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1. Introduction
Higgs sector of the Standard Model(SM) plays important roles  

•Leading Spontaneous Symmetry Breaking of SU(2)_L×U(1)_Y

•Leading particle masses

However….

SM itself does not give a prediction about Higgs sector

We can not predict the value of Higgs mass or Higgs self-
coupling constantcoupling constant

Physics beyond the SM would provide the prediction ?

Gauge Higgs Unification scenario is the attractive candidate



1. Introduction

Gauge Higgs Unification(GHU)Gauge Higgs Unification(GHU)

Gauge sector of high-dim gauge theoryg g g g y

MAGauge field: (M=0,1,2,…)Higher-dim Gauge group
G

4-dim gauge sector 4-dim Higgs sectorg g

3210A A
4D-components Extra-components

4 dim Higgs sector

G3,2,1,0A
,...6,5,4A

4-dim

Gauge field in 4-dim scalar fields in 4-dim

Gauge group
H⊂G

Interpret as SM Higgs

Gauge group G should be                  to provide SM Higgs doublet 

Model with Simple group G  is especially interesting = GUT-like GHU

SMGG ⊃



Basic theory
2.Our approach to GHU

Basic theory
Gauge theory on 6-dim space-time 246 SMM ⊗=

4M : 4 dim Minkowski space timeM : 4-dim Minkowski space-time

2S : 2-sphere extra space

2S
6M

4M
),( φθ

6

)( μx

Coordinates:6M ),,( φθμxX M =

has coset space structure2S USU )1(/)2( ))1()2(( USU ⊃has coset space structure   S
has isometry group

II USU )1(/)2( ))1()2(( II USU ⊃
ISU )2(2S



2. Our approach to GHU

Left handed Weyl fermion of SO(1 5)

Fields in the theory

Left handed Weyl fermion of SO(1,5) 
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Rψ :Right handed Weyl fermion of SO(1,3) 

Gauge field

))()()(()( XAXAXAXA = ))(),(),(()( XAXAXAXAM φθμ=

We introduce a background gauge field BAφg g g Aφ

It is necessary to obtain massless  chiral fermion



Action of the theory 
2. Our approach to GHU
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Spin connection term (for fermion)



2. Our approach to GHU

Reduction of the theory to 4-dim effective theoryy y

S di i f fi ld

In reducing high-dim theory, we impose these conditions

•Symmetry condition of gauge field (Manton & Forgacs (1980))

SU(2) isometry transformation of       is compensated 
by Gauge transformation

2S
by Gauge transformation

Coset space dimensional reduction of gauge sector
（D. Kapetanakis and G. Zoupanos, Phys. Rept. 219(1992) 1.）

•The condition to obtain massless fermionsThe condition to obtain massless fermions

due to existence of background gauge field

•The non-trivial boundary condition of 2S
Leading reduction of gauge symmetry



2. Our approach to GHU

Symmetry condition of the gauge field

)( φθA
SU(2) isometry transformation on 2S

)''(' φθxA),,( φθxAM
),,( φθxAM

Gauge transformation
ofU )1( USU )1(/)2(

][β
βξ AWWA iii +∂=∂ βξ Killi t f 2S

Infinitesimal form
of            

should be embedded in G 
IU )1( II USU )1(/)2(
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+∂∂ βξi :Killing vector of 2S

iW :fields generating 
gauge transformationgauge transformation 



2. Our approach to GHU

Symmetry condition of the gauge field

)( φθA
SU(2) isometry transformation on 2S

)''(' φθxA),,( φθxAM
),,( φθxAM

Gauge transformation
ofU )1( USU )1(/)2(

][β
βξ AWWA iii +∂=∂ βξ Killi t f 2S

Infinitesimal form
of            

should be embedded in G 
IU )1( II USU )1(/)2(
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ξξ
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AWWAA
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+∂=∂+∂

+∂∂ βξi :Killing vector of 2S

iW :fields generating 
gauge transformationgauge transformation 

Isometry transformation on 2S Gauge transformation 



2. Our approach to GHU

Symmetry condition of the gauge field

)( φθA
SU(2) isometry transformation on 2S

)''(' φθxA),,( φθxAM
),,( φθxAM

Gauge transformation
ofU )1( USU )1(/)2(

][β
βξ AWWA iii +∂=∂ βξ Killi t f 2S

Infinitesimal form
of            

should be embedded in G 
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+∂=∂+∂

+∂∂ βξi :Killing vector of 2S

iW :fields generating 
gauge transformationgauge transformation 

Isometry transformation on 2S Gauge transformation 

B th ditiBy the condition 

)(),,( )(
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6 xLxL gauge

D
gauge
D ⎯→⎯φθ

I d d t f di t
2SIndependent of       coordinateS

Dimensional reduction can be carried out



2. Our approach to GHU

M t (1979)M t (1979)

