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OUTLINE OF THE LECTURES

LECTURE 1: What is Holography?
LECTURE 2: The Holographic Dictionary
LECTURE 3: Applications to the Quark-gluon plasma

*Please take a look at the excellent review A. Adams et al., 2012



OUTLINE OF THIS LECTURE

1- Overview
2- Holography as seen by the Einsteinians
3- Holography as seen by the QFTonians

4- Summary




_ASJ_ 1- Overview

Holography is a duality between QFT and gravity

Maps quantum many body physics to classical dynamics
of black hole horizons in one higher dimension

e

Replaces quasiparticles with

Universal black hole phenomena are geometry as the effective d.o .

mapped into universal behavior 1
in QFT's

When QFT is strongly coupled,
t HOLOGRAPHY new weakly coupled d.o.f. in the

gravity theory emerge.

Quantum many body physics
problems, such as thermodynamics 1
and transport phenomena, become
equivalent to problems in classical
gravity.

Emergent fields in the theory of
gravity live in a dynamical spacetime
with an extra dimension.

L] [

This extra dimension plays the role of an energy scale in the QFT
with the motion along the extra dimension providing a geometric
representation of the QFT's renormalization group (RG) flow.



: Example:
= KSS, PRL 2005

Universglity of black =) HOLOGRAPHY =) Univgr_sality_of transport
hole horizons coefficients in QFT
4-dimensional

@
99 ®
W
QCD-like theory =

nequiiorum . _lP S A

The dissipation of sound waves in the gauge theory and the dissipation
of these horizon disturbances are controlled by the same parameter

Black hole in the
higher dimensional
theory of gravity

Shear viscosity/entropy density =

(much more on this later)




- Holography gives us a completely new way to think about QFTs.

- Holography gives us a recipe for using classical gravity in
d+1-dimensions to compute quantum amplitudes that satisfy the
expected consistency conditions of a d-dimensional

QFT (locality, causality, Poincare invariance, ...).

When is Holography applicable????




Holography becomes useful (or under control) when:

) The coupling of the QFT, )\ ,is )\ > 1

II) The number of d.o.f. /volume, N, is very large, i.e., N>> 1,

A 1 ~ 1A <1
d-dimensional QFT : HOLOGRAPHY D d+1-QimensiopaI
with d.of./vol — OO classical gravity

In this case we can take the gravitational description as the definition of the QFT !!!!



- Holography can then be used to define strongly coupled many-body systems
(replacing quasi-particles by geometry as the main guiding principle).

- While supersymmetry and conformal invariance were of fundamental importance
for the original discovery of holography, the duality itself does not depend
on these concepts.

- In these lectures | will take the point of view that holography is a property shared
among QFTs and quantum gravity.

- Applications of holography nowadays can be found in heavy ion collisions,
hadronic physics, condensed matter physics, and etc.



ST
Beautiful ... it all sounds too good to be true.

The question you should be asking yourself now
IS:

Can one really get gravitons out of gauge theories with
spin 1 and spin 1/2 fields?



An unexpected bump on the road ... the Weinberg - Witten theorem !!

LIMITS ON MASSLESS PARTICLES

Steven WEINBERG and Edward WITTEN
Lyman Laboratory of Physics, Harvard University, Cambridge, MA 02138, USA

Received 6 August 1980

We show that in all theories with a Lorentz-covariant energy —momentum tensor, such as all known renormalizable
quantum field theories, composite as well as elementary massless particles with j > 1 are forbidden. Also, in all theories
with a Lorentz-covariant conserved current, such as renormalizable theories with a symmetry that commutes with all local

symmetries, there cannot exist composite or elementary particles with nonvanishing values of the corresponding charge and
i>1/2.

Theorem 1. A theory that allows the construction
of a Lorentz-covariant conserved four-vector current
J# cannot contain massless particles of spin j > 1/2
with nonvanishing values of the conserved charge
[0 d3x.

Thus we conclude that all these theories have no mass-

Theorem 2. A theory that allows the construction
of a conserved Lorentz covariant energy—momentum
tensor 8 ¥ for which f 89 d3x is the energy—momen-
tum four-vector cannot contain massless particles of
spinj > 1,

less bound states with f > 1, and quantum chromody- - Can graVitonS be Ilke a maSSIeSS
ics h flav inglet less bound stat H 1 1 _h
e bound state of spin 1 fields in a QCD-like



“There are trivial truths and the great truths.
The opposite of a trivial truth is plainly false.
The opposite of a great truth is also true”.

- Note that in holography the theory of gravity and the QFT are defined in
spacetimes of different dimensionalities. This is the way out of
Weinberg-Witten's theorem (also we will be dealing with an infinite number of d.o.f.).

We are safe to proceed!

- In the following | will present a few hand waving arguments that will be used
to “convince” you that holography should indeed exist in a certain limit!



Holography as seen by the Einsteinians

A

Imagine that there is a planet in a d+1 dimensional universe called Einsteinia*
where its inhabitants, who call themselves Einsteinians, know EVERYTHING about
general relativity in d+1 dimensions but somehow they are not yet aware about the
existence of quantum field theory (they cannot solve a single exercise in

Peskin-Schroeder's book).

Photo of a typical =)
Einsteinian

*Not to be otherwise
confused with the plural form

of the chemical element with Z=99.
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The Einsteinians worked for years in an experiment called

LHC = Large Horizon Collider

which basically consisted in throwing robots towards the horizon of a black hole
and study their fate.

They first send a robot which has

a device that flashes light once a second
(I think this argument is originally due to
Susskind).

robot

Einsteinian
observer at
infinity

Black hole horizon




- According to the robot, it will reach the horizon in a finite proper time
(as measured by its internal clock) and it will have emitted light a finite number of
times.

- However, for the Einsteinian at infinity, the story is different. The light emitted

by the falling robot becomes increasingly redshifted and the flashes reach him

at ever greater intervals. As the robot approaches the horizon, the redshift diverges
and the light from the robot after it crossed never reaches the Einsteinian.

- Actually, the Einsteinian would say that the robot did not fall through the horizon.
For him, the robot gradually slowed down as it approached the horizon and it was
compressed into a thin membrane on the surface of the black hole horizon (it is
like this squeezed robot had stopped interacting with gravity at all).

Einsteinian observer at

infinity sees a robot membrane

Black hole horizon



As the robots reach the horizon, they will be
compressed into a very thin membrane above the
black hole horizon.

One may call this a “stretched”
horizon.




- The mass of the black hole increases by the amount of matter and energy
given by the robots. However, to the Einsteinian, this shell of matter never actually
crosses the horizon.

- As each new bit of matter reaches this stretched horizon, it generates a
disturbance in this membrane which spreads in waves through the stretched
horizon as if it were a fluid flowing in the absence of gravity defined in d-dimensions,
not in d+1 dimensions!

- With the Large Horizon Collider, the Einsteinians back in Einsteinia have
discovered this new thing called “fluid” whose dynamics is only d-dimensional

- Now, what do the robots see? The robots will continue to interact with each other
and with the gravitational field of the black hole as they fall through it. For them,
everything can be naturally modeled using GR in d+1 dimensions (before

they reach the singularity, of course)!!!!



- The observer at infinity (Einsteinian) and the in-falling observer (robot) cannot
observe contradictory events unfold. Therefore, the Einsteinians would conclude
that:

HOLOGRAPHY = The gravitational dynamics of a d+1 black hole must be
somehow equivalent to the dynamics of a d-dimensional “fluid” in the absence of
gravity !!!!

This is how they would be forced to think about field theories without gravity and
they would, eventually, be able to understand this NEW AND EXCITING thing, ordinary
field theory in flat space, using their well known toolkit from GR.

Ok, now, let's visit another planet called ... QF Tonia !!!!



