino oscillations is an 
important ingredient in the analysis of the data 
 
For an arbitrary density profile the evolution equation for the flavor 
amplitudes admit no closed form solution  
 
Numerical integrations have been extensively used to examine the 
phenomenon 
 
Analytic solutions still useful: 
 
   - Significant insight into the physics of the problem 
 
     - Better understanding of the dependence of the oscillation on the  
       neutrino parameters and the properties of the medium 
 
     - Help to save the CPU time 
 
 

Introduction 



Neutrino Oscillations in Matter 

Propagation of neutrinos in normal matter (p, n, e) 

C-C interaction N-C interaction 
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v(t)  =  ζe(t) νe  +  ζa (t) νa



Evolution Operator 

Initial state 
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V (t) = 2GFne(t)
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θ  mixing angle 

Effective potential 
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Δ0 ≡  δm2/2E =  (mi
2 −  mj

2 ) /2E



Adiabatic basis (Instantaneous energy eigenstates) 
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HD(t) = −
1
2
Δm (t)σ z
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ε(t) = 2EV (t) /δm2
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sin2θm (t) =
Δ0 sin2θ
Δm (t)

Difference between the 
energy eigenvalues 





Magnus Expansion 

“True” exponential expansion of the evolution operator 

(S. Blanes, F. Casas, J. A. Oteo, and J. Ross,  
math-ph/0810.5488v1) 

Unitarity preserved order by order 
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Ωn Anti-Hermitean 
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Potential symmetric with respect to 
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θm (t f ) =θm (t0 ) ≡θm
0

Up to 2ndorder 
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(α and β real numbers)



Day-Night Asymmetry 

At night, neutrinos 
coming from the Sun 
reach the detector after 
they propagate through 
the Earth.  
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ADN = 2 D − N
D+ N

€ 

ADN = 2 D − N
D+ N

D(N): neutrino rate at 
day (night) 

Key (still no established) signature of the LMA solution 



Solar neutrinos parameters: 

Matter mixing angle at the production 
point in the solar core 

•  Adiabatic transformation inside the Sun 

•  Lose of coherence in the propagation from the Sun to the Earth 
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(δm2 =δm12
2 ,  θ =θ12 )



For a constant potential we recover the exact result 

Mixing between                   and 

(D.S., G.M.T.&J.C.D., astro-ph/0708.0629) 
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ε <<1
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I = sin2θ dt 'V (t ' )cosφ t →t 't 

t f∫
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freg = (ImU12 )(Im Ueµ )
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ν1 , ν2{ }
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ν1m (t0 ) , ν1m (t0 ){ }
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freg ≅
1
2
sin2I sin2θ sinφ t →t f

+ sin2 I cos2θ



Earth Potential 

Relative Error 

Average regeneration factor 
at thesurface layer  

Mantle-Core-Mantle Model 

A. N. Ioannisian et al., Phys. 
Rev. D71, 0033006 (2005).  



Neutrinos that cross the Earth 
through its center (Θ= 0) 

(a) Perturbation O(1) 
(b) Perturbation O(2) 
(c) Intermediate formula 
(d) Magnus O(1) 
(e) Magnus O(2) 

Energy range relevant 
for solar neutrinos 



Neutrino that goes 
through the Earth 
passing  by its center, 
Θ = 0. 

(a) Perturbation O(1) 
(b) Perturbation O(2) 
(c) Intermediate formula 
(d) Magnus O(1) 
(e) Magnus O(2) 

Energy range relevant 
for supernova neutrinos 



High Energy Neutrinos 

The perturbative result is recovered 

€ 

νe , νa{ }



(a) Perturbation approach 
(b) Intermediate formula 
(c) Magnus O(1) 
(d) Magnus O(2) 
(e) Numerical calculation 



Conclusions 

• The  Magnus  expansion  for  the  evolution  operator 
(implemented in  the adiabatic  basis)  provides  an efficient 
formalism  to  describe  neutrino  oscillations  in  a  medium 
with an arbitrary density profile. 

• This method takes properly into account the Earth matter 
effects on the transition probabilities for neutrinos with a 
wide  interval  of  energies,  making  possible  a  simple  (and 
accurate) description of such effects in the case of solar and 
atmospheric neutrinos. 

• The same formalism can be applied to the study of other 
situations  of  physical  interest  (for  example,  long baseline 
experiments). 

D.S, G.M.T & J.C.D., Phys. Rev. D78, 045024 (2008)  
A. N. Ioannisian and A. Yu. Smirnov, hep-ph/0803.1967 


