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Geometric Phases

H(R), R: parameters
R(t): slow curve in parameter space

R-3 poce
| solated, non-degenerate el genstate:
R (t)

H(R) [n;R> = E(R) |n;R>

<nmRNMR>=1

SE: i dy()y/dt = H(R() v(b) £ }\/
W(t=0) = |n; R(t=0)> /

y(t) ~ |n; R(t)> (adiabaticity)




Geometric Phases 11

Naive guess
W0) = exp|-i [ asE, BRI, RO)
where H(R(t))ina RU)) = EH(R(I))M, RU)) does not work..
Berry tried...
w0) = explin,(0) — 1 [| E(R(s) ds)ln, RO
...and found

!

0 =i [ (n kGs)| <

ds

n, R(s)> ds



Geometric Phases llI

For a closed loop in R-space,
ymay be nonzero - U(1) holonomy
of Berry’s (Simon’s) connection

with curvature

t=0

F = de# = (d(R]) A (dR)) = (c‘;'l‘i")(&R

) _I(V'lber’
/qso

A
R(t)



Geometric Phases 1V

A simple example: spin Y2 in R

— R — R; R, — iR, \
HR) = R-o (Rl+iR2 _R, ) — /

ﬁ(f)v/ /
. \7‘4@

Eigenstate ‘up’

. o ~ [ R + R. \
R)x = 2R(R + R {2 iR, |

Berry’s connection

RZ de - Rl dR2
2R(R + R3) i.e., phase ~ solid angle

AN = N<R|d|R>N = -1

Berry’s curvature

1 RldR2 A dR3 -+ deRg, A dR]_ + R3dR1 A dRE
‘7= d(}f.='2— R .




QM on Hypersurfaces

* Intrinsic quantization: coordinates on M, ignore ambient space (unphysical)

— f 1LV with V =V (y)

* Confining potential:
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QM on Hypersurfaces 1l

Total (3D) hamiltonian

L e, 1
H = _Qh‘l/id@" / dzm—l/i
Q[ AR (du)\””\"rlmdv +y Y AT AT 9N |y |20
a9 \up, ko Ak 11/2 ¢ AP,k gki|11/2 ¢ \Q’|1/4
+ ONPYT AT N [VR0; + NPy A ]2, e +V(y).
giving rise to normal & tangent SE's
Hy = % (—8?;(93- — wigyﬁ) (harmonic oscillator)

A 1

2 1] Ww 2 kl W, po 1 7 i 7
H = _QQT (8#1 + 5‘4,{}?[”53‘)9; 91/2 (8!/ + EAU Lk:l) + %g! 9" (au.uapcr - 205,{;,00‘51/0) .

Effective hamiltonian for motion on M = (Maraner, Destri 93)



Cables with quantum memory
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Cables with quantum memory Il

Features of the effective 1D hamiltonian

e Curvafilia Vig(s) = _éﬁ(sy

e Induced gauge field
¥
A » | /
4 [f /%:' "
d )~y =




Cables with quantum memory llI

Pre-curve: 7(s) = (cos(s) + exs,sin(s) + eys, €zs)

Length 2n
Arclength parametrization

- 5 Y F hY I Y E /r\ | iy AR o 2 rd AY ' . ey Y
X(s,0,0) = (L—=mna)cos(s) = o 22s —y(1 — cos(2s)) — 2wsin(s) + 2 sin(2s)
) / o 7 ey AN N I Y /oy Iy . ¢ \\\
+n( — 2y (1 — cos(2s)) + 2xa(sin(s) — sin(2s)) — 223sin(s)) |,
! > \ / | /)
_‘ / | | | ‘
Y(s,a,3) = (1 —na)sin(s) + el ys+xcos(s)(1 — cos(s)) — ycos(s)sin(s)
\ / \ =7 \ =7 ] \-J’ ‘ AV AN =S/ > =/ \ =)

N—

+n( — zacos(s)(1 — 2cos(s)) + yasin(2s) — 23 cos(s))
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Cables with quantum memory IV

Compute hamiltonian H = Hy+ eHy + O(e?)