Welcome to QFTonia!

The inhabitants of QFTonia, called QFTonians, know a lot about

QFT in flat spacetime but they are not aware of a way to understand why
“things fall” (they do not know how to solve a single exercise from
Misner-Thorne-Wheeler's famous gravitation book).

Click to LOOK INSIDE!

Photo of a typical -—) £ ey
QFTonian

=

PS: All the QFTonians absolutely
love the renormalization group.




A brief reminder about the Renormalization Group (RG)

Consider a system on a lattice with spacing “a” and Hamiltonian given by

H = Z Ji ()0 (z)

Oi ( 5(;) Operators located at each site x

J i (;U) Coupling constants/sources for the operators

Given this we would like to understand the physics of the ground state and
the low energy excitations around it as a function of the microscopic coupling
constants computed at the lattice scale “a”. We all know that this is in general

very hard to do.



Two very smart QFTonians, let's call them Kadanoff and Wllson figured out
a way to attack this problem: the renormalization group !!!!

Pl e e
Pl

o« LZzzzz  H=Y Jiza)0(x)

Pl
Pl i i ——— i

el
20 ~ HSENED H = Z (2, 20) O*(x)
il .. 50 o
4a //-’/// H = Z Ji(z,4a) O (z)

The basic idea is to iteratively coarse grain the lattice, making the lattice
spacing larger, so that at each step a single site represents the average

of multiple sites from the previous lattice. Every time we do that, we readjust
the couplings to preserve the physics of the ground state and the low energy
excitations around it.



This is why the couplings Jz’ (aj) are replaced by the scale dependent

couplings J,L- (.QU, u) defined at the scale “u”.

One can show that the resulting flow of the couplings with the scale “u” can be
described by the equation

u%i; (z,u) = Bi(J;(z, u),u)

B,,; are the beta functions.

- Fixed points of the RG flow correspond to scale invariant (or conformal field theories).
QCD has a trivial fixed point in the UV (asymptotic freedom — no interactions).

Some condensed matter systems have non-trivial fixed points (i.e., strongly coupled
conformal field theories).



One can in fact define a scale dependent QFT by going to its fixed point in the UV

and add relevant operators to the Hamiltonian to induce a running of the RG flow
towards the IR.

There is no free lunch in QFTonia, however, since B,L are extremely hard to compute
in general ...

However, perhaps rearranging the previous plot may give us some insight ...
A. Adams et al., 2012

Jiluv
= / e e
uv .
L L L L L L The extra parameter “u” in J,,; (aj’ u)
i =
| g P can be “thought” of as a type of coordinate so
then this scale dependent coupling looks
/ / / like a field defined on a lattice with
/ / / one extra dimension.




Taking this analogy a bit further, is there a conventional local field theory in this
higher dimensional spacetime that can be used to find the beta functions of the
original theory?

The QFTonians want to find a simple QFT defined in (d+1) dimensions for the

bulk fields P (1, 1)
that are related to the couplings of the original
d-dimensional theory in the UV, i.e.,

®,(z,a) = Ji(z)

As a consequence, the bulk field (I)i (Qj‘, 'r) must have the same charges,

tensor structure, and other quantum numbers possessed by the couplings J® (:E)



N

Therefore, by classifying the different operators in the d-dimensional theory
according to their Lorentz structure they would see that

d-dimensional theory d+1-dimensional theory
Scalar operator S (513') ) ()] (;U, ’r) Bulk scalar field
Currentoperator CH () wemp A, (x,7) Bulkspin 1 fild
Tensor operator T HV - guv(x,7)  Bulkspin 2 field

Such that (I)(g;7 a)O(gj) — J(gj)(’)(gj) is added to the d-dimensional

Hamiltonian and so forth.



But what is the Lagrangian of this d+1 dimensional theory of bulk fields ?7?7?
This is the point where the idea of an effective theory comes to the rescue!!!

Note that any QFT defined by a perturbation from a fixed point must include
among its operators the
energy-momentum tensor MY

which is the conserved Noether charge associated with the spacetime symmetry
group.

Therefore, the QF Tonians would say that there must be a spin 2 field § v (373 T)

in the bulk QFT. However, any dynamical theory of a massless spin 2 field must be,
at low energies, given by GR III' This is how the QFTonians would then discover
GR in d+1-dimensions starting from QFT in a d-dimensional flat spacetime!!!!



In fact ...

Any theory for an interacting massless spin 2 field must be equivalent
to GR at low energies (or decouple becoming a topological theory) !!!!

r EYHM AN Indeed, let's see how that works!
LECTURES on
QpAVITATION Remember, the QFTonians know field theory
e but they have never seen the Einstein-Hilbert
action.

They then try to write down the simplest theory
they can for a spin 2 fluctuating field

Ay

to try to quantize it (as they did it with QED,
for example) by introducing creation and
annihilation operators

.i.
Qs Gpuw



These operators would obey the commutation rules

(@, @l] ~ TapThuo + Mo Tp

Muv = dla-g(_]., +1, +1, caey —f—l}
However, this would imply that a@};|0) possesses negative norm!!

A smart QF Tonian would immediately jump up and say: Oh, but that is easy to fix!
We have done just that in QED!!!!

Indeed, if you remember your old QFT lectures about the canonical quantization of
a spin 1 field, you would remember that this problem with states of negative norm
also appears and that gauge invariance in that case came to the rescue.

A very similar mechanism would also work here, a QF Tonian would say.



J
Indeed, a very smart QF Tonian, let's call him Richard, would soon figure out that
imposing a type of gauge transformation of this kind for the spin 2 field

h’#v — h’ﬁv T aﬂgb’ T 8u£,u

for any function fu (aj) , the unphysical states would decouple from the spectrum.

Then, they would also rapidly realize that the simplest non-interacting theory
involving the field that preserves diffeomorphism invariance is

pltpu plipy

sz: 15 i ]' L 1 5
Spr == f d'z la”hﬂpayh” — W Ouhgy + S0, R — SO OW,

where Mpl is an energy scale.



N

What happens when we include interactions? The first thing one must
realize is that this symmetry

ox® oz’

Gnz = gugﬁ@ hpy _'_} h*.IU'V + aﬂgy + aygp

must also be present in the interacting theory. They would be led to define
diffeomorphism invariance and then the simplest theory that fulfills this symmetry
and contains 2 derivatives of the field

M?
SEH — TM d4$\/ —( R+ ... > General Relativity !!!!!
R =g"R,,
1
R, =0,I*, -9, +T*, " ,—T%TI" I, (9) = 5 9 (8,9k0 + OuGicp — Oxgyu)

Therefore, the QF Tonians would discover GR by studying the RG flow of QFTs !!!



- These QFTonians would then say that there is a duality at play in here: one has
two equivalent descriptions of the same physical phenomena.
- In fact, on one hand one could use the original lattice theory with lattice spacing “a”

and sources Jz’ (:C) which satisfy first order beta-function equations.

- On the other hand, they could also say that one could use this “recently discovered”
GR theory that uses d+1 dimensional bulk fields (I)i (QC, fr) that are in direct
correspondence with the d-dimensional field theory sources Jz (gj)

- In other words, there are two ways to compute the correlation functions of the

system: one may work in the lattice theory and solve the QFT problem or one may
work in the gravitational description and solve a GR problem.



Ok, but there are a few things that the QFTonians still think are weird ...
First, the entropy computed in the two descriptions must be the same.

For the original QFT in d-dimensions, the entropy will be extensive, i.e., it
will scale with the d-dimensional volume of the system

Sort ~ V4

However, since the bulk theory lives in d+1-dimensions, the entropy of
this bulk theory must not scale with the d+1-dimensional volume but with
its boundary, a d-dimensional area.