μμ )(= xAA sin/cos31 Φ−=W θφ 2,1Φ :scalar field 
Solutions of the condition

Manton  (1979)Manton  (1979)

θθ
θ

μμ

cossin)(
)(

)(

1

Φ−Φ=
Φ−=

xA
xA

0
sin/sin
sin/cos

32

31

=
Φ−=
Φ

W
W
W

θφ
θφ

3Φ−i :           generator 
embedded in G

IU )1(
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Φi U )1(3Φ−i :           generator embedded in GIU )1(



2. Our approach to GHU

Dimensional reduction of the gauge sectorDimensional reduction of the gauge sector

Applying solution of the condition,

Extra-space can be integrated and we obtain… 
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4-dim gauge-Higgs sector
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4-dim Higgs sector with potential term

No massive KK modeNo massive KK mode   



The condition to obtain massless fermions

2. Our approach to GHU

The condition to obtain massless fermions

Fermions on                       have no massless mode without background gauge field246 SMM ⊗=

due to the existence of positive cavature of 2S
In Lagrangian, it is expressed as existence of spin connection termIn Lagrangian, it is expressed as existence of spin connection term

Spin connection term should be canceled by background gauge field

)()( 3 XXi ΨΣΨΦ )(
2

)( 3
3 XXi Ψ=ΨΦ−

U )1( charges of the 4-dim massless fermion contents are restricted IU )1(

4-dim fermion sector is obtained by expanding to normal modes

Massive KK modes appear



The non-trivial boundary condition of 2S
2. Our approach to GHU

The non trivial boundary condition of S
We impose non-trivial boundary condition for 
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P, P: matrices acting on the representation space of gauge group

Components of P, P is +1 or -1  and )1(1 22 == PP



2. Our approach to GHU

Boundary condition for the solution of the symmetry condition

PxPAxA )()( μμ =

Boundary condition for the solution of the symmetry condition

PxAPxA )()( μμ =

PxPx ),,()( 2121 φθΦ−=Φ
Only even components under the parity remain in 4-dim

PxPx ),,()(

),,()(

2,12,1

2,12,1

φθ
φ

Φ=Φ

Boundary condition for the massless fermion modes

)()(
)()( 5

xPx
xPx

Ψ=Ψ
Ψ=Ψ γ

Only even components under the parity remain massless

Massless particle contents in 4D are restricted by the conditionsMassless particle contents in 4D are restricted by the conditions



3.The SO(12) model
Set up

For gauge group
Gauge group in 6 dim G=SO(12)

Set up

Gauge group in 6-dim G=SO(12)

U(1) of SU(2)/U(1) is embedded into SO(12) asIU )1( II USU )1(/)2(

IUSOSO )1()10()12( ⊗⊃
For fileds 

Two types of left-handed weyl fermion in 32 reps of SO(12)
),,()2,,(:)( )()()( φθπφθ xPxX PPP Ψ=+ΨΨ

),,()2,,(:)( )()()( φθπφθ xPxX PPP −−− Ψ−=+ΨΨ

The parity assignment for P and P in SO(12) spinor basis

)1,1,4()1,3()1,1,4()1,3()1,1,1()2,3()1,1,1()2,3(32 ),(),(),(),( −−+−+−+−= −−−−−+−+

)1,3,3()2,1()1,3,3()2,1()1,3,2()1,3()1,3,2()1,3( ),(),(),(),( −+−−+−−−++ +++++−+−

)1,5,0()1,1()1,5,0()1,1()1,1,6()1,1()1,1,6()1,1( ),(),(),(),( −+−+−−+−+ +−+−−−−−

))1(,)1(,)1())(2(),3(( IXY UUUSUSU(P assignment, P assignment)



Constraints from the symmetry condition

3. The SO(12) model

Constraints from the symmetry condition

For gauge field and gauge group

G h ld i h U )1(

0)](,[ 3 =Φ xAμConstraints: IUi )1(:3Φ−(                           generator )

For gauge field and gauge group

Gauge group should commute with IU )1(

IUSOSO )1()10()12( ⊗⊃

For scalar field contents

jiji ii Φ=ΦΦ− 33 ],[ εConstraints: 
adj rep of ISU )2(

)2(10)2(10)0(1)0(4566)12( −+++→=adjSO ))1()10()12(( USOSO ⊗⊃

)2(1)2(1)0(13)2( −++→=IadjSU ))1()2(( II USU ⊃

)2(10)2(10)0(1)0(4566)12( −+++→=adjSO ))1()10()12(( IUSOSO ⊗⊃

4-dim scalar contents should be contained in )2(10)2(10 −+



3. The SO(12) model

For massless modes of fermion

C i )()( 3 XXi ΨΣΨΦ
I 343 ⊗=Σ σ

For massless modes of fermion

Constraints: )(
2

)( 3
3 XXi Ψ=ΨΦ−

IUi )1(:3

343

Φ− charge 

charge of the massless fermion contents should be…IU )1(

•+1 for left handed fermion

•－1 for right handed fermion
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⎛
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X
X