Curvature, torsion k(s) = 1+ e(2xsin(s) — 2ycos(s)) + O(€?),
7(s) = ez+O()
! 3 \ ~ 1 0 1
Zeroth and first order hamiltonian Ho = ~332 3
s 1
H, = ioz=§l-+-——(—ﬂvsin(5)—Fg}cos(s))
ds 2

: , . € =1 FY i 1)s wHy o )
_.!.-_‘.—}— g) = jims ‘ e;(m s : {r(m.—l—l).«,
1D Wavefunctlon i. u.i(") !_2'}1'6 + F‘zﬁ (2(2?_” _ 1) 2(2;].” + 1)6
1

2, 42 . 5
L | 22 —(a”+3 Jtarctan(f8/a
2 Iﬁj‘zﬁ (a”4f )/281 wetan (3 /o)

2D normal wavefunction p(a,3) = 7
™

3D total wavefunction W (s,a, 3) = ¥t (s)o(a, 3)






Cables with quantum memory V

m(21 + 8w% — 16m?(3 + 47?) + 16m*(3 + 87T2)))
3(4m? — 1)

K =€ (W? 2,

(Notice: s, a, B, taken as functions of (X,Y,Z; x,y,2))

Initial state: |2,+> + |2,->

Cyclic change: x=cos t, y=sin t, z=2

+H)+1=) =100 — el +e )
= cos(§)]1,0) —sin(€)]0, 1)
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Example: Spin coupled to position

Adiabatic approximation: W = ¢(X)|n(X))
Effective hamiltonian:

p2

Hege = (R(X)|H|(X)) = o7

+ X[+ V(X),

Noncommuting momenta

P=P—iAX)



Whatif |n(X)) —

H(X,P) — Heg(X, P)

Apply to wire quantization:

X (s,t) =R (s)+€@(s,1)
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Lagrangian density

bo
\

. X 4 n n ! n
Lo @) = (@2 - & ((90 +¢") " - )2)

In terms of Fourier modes

L= . / ds L. = L‘_Z é [ f)j‘“ ()i = (L =&Y g = % (Afgq‘)i.* O + ik(Ph PP — P PR) + f)}f“o)f)]
CCR’s
' (5,1), 97 (s',1)] =0, 04(0), 1, ()] =0,
[p*(s,t), (8", )] = i6%0(s — &') | ';C(t),wé‘?’(t): = i5;-5ﬁk
[mi(s,t),7m;(s",8)] =0, T (t), TF (t)] = 0;




DdCK reaction iv
Effective 1D particle hamiltonian
7;8t¢0' = <Hp>J_ 7#cr
(Hy)1 = (Hp)y + (V)
Pl = \TTuU/ L \" /L
1 1/ I 5
(Hp), = —;83 + 10705 + = (?la'r’ + 72— —AHJQ\' 3
Z 4\ J
: L, b
(V)L = e (sotf?s + 59" +iog ) ,
]_ 2 1 . brn bf ]_ . buu bu ]_ _JH’
(Ho)o = —5 |0+ 7)) +elioly” +¢7)0s +gio(¢” +¢" ) —7(p
_ 1 2 1 2 iks ok b 1 n
= -3 (aq + Z) +EZA; [(k —1e 5ok (k= 2i0,) = 29 ) | -
. L, . .
e = e (o0, + 5ot - ok
k
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1D wavefunction

1 1 1 — p2 ¢ . 2. H ; . . )
w?, = ——+e¢€ [ 2i0p° ., + o — (im? 4+ 207?h)
o }; pz 2 ( P p) o= b

Berry’s curvature

) )
by = — 5 (1 =P ) (1 —q7)dg —p,
2
Rl = : 5 1; Og.ps
i q-p '
b 4(1 — p?)
Kb;j - 2 59‘:?’
q
4o
np,by __
K = — 26(1:_?.




Deformed CCR’s:

[ﬁn(Sg t), ’ﬁ'b(SI, t)] -

Pl ), (51, 1)] =

7T(s,1), @°(s'. )]

~n ~b

2
27 o L
1
i0(s —s') + o
i
47
= ”L'(S(S — 3’) _ 2_
T 0