Well, this is a basic feature about the entropy of black holes, isn't it? So,
the QF Tonians have started to discover fundamental features of these
“newly” found very weird objects (which we call black holes) !l



- There is another aspect of this duality that may be bothering the QF Tonians ...

- The beta function equations in the boundary lattice theory are first-order in the
RG scale “r". Physically, this means that when you specify the couplings in the
d-dimensional theory at one scale, this completely determines the coupling at all

other scales (i.e., this fixes the RG trajectory).

- On the other hand, the gravitational system in d+1-dimensions possesses 2
solutions due to the second order nature of the Einstein's equations. How can
these two descriptions now be equivalent 7?7?77

- Somehow the gravitational system must choose only one of these solutions as
physical ... again, this is nothing but the physics of black holes at work !!!!



Imagine that you are solving a simple wave equation near a black hole ...

- There are two solutions to the second order wave equation.

- One can show that (in Euclidean signature) that only the in-falling solution
towards the horizon is regular at the horizon while the out-going solution isn't.

- This reflects the fact that things that fall into a black hole horizon cannot escape
afterwards (classically).

- Therefore, while the gravitational field equations are indeed 2™ order, the presence
of a black hole horizon effectively adds a second boundary condition and, thus,

we only need to specify a single boundary condition to completely determine the
solution.

- Since the location of the horizon encodes the thermodynamic variables
(temperature, entropy) of the system, the physical meaning of this second boundary
condition is to specify the state of the dual QFT.



U F
- Therefore, we see that the QF Tonians would have discovered

GR and the fundamental properties of black holes through holography.

- Alternatively, the Einsteinians would have then discovered the existence
of QFT in flat space by just using their knowledge of GR and the

physics of black holes.

- As remarked by Stroeminger (I think):

Black holes are the harmonic oscillators of the 21° century!!!

20" century 21" century




Summary

“Give me a classical black brane and | will give you a quantum many-body
strongly coupled system”.

- There should be a connection between QFT in d-spacetime dimensions
and quantum gravity in d+1-dimensions.

- The fields in the gravitational system are exactly paired with sources in the
dual QFT.

- The extra spatial coordinate in the gravitational bulk theory plays the role
of an RG scale for the QFT.

- In the next lecture we will define this holographic duality more precisely
and discuss how to describe QFTs at finite temperature within this setup.



LECTURE II: The Holographic Dictionary

OUTLINE OF THIS LECTURE

1- Guessing the gravity dual of a CFT
2- Holography and thermodynamics

3- On shell gravity action as the generating functional of QFT

4- Summary



- When you are learning new concepts, it is always better to simplify the subject
as much as you can to extract the main idea first and then work out the details
later on.

- Although our previous argument for the existence of the holographic mapping
seemed to work for very general QFTs, let's start with the simplest kind you can
imagine in 4 dimensions.

- The simplest (interacting, Poincare invariant, though still generic) QFT that one
can think of is the one that comes up at an RG fixed point. At a fixed point the
QFT beta function vanishes and the theory is scale invariant (and in general also
conformal invariant).



Conformal Transformations

Remember that under general coordinate transformations x — X'

ox™ OxP
ox'* Ox'v

Guw (2) = g, (') = grp(7)

The conformal group is then defined as the group that leaves the metric
invariant up to an arbitrary space dependent factor

G () = g, (27) = Q) gy ()

If the 4d Lorentz group is SO(L 3) the conformal group is SO(Q, 4)



Conformal Group

Generators: P, = —i0,,, M,, =i(x,0, —x,0,) = Poincare group

Scale transformations

zt — Cz*
D=—12-0
Algebra

[M,uw Pp] = _i(nuppu - UupPu)
M, M,.] = —in,,M,, £ permutations
D,K,| =1K, \D,P,| = —iP,

Special conformal transf.

M + aMx?

oy
1+ 2xta, + a?x?

K, = —i[z?0, — 2x,(x - 0)]

[M,uw Kp] — _i(nupKu - nupKu)
P, K,] = 2iM,,, — 2i5,,D
\D,M,,] =0



So, what do we need then?

- List of local operators in the CFT O

; labeled by their Lorentz structure,

their charges, and UV scaling dimensions Az defined at the fixed point.

- To generate the RG flow of interest, we perturb the system away from this
fixed point by turning on appropriate sources J i with which we construct the

generating functional

_ 5”’ 1HZQFT[J(IJ]
0Ji(x). . 6n(@n) 7m0

ZQFT[Jf(I':]] i {EJF dmd.fi[.]?:lﬂfl:ﬁ:l) ) (Oi(21)...0,(z,))
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At the fixed point then the geometry in the bulk theory should be very special
to encode all the symmetries present in the QFT conformal group.

Indeed, the bulk geometry that describes the 4d CFT state must have:

- At least 5 dimensions (where “r” is the extra holographic coordinate).
- 4d translations, rotations, and boosts as isometries for each “r” slice.
- Rotations and boosts that mix up “r’ with the other coordinates.

- Scaling transformations . .
9 (r,Z,t) = (ar, o, at)

The only bulk geometry that fulfills all of these requirements is AdS5.
Maldacena, 1998

LE f V
AdS5: ds® = = [—dt* + di® + dr’]
r
1 A _d(d-1) .
R — ‘Z)HWR = —Agu 2L7 L H o~ 55
Negative cosmological constant AdS radius Ricci scalar

Einstein's equations




- The full isometry of AdS5 is identical to the conformal group in D=4.

- You can think about the negative curvature in AdS as a “closed box” for gravity
that is however still homogeneous and isotropic (there is no center to which
objects can return).

- In fact, if you are inside AdS sitting at an arbitrary point and send a

photon, that photon will run away to the boundary at infinity and return to you
in a finite amount of time. Nothing gets out of the AdS box.

Boundary 7 — ()

.
v/
UV physics in the
gauge theory

IR physics in the gauge theory ~ far from boundary in the bulk
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Another cool thing about AdS space is that it is a solution to the equations of
motion of a generic Wilsonian action for the metric

1

d /=g (-2A + R R? R+ ...
15?1‘@_.\.;_/. Q( + L+ Cy + C3fi” + )

i

Higher order derivatives

I, Gravity —

(-  Gravitational constant

9= det(guy) GR consists of keeping only the terms
with at most 2 derivatives, which gives
R ~ 32g Ricci scalar the EOM
1

R,m.-' - ;:ngﬁ = _hg.t-!-!-‘



INTE

The AdS metric solves the Einstein equation with radius L determined by
2

A~1/L

- One can show that AdS remains to be a solution even when higher order
corrections are included.

- Also, since R ~ 1/L2 note that our Wilsonian action for quantum gravity

1

d e /=g (—2A + R R? R+
mwgﬁf V=9 ( +R +cR* + R +..))

I Gravity —

becomes classical GR when L/gpla,nckv L/EStTing > 1



|s there a gauge theory in D = 3+1 which is conformally invariant (after quantization)?

YES!! N — 4 SU(Nc) Supersymmetric Yang-Mills

- 16 supercharges + extra 16 due to conformal invariance.
-SU(4) R-symmetry (rotates the scalars and the fermions).
- Global SO(6) symmetry.

- Field content: massless

AS Y o' I=1,...,6

1 Gauge boson 4 fermions 6 Scalars

All in the adjoint representation of SU(Nc)

L= %Tfr F? 4 (Do) + 4Dy + Y (6'¢”)" + 9Tl !y
I,J

The cool thing about this theory is that it comes up quite naturally in string theory ...



Black holes in AdS

- If pure empty AdS gives the ground state for a CFT in the vacuum, finite
temperature CFTs should correspond to AdS spacetimes with black holes (black
branes — translational invariant in “x” and “t” but not in “r”).