X
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ψ
ψ

For 32 rep of SO(12)

)1(16)1(1632 )1(16)1(1632 −+→ ))1()10()12(( IUSOSO ⊗⊃

Fermion contents in 4-dim should be contained in

RL )1(16)1(16 −+



3. The SO(12) model

Particle contents in 4 dimParticle contents in 4-dim
Particle contents in four-dimensions are determined by

The constraints from symmetry condition

The parity assignment for non-trivial 
boundary condition

The particle contents have to..

satisfy the constraints

be even under the parity assignment 



3. The SO(12) model

Particle contents of gauge field

Parity assignment for adj SO(12)=66 under 

Particle contents of gauge field 

PxAPxAPxPAxA )()(,)()( μμμμ →→

)000()11()000()11()000()11()000()31()000()18(66 ),(),(),(),(),( ++++++++++ ++++ )0,0,0()1,1()0,0,0()1,1()0,0,0()1,1()0,0,0()3,1()0,0,0()1,8(66 ),(),(),(),(),( ++++=

)0,4,1()2,3()0,4,1()2,3()0,0,5()2,3()0,0,5()2,3( ),(),(),(),( −−+++−+ −−−−+−+−

)()()()( ++++ )2,2,2()1,3()2,2,2()1,3()0,4,4()1,3()0,4,4()1,3( ),(),(),(),( −−+−+−+−+ −+−+−+−+

)2,2,3()2,1()2,2,3()2,1()2,2,2()1,3()2,2,2()1,3( ),(),(),(),( −−−++−+−−+ −−−−++++

))1(,)1(,)1())(2(),3(( IXY UUUSUSU
)0,4,6()1,1()0,4,6()1,1()2,2,3()2,1()2,2,3()2,1( ),(),(),(),( −−++−−+−+ −+−++−+−

10(2)+10(-2)   (66=45(0)+1(0)+10(2)+10(-2))( ) ( ) ( ( ) ( ) ( ) ( ))

0)](,[ 3 =Φ xAμDo not satisfy constraints: 



3. The SO(12) model

Particle contents of gauge field

Parity assignment for adj SO(12)=66 under 

Particle contents of gauge field 

PxAPxAPxPAxA )()(,)()( μμμμ →→

)000()11()000()11()000()11()000()31()000()18(66 ),(),(),(),(),( ++++++++++ ++++ )0,0,0()1,1()0,0,0()1,1()0,0,0()1,1()0,0,0()3,1()0,0,0()1,8(66 ),(),(),(),(),( ++++=

)0,4,1()2,3()0,4,1()2,3()0,0,5()2,3()0,0,5()2,3( ),(),(),(),( −−+++−+ −−−−+−+−

)()()()( ++++ )2,2,2()1,3()2,2,2()1,3()0,4,4()1,3()0,4,4()1,3( ),(),(),(),( −−+−+−+−+ −+−+−+−+

)2,2,3()2,1()2,2,3()2,1()2,2,2()1,3()2,2,2()1,3( ),(),(),(),( −−−++−+−−+ −−−−++++

))1(,)1(,)1())(2(),3(( IXY UUUSUSU
)0,4,6()1,1()0,4,6()1,1()2,2,3()2,1()2,2,3()2,1( ),(),(),(),( −−++−−+−+ −+−++−+−

10(2)+10(-2)( ) ( )

0)](,[ 3 =Φ xAμDo not satisfy constraints: 



3. The SO(12) model

Particle contents of gauge field

Parity assignment for adj SO(12)=66 under 

Particle contents of gauge field 

PxAPxAPxPAxA )()(,)()( μμμμ →→

)000()11()000()11()000()11()000()31()000()18(66 ),(),(),(),(),( ++++++++++ ++++ )0,0,0()1,1()0,0,0()1,1()0,0,0()1,1()0,0,0()3,1()0,0,0()1,8(66 ),(),(),(),(),( ++++=

)0,4,1()2,3()0,4,1()2,3()0,0,5()2,3()0,0,5()2,3( ),(),(),(),( −−+++−+ −−−−+−+−

)()()()( ++++ )()()()( )2,2,2()1,3()2,2,2()1,3()0,4,4()1,3()0,4,4()1,3( ),(),(),(),( −−+−+−+−+ −+−+−+−+

