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Introduction

Deep-inelastic lepton-hadron scattering (e±p, e±n, νp, ν̄p, ... -
collisions)
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Gauge boson:
γ, Z0 - NC
W± - CC

Kinematic variables

momentum transferQ2 = −q2 > 0

Bjorken variablex = Q2/(2P · q)

Inelasticityy = (P · q)/(P · k)

� Particles:POLARIZED or UNPOLARIZED
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Cross section: dσ ∼ LµνWµν

hadron
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Gauge boson
q

⇒ Wµν-hadronic tensor
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Cross section: dσ ∼ LµνWµν

hadron
p

p’

P

Gauge boson
q

⇒ Wµν-hadronic tensor

ForunpolarizedDIS:

Wµν = eµν

1

2x
FL(x, Q2) + dµν

1

2x
F2(x, Q2) + iǫµναβ

P αqβ

P ·q
F3(x, Q2)

eµν , dµν - tensors, depend onP, q. symmetric underµ↔ ν

main objects areF2,L,3 structure functions
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PolarizedDIS : lepton and hadron are polarized7→

Example: lepton-proton scattering, exchange via virtual photonγ
..., Zijlstra, van Neerven ’93

d2∆σ

dx dy
=

8πα2

q2

[

{2− y −Mxy}g1(x, Q2)−
2Mx

E
g2(x, Q2)

]

M - mass of the proton,E - energy of the lepton
M = 0⇒ ONLY g1(x, Q2) polarized structure function
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Structure functions in QCD improved parton model

Wilson coefficient functionsCi,parton

Fi(x, Q2) =
∑

parton

∫ 1

x

dξ

ξ
PDFparton(ξ, µ2) Ci,parton

(

x

ξ
, αs(µ

2),
µ2

Q2

)

Parton distribution functionsPDFparton

NOT calculable in perturbative QCD, extracted from experiment data
evolution ofPDF ′s via DGLAP evolution equation with help of
splitting functionsPparton,parton′

Q2

∂Q2

[

q

g

]

=

[

Pqq Pqg

Pgq Pgg

]

⊗

[

q

g

]

The same features for polarized structure functiong1(x, Q2)
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Chain of calculations
Pparton,parton′ , Ci,parton: are in hadronic tensorWµν

and also!!! in its analogue – partonic tensorwµν
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Chain of calculations
Pparton,parton′ , Ci,parton: are in hadronic tensorWµν

and also!!! in its analogue – partonic tensorwµν

⇓

Forwµν use ofOPTICAL THEOREM: wµν(p, q) ∝ Im tµν(p, q)
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Optical theorem

The partonic tensorwµν(p, q) is related to the imaginary part of the
partonic forward Compton scattering amplitudetµν(p, q)

α3
s calculation in DIS with help ofloop technology

f (p)

γ∗(q)

f (p)

γ∗(q)

f (p)

γ∗(q)2

←→

wµν(p, q) =
1

2π
Im tµν(p, q)

NDispersion relation inx : coefficient of (2p·q)N ↔ N -th moment

AN ≡
∫ 1

0
dx xN−1A(x)
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Chain of calculations
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Chain of calculations
Pparton,parton′ , Ci,parton: are in hadronic tensorWµν

and also!!! in its analogue – partonic tensorwµν

⇓

Forwµν use ofOPTICAL THEOREM: wµν(p, q) ∝ Im tµν(p, q)

⇓

tµν(p, q) - generation of all possible diagrams up to 3 loops→ QGRAF

Nogueira ’93
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QGRAF

Example: diagrams for the polarized splitting functions
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Chain of calculations
Pparton,parton′ , Ci,parton: are in hadronic tensorWµν

and also!!! in its analogue – partonic tensorwµν

⇓

Forwµν use ofOPTICAL THEOREM: wµν(p, q) ∝ Im tµν(p, q)

⇓

tµν(p, q) - generation of all possible diagrams up to 3 loops→ QGRAF

Nogueira ’93 ⇓

Depending onNC/CC, polarized/unpolarizeduse of symmetries to
reduce number of diagrams:procedure of Moch, Vermaseren Vogt ’05

N Symbolic manipulations7→ FORM andTFORM Tentyukov, Vermaseren ’07

Computational aspects for three-loop DIS calculations – p. 10



Use of symmetries

Number of diagrams for the polarized DIS after treatment byprocedure of
Moch, Vermaseren Vogt ’05

Original QGRAF output has up to 4 times more!
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Chain of calculations
Pparton,parton′ , Ci,parton: are in hadronic tensorWµν

and also!!! in its analogue – partonic tensorwµν

⇓

Forwµν use ofOPTICAL THEOREM: wµν(p, q) ∝ Im tµν(p, q)

⇓

tµν(p, q) - generation of all possible diagrams up to 3 loops→ QGRAF

Nogueira ’93 ⇓

Depending onNC/CC, polarized/unpolarizeduse of symmetries to
reduce number of diagrams:procedure of Moch, Vermaseren Vogt ’05