The simplest asymptotically AdS-Schwarzchild d+1-dimensional, black brane
is given by

Also solution of

L? 1 v 1
2 _ L | 2 0 2 o~ ~guR=—Ag,,
ds 2 [ f(r)dt” 4+ dz* + f[:i"}d?:| B = J9uwB=—Ag
rd .
Blackening factor:  f(r) =1— —. Horizon ryg — f(rg) =0

TH

boundaryisat r — 0 and lim f(r) =1

r—0




Black holes in AdS

Within a semi-classical (in Euclidean signature) regime (G_N — 0)

E E
Z p— Dg/,w e_Sgravity (g.LLV) A~ e_Sgravity
Saddle Points

One such saddle point is the analytical continuation of the AdS black brane metric
(Euclidean signature)

T =1t



Black holes in AdS

The fact that f(r) — 0 at the horizon places a constraint on this Euclidean spacetime.
For the space to be regular at the horizon (and hence a genuine saddle point of the
action) we must periodically identify (absence of a conical singularity)

period

, A I
' 5= P

[f'(rm)]

What does this mean for the dual quantum field theory?

The basic object for this discussion is the bulk metric Juv

2
At the boundary -~
we have g(O)pJ/ gpy(r} T = g(ﬂ}#[_y T as r—0.



The d-dimensional background metric in the field theory is d82 — de -+ dﬂ_ﬁﬂ

47
' (rw)

where 7 is periodic with period 6 —

This implies that the volume integrals in the field theory are like

B
f dr / dd_lf Just like thermal field theory !!!
0
d Hawking temperature Temperature
T = black brane = na QFT
47T7“H




The other thermodynamic quantities are evaluated using the partition function
7~ B_SE -~ 6—FVd/T

where F is the system's free energy density.

One could show that the Hawking temperature, energy density,
and entropy density of this black brane are

o - q _ d-1 (L d—1 L 1 Ed—l
N =10 drry 16rrd \¢,) Cardt g,




o T= Y c_ 41 (INT 1 (LT
Yo o dwry ~ 16rrd \ 4, ’ _4:-"1_1_1 £,

- What do these expressions tell us? They tell us that if you throw energy into
the black brane, this moves the horizon closer to the boundary at “r — 07,
which leads to an increase in temperature.

- In other words, the specific heat of this system is positive, which is necessary
for thermodynamic equilibrium.

- This is very different than black holes in asymptotically flat spaces where
the specific heat is negative, which means that it cannot achieve thermodynamical
equilibrium in the absence of external sources.

- Black branes in asymptotically AdS spaces behave as heat baths. This means
that our intuition about what is a CFT at finite T is correct.



- Since AdS works as a “box”, any radiation that the black brane evaporates away
goes back into the horizon at finite time, which means that detailed balance can
be achieved and, consequently, thermal equilibrium.

- Also, from our Wilsonian point of view for the bulk gravity theory, we know that
GR should appear when

L/e, > 1

- Remembering that the entropy density “s” goes with the area of the

horizon and

Classical GR in the bulk appears when the number of QF T degrees of freedom goes to
infinity (horizon area must be infinitely large in Planck units for us to see a coherent
classical gravitational field instead of quantum gravity).




Charged black branes in AdS

We all remember the first law of thermodynamics
de = Tds + pdp.

How do we include a chemical potential [l ? If the black brane-based description
of the 4d CFT in thermal equilibrium is true, we should be able to somehow
include a conserved charge in this black brane.

This is done by considering the solutions of the d+1-Einstein-Maxwell action

1 L2
Inee = d®z+/—g | -2A+ R — — F*
ME = 162Gy f Ve [ TR e

Fuw = 0,4,

F2=FwF,, = (E2-B?%)

:Eé — _F[].a Bt = —flijjk



We look for black brane solutions of the EOM of the form

—f(r)di? + dz? + -~ dr?
gt =2 S, A=At

The result is

a—2
f=1-MrdtQ2p2d-D A(r) = p (1 - (%) )

T % (1 — %Qgrﬁd_g) LU= 2Q 'l"’I}i_E and C = 2(d-2)

4mry

E_Md_l E d—1 i 1 E d—1 _Qd_l E d—1
e \o) 0 TTwdi\e) 0 PTVec \g)

de = T'ds + ndp.




d d—2 od—
Since T = (1 — — Q% 2) one can find a charge Q at which

_ [_d 1 E— Temperature vanishes but
Q=0 d=2r " entropy density doesn't !!!!

Tu

- The ground state of this system has large degeneracy and it plays an interesting
role in the holographic descriptions of phase transitions.

- Also, the microcanonical counting of this type of ground state entropy in quantum
gravity (a more symmetrical version of this one) was solved by Stroeminger and
Vafa in 1996 using string theory and D-branes.

- Now we have an idea of how to include temperature and density in holography.



Holographic dictionary: The effective action as a functional of boundary conditions

(13 ”

Consider a scalar field of mass “m

2
o o a7 y=g (3 (09)" ~ 02+ ...

In the (d+1) AdS black brane I2 1

background ds® = o) [—f('r] dt* + dz® + f[fr}d?j}

Take the plane wave Ansatz ~ ®(z,r) = ®(r)e*~

and the EOM becomes:  r*f ®"(r) — r[rf'—(d—1)f] @'(r) — [k*r*+m*L?*| &(r) = 0



U F
Let's study the solutions of this equation at the boundary and at the horizon.

Near the boundary at r — 0, where f — 1, the solution becomes

With scaling dimension: A(A — d) = m?L?

Breitenloner-Freedman (BF) bound: m? = —dEM;LE,

Differently than in flat space, a small negative mass squared
does not lead to an instability in AdS space.




- Again, the fact that AdS space is like a “closed box” makes a big difference.
This “tachyon instability” is removed by the extra “harmonic potential” generated
by the curvature of AdS space.

- Note that, as expected, when L — infinity, Ricci scalar R — 0, and m2 > 0.

- Thus, as long as the BF bound is preserved, solving the radial evolution implies
that we need to know 2 constants of motion:

normalizable ¢A qﬁd_A non-normalizable

The non-normalizable mode must be fixed at the boundary to have a well defined
variational problem.



N

Ex: Scalar field in T=0 AdS5:; ds® = % (—dt® + di” + dr”]

In this case one can find the solutions of the wave equations analytically:

Ex:5 o(t,z,7) = [‘?i}reg?'g K, (kr) + ';i:"irrcg?"rj I, (H::-"]] g~ i(wi—kz)

: .

Integration constants

v=A- g, k= Vw?+ 52, K, and I, are modified Bessel functions

Since Iy(kfr) ~ ekr near the “horizon” at r — infinity, regularity at the

horizon implies that ¢irreg — ()

Now, let's see what happens at the boundary ...
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Remember that at the boundary r — 0

® ~ dgn(k)r 2 4 dalk)r® +. ..

We can now expand the full solution left over ~ rd/zKV (kfr) nearr — 0
to find

r(¢ - A)

2

25-3T(A - 9)

P (@ +£7) . Pi-A

Since we already fixed the non-normalizable mode at the boundary and imposed
the regularity at the horizon, the value of ¢» . is determined.



Suppose that we want to study the partition function of the gravity theory in AdS by

integrating all the bulk fields ®(x, ).

We then specify a boundary condition for each of the bulk fields at the boundary
of AdS

Pa-alz) = 11_1}131?‘&_&@(% r)

This means that the partition function in AdS is a functional of the boundary
conditions for all bulk fields that are “switched on”

Zpds|0a-a(2)| = Zaas|P|@a-a(z)]]

*Note that one has to perform the sum over all the possible spacetimes that are asymptotically AdS.