)2,2,3()2,1()2,2,3()2,1()2,2,2()1,3()2,2,2()1,3( ),(),(),(),( −−−++−+−−+ −−−−++++

)2,2,2()1,3()2,2,2()1,3()0,4,4()1,3()0,4,4()1,3( ),(),(),(),( −−+−+−+−+ −−−−−−−−

)2,2,3()2,1()2,2,3()2,1()2,2,2()1,3()2,2,2()1,3( ),(),(),(),( −−−++−+−−+ −+−++−+−

))1(,)1(,)1())(2(),3(( IXY UUUSUSU
)0,4,6()1,1()0,4,6()1,1()2,2,3()2,1()2,2,3()2,1( ),(),(),(),( −−++−−+−+ −+−++−+− )0,4,6()1,1()0,4,6()1,1()2,2,3()2,1()2,2,3()2,1( ),(),(),(),( −−++−−+−+ −−−−++++

Symmetry breaking 

UUUSUSUUSOSO )1()1()1()2()3()1()10()12( ⊗⊗⊗⊗⊃⊗⊃ IXYI UUUSUSUUSOSO )1()1()1()2()3()1()10()12( ⊗⊗⊗⊗⊃⊗⊃



3. The SO(12) model

Particle contents of scalar fieldParticle contents of scalar field 

{(1 2)(3 2 -2) (1 2)(-3 -2 2)}66 {(1,2)(3,2, 2), (1,2)( 3, 2,2)}

Only SM Higgs doublet remain!

66

Particle contents of massless fermion 

})1,5,0)(1,1(,)1,3,2)(1,3(,)1,3,3)(2,1{( RLL −−−−−
l d Rν

)(32 P

Ll Rd Rν

})1,1,1)(2,3(,)1,1,6)(1,1(,)1,1,4)(1,3{( LRR −−−−)(32 P− }),,)(,(,),,)(,(,),,)(,{( LRR

Ru Re Lq

f l f d !One generation of massless fermion modes!



3. The SO(12) model

Analysis of the Higgs potentialAnalysis of the Higgs potential

The Higgs sector in terms of )(xiΦ

)]()()()([
2
1

22112 xDxDxDxDTr
g

LHiggs ΦΦ+ΦΦ−= μ
μ

μ
μ KE term

])])(),([[(
2
1 2

2132 xxTr
g

ΦΦ+Φ− potential term

Rewrite in terms of Higgs doublet φ

4
2

2 ||3||2 φφ gV += (R: radius of the two sphere)
2 ||

2
|| φφ

R
V +−= (R: radius of the two-sphere)

This potential leads electroweak symmetry breaking!



3. The SO(12) model

PredictionPrediction
Vacuum expectation value of Higgs field are obtained 

in terms of  
The radius of the two-spere 

Gauge coupling constant

⎟⎟
⎞

⎜⎜
⎛

>=<
01φ v 14=⎟⎟
⎠

⎜⎜
⎝

>=<
v2

φ
gR

v
3

=

W boson mass and Higgs mass are also given asW boson mass and Higgs mass are also given as

m 12=
R

mW 3
=

1
6=

W

H

m
m

R
mH

14= W



SummarySummary

We analyzed Gauge Higgs Unification for  gauge theory on
i h di i d i i l b d di i

246 SMM ⊗=
with symmetry condition and non-trivial boundary condition 

We construct SO(12) model and obtained e co s uc SO( ) ode a d ob a ed

One SM generation of massless fermion mode (with RH neutrino)

})1,5,0)(1,1(,)1,3,2)(1,3(,)1,3,3)(2,1{( RLL −−−−−
Ll Rd Rν

})111)(23()116)(11()114)(13{( })1,1,1)(2,3(,)1,1,6)(1,1(,)1,1,4)(1,3{( LRR −−−−
Ru Re Lq

SM Higgs field and prediction for Higgs mass

WH mm 6= WH



Future workFuture work

Extra U(1) symmetryExtra U(1) symmetry

Break by some mechanism

Realistic Yukawa coupling

Realistic mass hierarchy 

Realistic fermion mixing 

Fermion mass spectrum

Search for a dark matter candidate



AppendixAppendix

Vielbein

sin,1 21 == φθ θee
Vielbein

012 == φθ ee

i φθ φθξφξ
Killing vectors

sincotcos

coscot,sin 11

==

==
φθ

φθ

φθξφξ
φθξφξ

0,0

sincot,cos

33

22

==

=−=
φθ

φ

ξξ
φθξφξ

0,0 33 ξξ