N Symbolic manipulations7→ FORM andTFORM Tentyukov, Vermaseren ’07

⇓

Calculation of diagrams7→ done in Mellin-N space

Method of projectionGorishnii, Larin, Tkachev ’83: Gorishnii, Larin ’87

fixed Mellin-moments7→ MINCER in FORM

Larin, Tkachev, Vermaseren ’91

symbolicN calc. and inverse Mellin transf. to Bjorken-x space7→
recipe of Moch, Vermaseren, Vogt ’04
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Method of projection & MINCER

Method of projection in pictures
Identify scalar topologies

Scalar diagram with external
momentaP andQ

=

∫ 3
∏

n

dDln
1

(P − l1)2
1

l21 . . . l28

N -th moment:
−→ coefficient of(2P ·Q)N =

(2 P ·Q)
N

(Q2)N+α
CN

Taylor expansion
1

(P − l1)2
=

∑

i

(2P · l1)
i

(l21)
i+1

−→
(2P · l1)

N

(l21)
N

Feed scalar two-point
functions in MINCER ⇒
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Mincer
∫

dP ∂
∂P µ [(P − lj)

µ × I(l1, .., P, ...)] = 0 - integration by part identities
t’Hooft, Veltman‘72; Chetyrkin , Tkachov ‘81
Leibniz, Newton :-)
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Mincer
∫

dP ∂
∂P µ [(P − lj)

µ × I(l1, .., P, ...)] = 0 - integration by part identities
t’Hooft, Veltman‘72; Chetyrkin , Tkachov ‘81
Leibniz, Newton :-)

Triangle rule

P1 P2

α0 α2α1

P

Define
I(α0, β1, β2, α1, α2) =

∫

dDP
1

(P 2)α0((P + P1)2)β1(P 2
1 )α1((P + P2)2)β2(P 2

2 )α2

and act the integrand with∂
∂Pµ

Pµ = D + Pµ
∂

∂Pµ

. Result⇒
Recursion relation :

I(α0, β1, β2, α1, α2)× (D − 2α0 − β1 − β2) =

β1(I(α0 − 1, β1 + 1, β2, α1, α2)− I(α0, β1 + 1, β2, α1 − 1, α2))

β2(I(α0 − 1, β1, β2 + 1, α1, α2)− I(α0, β1, β2 + 1, α1, α2 − 1))
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Mincer
∫

dP ∂
∂P µ [(P − lj)

µ × I(l1, .., P, ...)] = 0 - integration by part identities
t’Hooft, Veltman‘72; Chetyrkin , Tkachov ‘81
Leibniz, Newton :-)

Triangle rule

P1 P2

α0 α2α1

P

Define
I(α0, β1, β2, α1, α2) =

∫

dDP
1

(P 2)α0((P + P1)2)β1(P 2
1 )α1((P + P2)2)β2(P 2

2 )α2

and act the integrand with∂
∂Pµ

Pµ = D + Pµ
∂

∂Pµ

. Result⇒
Recursion relation :

I(α0, β1, β2, α1, α2)× (D − 2α0 − β1 − β2) =

β1(I(α0 − 1, β1 + 1, β2, α1, α2)− I(α0, β1 + 1, β2, α1 − 1, α2))

β2(I(α0 − 1, β1, β2 + 1, α1, α2)− I(α0, β1, β2 + 1, α1, α2 − 1))

In pictures

=
1

ε
−
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Classification of loop integrals

Classify according to topology of underlying two-point function

top-level topology types ladder, benz, non-planar⇒
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Classification of loop integrals

Classify according to topology of underlying two-point function

top-level topology types ladder, benz, non-planar⇒

Using IBP identities more complicated topologies are reduced to simpler
topologies

,

, ,
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Symbolic N calculations

Combine identities: integration by parts, scaling, Passarino-Veltman type

⇒ Difference equations forI(N) [ recall: coefficient of(2p·q)N ]

a0(N)I(N) − · · · − an(N)I(N −n) = I0(N)

Simple scalar example [ red line: flow of massless parton momentump ]

1

1

1 1

1

1

1

1

1 1

+
N+3+3ǫ

N+2

2p·q

q2

1

1

1 1

1

1

1

1

1 1

=
2

N+2

1

1

1 1

1

1 2

1 1

Successive reduction to simpler (lower topologies or ‘lessred’) integrals
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Examples of results
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CC DIS: 10’th Mellin of F3 structure function Moch, Rogal ’07
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Polarized DIS: The spin splitting function ∆Pqg to NNLO
Vogt, Moch, Rogal, Vermaseren ’08
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Polarized DIS: The spin splitting function ∆Pqg to NNLO
Vogt, Moch, Rogal, Vermaseren ’08
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NNLO corr. ≤ 15% for 0.005≤ x < 0.9

Computational aspects for three-loop DIS calculations – p. 19



Summary

The recipe for higher order DIS calculations has been described

Application examples:
Charged CurrentDIS
S. Moch, M. Rogal, Nucl.Phys.B782 ’07
S. Moch, M. Rogal, A. Vogt, Nucl.Phys.B790:317-335, ’07
M. Rogal, arXiv:0711.0521 [hep-ph]
3-loop splitting functions forpolarized DIS
A. Vogt, S. Moch, M. Rogal, J.A.M. Vermaseren, arXiv:0807.1238
[hep-ph] ’08
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