‘ Holographic dictionary

Boundary QFT

Bulk Gravity

Cperator (x) Pz, r) Field
Spin S0 Sa Spin
Global Charge g g Gauge Charge
Scaling dimension Pl M Mass
Source J(xz) Pz, r)|a Boundary Value (B.V.)
Expectation Value (EM =0y Ma(z,r)|a B.V. of Radial Momentum
Clobal Symmetry Group e & Gauge Symmetry Group
Source for Global Current e Az, rle B.V. of Gauge Field
Expectation of Current (=)} iz, )]s B.V. of Momentum
Stress Tensor ) [ I Spacetime Metric
Source for Stress-Energy [ E ] Bz, 7Y |8 B.V. of Metric
Expected Stress-Encrgy R 3 ) [ {2, r)la B.V. of Momentum
# of Degrees of Freedom N PR Radius of Curvature
Per Spacetime Point ; (Ejl In Planck Units
Characteristic Strength X By Radius of Curvature
of Interactions (Ej In String Units
QFT Partition Function e - G Partition Punction
with Sources J,(z) Zarr, M Zqay., [BlA]] in AdS w/ &5 = J,
QFT Partition Function ANELy ¢ Tama., BN Classical GHE Action
Et.;-F'r., :-lrl_ e Sl BRI

at Strong Coupling

QOFT n-Point
Functions at
Strong Conpling

I:I:JL{EL} - -ﬂn[ﬂ:n:'j

e [0 |
D
Ay Lz )BT () “-..l'.=|:'

in AdS w/ ®ia = J

Classical Derivatives of
the On-Shell Classical
Gravitational Action

Thermodynamic State
Temperature
Chemical Potential
Free Energy

Entropy

th'mw N

Ty
Q

Ton|{sa—she)
A

Black Hole

Hawking Temperature ~ Mass

Charge of Black Hole
On-5hell Bulk Action
Area of Horizon
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Mathematical Definition of the Holographic Duality

Zarr|di| = Zqa|®|Ji]

Zarr|Jj] Partition function of the QFT as a function of the sources

Zaoc|®|J:) Partition function of the gravitational theory in AdS

The bulk fields play the role of the coupling constants of the QFT that are now
promoted to dynamical fields on the higher dimensional spacetime where the
extra dimension is the RG scale.



STANDARD .
EXAMPLE N =4

SU(Nc) Supersymmetric Yang-Mills

g
extra (ortp, ,orX; )
dimensions
Here N = 3;

Often want N > 1

Fields in the adjoint rep. of SU(Nc)

- 16 + 16 supercharges
-SU(4) R-symmetry
- SO(6) global symmetry

B=0 CFT!I

Maldacena, 1998: This gauge theory is dual to Type IIB string theory on AdS5 x S5

Strongly-coupled, large Nc gauge theory

N, — o0

A= L1 —

t'Hooft coupling in
the gauge theory

Weakly-coupled, low energy string theory

gs — 0

ls/L — 0
64




Entropy density: The Stefan-Boltzmann limit for N=4 SYM

2
3

What about the limit N, — 00 A>T 2

a
4G10

Bekenstein-Hawking formula: SpHg =

A:avg:/df‘f/ d°Qy/—det g, wm—tp o =13 T L?
St

Isn't that neat ?




Ld—] L{i
2— — — —
ve(e) - =)

So, in order to have a weakly curved, GR-like, bulk description, the QFT

must be strongly interacting (or have large anomalous dimensions for non-
protected operators) and have infinitely many d.o.f.

Indeed, consider Euclidean signature and take the large N, strongly coupled
limit of the QFT. In this case one can express the quantum gravity partition
function as a sum over saddle points and focus on the dominant saddle

Zarr[J] = ¢~ 1cr[2lJ]] mm) [[0[J]] = ﬁ f d*'z /=g (R—2A + L., (D))

0" Iar|®[J;]]

(O1(z1)...0n(z,)) = 5J(21). . .6, (,)

J-E_l:]

On-shell gravity action as a functional of the boundary values of the fields gives
all the correlation functions in the QFT.



Ex: Computation of 1-point function

Bulk scalar field (dual to a QFT operator of dimension A )

1
Euclidean signature acton S = 5 / dx /g [(09) + m*®?]
T<<TH

Duality: <€£Ep [_ / d%r da—n(x) 0(:13)] > _ e—S[rA_ch)(T—)O):de—A]
QFT

1-point function: (D (x)) P — lim r%—2 II(x,7) II=1gg"0.®

d—A r—() Canonical momentum
in the r direction



One can then show that, just as (bd—A (:L') = J(;U)

then the 1-point function of the operator is

2A — d

(O@) = =—6a(x)

So, the non-renormalizable mode @4_ A is the source in the QFT
for the associated operator () and the normalizable term DA

determines the expectation value of the operator in the QFT.



Let's now recall a few general features of Green's functions

Consider a given (bosonic) operator @, (LE)

In Minkowski spacetime (signature -,+,+,+ 2 =t we have
The retarded Green's Rrn - | gt —ika A A
e ot onation). G (k) = =i [ 'z 0(0) (0(2), 00}

The advanced Green's Ay s [ a bz ar 1A .
function (2-point function): G™ (k) = ?’fd re 0(~¢) ([O(z), O(0)))

Wightman correlator: G(k) = % / diz e *2(O(z)O(0) + O(0)O(z))

Feynman correlator: G" (k) = —i / d'z e ** (TO(z)0(0)) = %[GR(FS) +G4(k)] —iG(k)



N

From GR you can find the other ones  GE(k)* = GE(—k) = G4(k)

Ex:  GF(k) = ReG®(k) + i coth % Im G%(k)

Also, invariance under parity implies that: 1m G4 (w) = —Im G4 (~w)
Re GP4(w) = Re GP4(—w)

However, despite of all these different functions in Minkowski space, in Euclidean
spacetime (+,+,+,+), we can use Euclidean time ordering to define

GP(kg) = / d'z g e %22 (T O(z5)O(0))

GR(2miTn, k) = —G¥(2nTn, k)
GE(0,k) = GA(0,k) = —GF(0,k)

GA(—27miTn, k) = —GE(—27Tn, k
(—2miTn, k) (=27Tn, k) Rotational invariance



Euclidean 2-point function

We can either take two derivatives of the partition function or simply remember
that in linear response theory, an infinitesimal source J(x) generates a response
which is linearly proportional to the source

J(k) = ¢a-a(k) = limr*~"®(k, 7)

2A —d $a(k)

C}'E[k]E<ﬂ(k}}=limrgm_djn—(k’ﬂ mm)  Gp(k) = I d0n(k)

j{k} r—0 @“ﬁ, ‘l"’:]

Remember that gbd_A and gbA are not independent because of the
condition of regularity of the solution at the horizon.

d _
Ex: For pure AdS (T=0) one can show that Gg(k) = 28a-d_T(;-4) (kg)ﬂ_”

L o2-ip(A-9)

[

which is precisely the expected form for the 2-point function of a scalar operator of
dimension A inaCFT.



Son and Starinets (2002) showed that for the calculation of real time correlators
one must be a bit more careful with the boundary conditions at the horizon.

- For retarded Green's functions one must impose in-falling boundary conditions
at the horizon, which in this case for the scalar field would give

Grl(w E} = lim rpﬁm—d]nﬂi“(u’ k,r) _ 24— d_¢an(w,k) .
! r—+(] ‘I)in(w: Jii}, .’F":] L ':ﬁ'd—.ﬁ.in(w: k) |

- For advanced Green's functions, one must impose out-going boundary
conditions at the horizon.

- With these conditions we can compute all the different Green's functions
that describe real time linear response behavior (that is how we “beat” lattice)



Summary of the 2 lecture

- Conformal invariance in the 4d QFT is mapped into AdS space in the bulk.
finite temperature and density QF Ts can be constructed using bulk geometries
that are asymptotically AdS.

- There is a well defined holographic dictionary at the level of partition functions
that allows one to map bulk to QFT information and compute the correlators of
operators in the QFT via gravity (both in Euclidean and Minkowski signatures).

- The duality is a type of strong-weak duality with one side becoming a strongly
coupled quantum mechanical system whenever the dual is weakly-coupled and
semi-classical.
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LECTURE lll: Hydrodynamics and Holography

OUTLINE OF THIS LECTURE

1- Introducing the perfect fluids in nature
2- Conformal relativistic hydrodynamics

3- Universality of the shear viscosity to entropy density ratio in holography

4- Summary



N

Adams et al, ArXiv:1205.5180

Temperature and Pressure Scales of Extreme Quantum Matter

P|Pa)

oy

1014
10° F

1074

-

quark gluon plasma e

neutron stars

;
i sumn
helium )
o .

water

@ uitracold Fermi gas

1072
1078

i 1 10* 108 1012
T K]

and @ are connected. You will see that holography may provide the

natural connection between these completely
distinct quantum systems. 75



0 <"~ HOLOGRAPHY < > @

Quark-Gluon Plasma Cold Atoms
Tc ~ 150 MeV ~ 10M2 K N 1 Tc ~ 500 nK
— N —
“Life time” ~ 15 fm/c ~ 10*-23 s S 4 “Life time” ~ 1 ms

Size ~15fm~ 1014 m Size ~ 100 microns

Strongly coupled, nearly perfect fluid behavior !l

76



U F
Shear Viscosity in Non-Relativistic Fluids

Physics 101
Friction Force

—— F
y _}—} V,ly) Z — nﬁyvx (y)
X —-

Good fluidity = Large Reynolds Number

= fluid's mass density

characteristic flow velocity

Re = P vl >1

p
v
77 L characteristic length scale
of flow

7

shear viscosity



Shear viscosity roughly measures the ability .

to transport momentum from one part of the y
fluid to the other. °

(p)

ﬁrnfp

N~ =1 (p) lmp

1
3

fluid density

average momentum

mean free path

- In terms of the cross section, 7, we have that Emfp = 1/(%0‘) or

n~T/o

(density independent)

—

Idealgas (0 — (0 ) has 1) — OO

78



Ex: “Very bad” fluid

Australian Pitch drop
experiment (1927-2014)

Only 8 drops have been
observed during this time!!!

Timeline

Duration | Duration

S - S (Months) (Years)

1927  Experiment set up
1930 The stemn was cut

December 1938 | 1st drop fell 96-107 | 8.0-89
February 1947 | 2nd drop fell 99 8.3
April 1954 | 3rd drop fell 86 7.2
May 1962 4th drop fell a7 8.1
August 1970 5th drop fell 99 8.3
April 1979 | 6th drop fell 104 8.7
July 1988 7th drop fell 111 9.3
28 November 2000 8th drop fell 148 12.3

Ignobel Prize of Physics in 2005 !!!!

Months between drops

79



Miklos Gyulassy Pawel Danielewicz

1985

- Quantum mechanics says that momentum and position cannot be determined
simultaneously with arbitrary precision ... The smallest mean free path is

h
pﬁmfpzh and s~kpn > QZ_
S kB

Uncertainty principle Kinetic theory Viscosity bound

- Water near the triple point: 77/8 ~ 2 h/kB

- Superfluid . n/s~2h/kp

1atm, T~2K

80
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Coldest, nearly perfect fluid created in laboratory ...

- Optically trapped 6Li atoms at very low T : 2 different hyperfine states

- Interactions between the “spin up particle” and the “spin down particle” can be
tuned via a Feshbach resonance (bound state with zero binding energy).

- 2-body scattering length diverges ===">  “infinite coupling”

Mean free path comparable
U, h to the bound from the uncertainty
— = (O'l o 0'5) ' principle!
S kB
The system does not admit a

B. Cl ,L.Luo,J. E. Th , 2007. 1 H g
ey o, & Thomas quasiparticle description.

81



Elliptic
Flow!!!

O'Hara et al., Science 298, 2179 (2002).

100 ps

200 ps

400 ps

600 ps

800 pus

1000 ps

1500 us

2000 ps

Typical time
scale ~ 1 mili second

Temperature ~
nanokelvin

System
size ~ 100 microns

82



Towards the Hottest (and the Tiniest) Most Perfect Fluid Ever Made:

The Strongly-Coupled Quark-Gluon Plasma

Natural units for high energy nuclear physics h = ]Cb =c=1

Typical length: Proton radius ~ fermi 1 fm — 10—15 m

Typical energy scale: 150 MeV = 2 x 1()12 K

Typical time scale:  fm/c ~ 1) 245

Let me say a few words about QCD and the strongly coupled quark gluon plasma ...

83
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The strongly coupled Quark-Gluon Plasma

Ultrarelativistic Heavy lon Collisions: The idea is to create in the lab the quark-gluon
plasma that existed in the early universe by colliding heavy ions at ultrarelativistic
energies.

This plasma lasts for only ~1O_233 and it is currently produced at

Relativistic Heavy lon Collider (RHIC), Large Hadron Collider (LHC),
New York Geneva 84



These collisions produce in the end a large number of hadrons that are carefully
measured by the detectors ...

The idea is that immediately after the collision the hadrons from the initial ions
largely overlap and, thus, in that small region of space the vacuum is very

different than the usual one and quarks and gluons can become the
effective degrees of freedom of the system.

Temperature ~v 4 X 1012K

(centerofthesun T~ 107K )

This is for sure the hottest and tiniest
(only ~10 fm across) medium ever made

Quark-gluon “soup” in the lab !!!
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OEDE
o™ & Sig
& EY
= <
: o J}

fermi

1 fm=10""m

Heavy lon Collisions in a Nutshell

QGP as a

Initial state relativistic fluid  Hadronization Freeze-out
Au, Cu, Pb, U ;I
nuclei |‘1" Iiﬁi
traveling with h i i
gamma factor M
per nucleon hb-g:i
Wi
v ~ 107 = 10’
Pre-equilibrium
» fm/c ~ 10_243
0 ~1 ~15

T ~ 500MeV 86



Hadron Flow Anisotropy

Strongly interacting QGP

il

Reaction 3 ’

plane (Pgp) |

dN 14 zivncos{n(tb—mn)l

d¢’ n=1
v, =<cos[n(p—D_)]>

87



Very small

System behaves as
a strongly coupled
perfect liquid!

No quasiparticle description

v, (percent)

m—— jdeal

« == 1)/5=0.03
— 1)/5=0.08

- Relativistic fluid dynamics in the form of relaxation time equations
is the standard tool used in these calculations ... A lot of theoretical work still needs
to be done in this case — putting together fluid dynamics + relativity + entropy

generation is not at all trivial.

P. Romatschke,
U. Romatschke, 2007
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To get an idea of the devices used in the detection of perfect fluids ...

Ultracold atom apparatus ALICE detector at LHC

Characteristic length scale ~ 2.5 meters
Cost ~ 1076 US dollars Length scale ~ 25 meters

Cost ~ 1070 US dollars 89



Can 1] / S be computed directly from QCD?

- Equilibrium quantities such as the entropy density can be fully computed
non-perturbatively using lattice QCD.

Fodor et al, JHEP 1011 (2010) 077

— T T T 1 T [ T T I T T T
g SB——= 5
-_ ‘__,--' ------------ _: 15
ﬁ —
= - :
T P : P 1= = 10
" TIT Nt=5 - i 1 i
mm N =8 [ ] -
b 1 s
¢ =i by v i cvn
100 150 200 250 %
1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 L 1
200 400 600 800 1000
T[MeV]
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Can 1] / S be computed directly from QCD?

- The shear viscosity transport coefficient can be computed via linear response
using the Kubo formula (we will see soon why)

Retarded correlator

G (@ —a') = i0(z — ) ([T (2), T*° (2)])r

Its first derivative at the origin gives the shear viscosity (Kubo formula)

n=10,G%"(w,0)

w=0

**Minkowski spacetime correlator => Lattice QCD not the best tool in this case.
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Can 1] / S be computed directly from QCD?

- When the temperature is large enough, asymptotic freedom guarantees that
perturbative QCD methods can be applied and for a weakly coupled QGP one finds

T3 n

nr\.z 1 - — Y
g*lnl/g S

g <1

An order of magnitude larger
than the “perfect fluid” value

Clearly, in the strongly interacting region T ~ 200 MeV, these perturbative estimates
are not be applicable.
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- When the temperature is low enough, hadronic models provide useful guidance

to understand this quantity

» = K55 bound: 1/4n
® Chiral Pions

— N=3pQCD 4
O Hadron gas w/ pu=0,u ~0/]

10}

| WRFD

100
Temperature (MeV)

N. Demir, S. Bass, PRL 102 (2009) 172302

Inclusion of Hagedorn resonances near Tc

S~ 1/4n
015 016 0.17 0.18 0.19

T [GeV]
J. Noronha-Hostler, JN, C. Greiner, 93

PRL 103 (2009) 172302



- None of the approaches based on conventional methods of quantum field theory
have been able to explain this perfect fluid nature of the quark gluon plasma from
T~ 150-400 MeV.

- What we need in this case is a new theoretical framework that can be used to
compute transport properties of strongly coupled theories.

- The only well defined method where such calculations can be performed, exactly,
is holography.

- Before we see that, let us talk about hydrodynamics for a bit.
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U F
Shear Viscosity in Non-Relativistic Fluids

Conservation of mass + Conservation of momentum PV Body forces

assumed to
vanish here

p(Ov+v-Vv)+ VP =V T

|deal fluid (inviscid) part Dissipative part

The Navier-Stokes equations come about when we ASSUME that
the stress tensor is

2

C = bulk viscosity o _ _
(neglected in the following) This is called a Newtonian fluid ... g5
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Shear Viscosity in Non-Relativistic Fluids

- Note that, while the general form of the equations for an arbitrary stress tensor are always valid
(non-relativistically), the specific form of the stress tensor used in Navier-Stokes equations isn't.

2
- The proportionality between T@J and 6’& ij —|— 89 U’é —+ — 6wv - V | is experimentally
3

verified for several fluids but there are (non-relativistic) fluids where this relation does not hold
(non-Newtonian fluids = ketchup, toothpaste, and etc).

- The Navier-Stokes equations are for the conservation of momentum what the diffusion equation
(derived using Fick's law) is for the continuity equation.

Op+V-J=0| J=—-DVp wmp 0,p— DV?p=0

. _ Assumption: Diffusion equation
Continuity equation Fick's law

D = diffusion coefficient 96
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Relativistic Hydrodynamics as an Effective Theory

Energy-momentum conservation

vV, TH =0

I = eufu” — pATY 22977
¥

Perfect fluid (inviscid) part o Spatial projector
Dissipative part N

This tensor must be symmetric, traceless***, and transverse Flow velocity
Jv u,ut =1

*** Bulk viscosity is not taken into account here ’U,“ﬂ' — 0

for simplicity.
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Relativistic Hydrodynamics as an Effective Theory

Knudsen number: Emz’cro
HasEn e K, ~ <1
Lma,cro
For dilute systems
1
Ju ’ g ~ ]-/Lmacro Emicro ™~ EMFP ~
no
Gradient expansion Assumption:

(or Knudsen series expansion) — Dynamical variables — & , ut

N . . .

v AW/ ~ 0" 'u ~ (1 Lma,cro '

W“VZZ)VA? i 38,6”& (/ )
1=0

I A~ 0F
7 MICT O 98

Traceless, symmetric, transverse



U F
Relativistic Hydrodynamics as an Effective Theory

At zeroth orderin Kn:  THY = () mmsmd> Relativistic perfect fluid

At first order in Kn: 7MY = 2770’““/ s Relativistic Navier-Stokes

O-lu,y — V<IU,/U’U>

2\ 297
What about O(Kn) 27"
Here things get a bit more complicated because of the equations of motion

VMTHV — () tleadingorder HV 770-1“/- (88)2 ~ Kf;

expression
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The Rise of &% |nvariance

Baier, Romatschke, Son, Starinets, Stephanov, 2007

Conformal fluid: T[j =0 w=p c=3p

Hydrodynamics should be conformally invariant in this case. In fact,

S uut =1 = ut(z) — Pyt (x)

G () = Guo(2)e ™2 () —y S Y ()

v 6Q2(x), _puv
T (z) — e T (x) o



,
e

So, now one just needs to include all the different terms of O(KTZL)

that are symmetric, traceless, transverse, and that transform homogeneously
under Weyl with weight = 6. BRSSS (2007) showed that there are 5 independent
structures at this order. The full dissipative tensor is given by

= )
5 0" Do
Y= 2"?’3"’”'” - E gﬂ E"i D?y_ O =R{J'-W> +2HER&<pv}ﬁ

= g0 WA A _ alige))

03 =00, 04 —UAQ : O _Qlﬂ !
DT Ta BT O = (DR - D)
o Ha, v v, U Do bv) =&{pv}+apy3f3

Daﬂ. = VQ’H uaﬂu _ &ae oghY — &ﬁvvrjx_’ﬂ-ﬁ — Dty —|—D U

3 p 2
101



,
Ny

There are 5 new transport coefficients. This increase in the number of transport
coefficients is expected when you go farther and farther away from local equilibrium.
In the case of strongly coupled N=4 SYM theory at large Nc, all the 6 coefficients
have been computed (BRSSS 2007, Moore and Saremi 2010, Arnold et al, 2011).

However, there are some problems ... these equations violate causality
and the instabilities that appear in this case make numerical applications based on
these equations not viable.

The main problem in this case is that these equations are still basically diffusion
equations for energy and momentum.

They imply that any pressure gradient is AUTOMATICALLY converted
into gradients of flow. This can lead to problems in a relativistic theory.
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Key Insight from Israel and Stewart (1978)

Also Kadanoff and Martin, 1965

Dissipative tensor 77, treated as an independent dynamical
variable ...

Ta T P2 LY = 2ot + ...

that now obeys a relaxation equation with relaxation coefficient | 7. ~ 14 MFEP

The equations can now be causal and linearly stable if the e detalod d
. : . P or a detailed discussion, see
relaxation time is sufficiently large !!!! Pu. Koide, Rischke, 2010

The relaxation time gives the typical time after which 7T,

becomes similar to its asymptotic Navier-Stokes solution.
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U F
When is the relaxation time going to be IMPORTANT?

Te T2 )4 ot = 2ot + ...

IMPORTANT — Whenever the time variation of the flow or 7T,/

Is comparable to the microscopic scale timescale present in 7T

- Not relevant for water under normal conditions. Very relevant for non-relativistic
micro-fluids.

- | expect that this could be relevant for realistic studies of the QGP dynamics
in heavy ion collisions ... (more on that later)
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So, now the idea is to follow the effective field theory approach of BRSSS
and obtain the correct equations of motion for a conformal

Transient fluid = relativistic fluid under flow conditions where

pv Hv
n # ﬂ-Nam'erStokes

Note that in this transient regime, power counting in Emicro/Lma,cro

is not straightforward because in this case mHY Is an independent variable
that follows a differential equation and not an algebraic equation.

The idea is that in the transient regime the dynamical variables are (at least)

e, ut, ¥




2
In the transient regime, new terms Dﬂ(“‘”), Dl ...
are possible ﬂéngv)a! ﬂépﬂu}aj ﬂéuﬂv)m!_“

The most general equation compatible with the symmetries is

= 2not¥ + el*:r,‘_.ifcr“'} * + Egﬂéﬁﬂy} " Egﬂﬁj"ﬂ“’} @ Z 2n¢c; O +

i=1

The right-hand side, which is a source term for the nonlinear differential equation
obeyed by the dissipative stress, can be organized in terms of a power series in
Knudsen number and the “inverse Reynolds number”

~1 pv 1/2 P Independent small variable << 1
| J”’”' / 0 in the transient regime
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For instance, €;my'c") "@(RE_IKH) while EEWEE e - @(RE-Q)

At order O(Re Re_lKﬂ Kn? ) the EOM for the conformal fluid are

5
Tl D) L kv = 2nat’ + Elfréf"cr”)“ + Egﬂéﬁﬂvb ¢4 ewﬁfﬂ”h -

Drlw) = qwv) 4 4grvg /3

10 independent transport coefficients

Asymptotic limit: Use leading order 7#" ~ 2ng#" back in the eq. above

5
V _ 9 HY _ oI b; O Kn3)  We recover the Kn"2
ne ; ni O + O( H ) theory in the appropriate limit!

bl = T -I—Cl, bQZCQ, b3:(.‘,3—61—62, 64264—63, B.Ild b5=C5 107
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The nonlinear relaxation equation found at O( 2 Re_lKll Kll )

is identical to the one found from the Boltzmann equation within the
moments method (Denicol et al., 2012).

Atorder O(Re™2, Re"'Kn? Kn?) the EOM become
x D) 4y, Dﬂ'(””> + 7 = 2ot + elwé“a"’}“ + egﬂé”?r”}“ + eyr,ffﬂ”) *

— Z 2nc; O + E f?, VP _ ¢DWD, T,
i=1
17 independent transport coefficients

D) — gl — Qu, P g + r‘;—o?rwaz + 3070t + g:rr"“’ﬁ.'.

Again, this transient theory reduces to the Kn*2 theory derived by BRSSS in the
asymptotic limit.




—1 2
So, how do we truncate the left-hand side?? X'n D{n’ﬂ'(w/> ~/ O(Re , Kn)

As it occurs in any differential equation, the coefficients that come with the “time”
derivatives give the microscopic scales in the theory. The shorter the time,

the more derivatives (and hence coefficients) one has to include on the left-hand side
in the transient regime.

These timescales included in Xn give the non-hydrodynamical modes of
the system (which are complex numbers).

]112’(1) Wron—hydro(k) = constant ]11_1;[(1) Whydro(K) ~ k

The structure of non-hydrodynamical modes depends on the magnitude of the
coupling ...
Denicol, JN, Niemi, Rischke, PRD 2011 109



- How does one compute 7) and the new transport coefficient Tx 7777

- Several interesting attempts over the years ...

Israel and Stewart, 1978 = 14-moment approximation for the Boltzmann equation
Baier, Romatschke, Son, Starinets, Stephanov, 2007 = Kubo formulas + gradient expansion
Koide, Kodama, 2009 = Projection operator method

Progress has been achieved in this matter ...
G. Denicol, JN, H. Niemi, D. Rischke, PRD 2011

General theory for the calculation of any linear transport coefficient (valid at
both weak and strong coupling) of a relativistic fluid (~ a relativistic extension
of Kubo's classical paper). You can ask me about the details later but you need
to compute

G (@ —a') = i6(x — 2’ (1" (2), T (') r

Retarded 2-point function of the energy-momentum tensor

Determine the analytical structure of Fourier transform Gg/aﬁ (w, k) 110
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Linear Response via Metric Disturbances
G. Denicol, JN, H. Niemi, D. Rischke, PRD 2011 (based on seminal papers by Son et al.)

Gravitational wave .y .
Fluid in
""", equilibrium

Metric disturbances around MinkowskKi

9uv — my. =+ h;u/

Variation of the energy-momentum tensor

ST = T (P 4 h8) — T (1)

Linear response theory (a la Kubo)

OTH () = %/d4a:’ G P (x — 2') hap(z')

Retarded 2-point function G’l]g/aﬁ (:L' — x/) p— @9(1’ — x/)<[T'U'V (:L'), Taﬁ (ﬁL'/)]>T



LSS
Linear Response via Metric Disturbances
G. Denicol, JN, H. Niemi, D. Rischke, PRD 2011

A very specific disturbance is chosen where only h (t Z) % O
so then the equations decouple ... LY\™

OT™Y(t, z) = [dt’ dz' G (t —t', 2 — 2") hyy(t', 2)

The traditional form for the energy-momentum tensor is used

T = eutu” — PAHY + ¥

To linear order in the metric disturbances we obtain ...

o™ (t,z) = Py h™¥(t, z) + /dt’ dz' G (t —t', 2 — 2") hyy(t', 2)




If the Green's function first pole is purely imaginary then the equation of motion for the dissipative current is

T OO0 + 07" = Dohyy + D10thyy + D0 hey + O (E)? By, 02 h_.Iy)

G. Denicol, JN, H. Niemi, D. Rischke, PRD 2011
And the coefficients are

' ' 1l
1 ’ Given by the first pole !
Tw = - ;
iwy (0)
Do = Gg(w.0) L =ht GH™(w. 0)] =Pt h=0.
Dy = id, Gg (w,0) _ Do =id, Gr(w.0) _ =7 4mm Kubo formula
1.5 = 1., =
Dy = —56)3 Gpr(w,0) + D71 — DUTT% — —56)3 Gpr(w,0) + N7y
w=0 w=0
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Ok, so according to linear response theory, we only need the retarded correlator

Gl P @ — ') = 10 — 2 )1 (2), T (@)} 7

Its first derivative at the origin gives the shear viscosity (Kubo formula)

n=10,G%"(w,0)

w=0

The relaxation time coefficient is given by the single pole nearest the origin (DNNR formula)

1
lewl (O)

Tr =

This uniquely defines the lowest order linear transport coefficients of any relativistic fluid !!!!
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Application at weak coupling: Boltzmann equation

POt f =C[f] == O AUy L 2not’ 4+ ...

- It was proven that the poles (at zero wavelength) are purely imaginary and, thus,
the truncation to a relaxation equation is always possible.

- Low energy limit of relativistic dilute gases ALWAYS gives relaxation-type equations.

. Dilute 1-component, relativistic gas
Simplest example:
Massless/classical limits

constant cross section . . .
Denicol, JN, Niemi,

. Rischke, PRD 2011
In this case, 7 =47/3c

5! Tr

3%00‘

Inverse of the Pole —» T =



After DNNR (2011), we finally know:

- What the (linear) equations of motion of any relativistic fluid dynamics are.

- The formulas that correctly define the transport coefficients at any value of the coupling

A big question however remains: How are we going to compute
praf
GL 7 (w, k)

in a strongly-coupled system where there are no quasiparticles such
as the QGP formed in heavy ion collisions 7?7?77

In general, lattice QCD cannot help us much here (we need a retarded correlator) ...
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Black branes are solutions of the equations of motion of higher dimensional
theories of gravity. These objects possess temperature (via Hawking) and they are
used in the description of a thermal equilibrium state in the 4D gauge theory.

Plasma's temperature

= Black brane temperature Soilioa

the horizon

Long-range
density
fluctuation

v

Near equilibrium fluctuations in the plasma ~ black brane horizon fluctuations !!!!
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‘ Application of Holography ‘

In 2005

Pavel Kovtun Andrei Starinets

asked (and answered) the following question:

“What would be the value of the shear
viscosity to entropy density ratio of a strongly
coupled gauge theory????”
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Universality of the shear viscosity in supergravity

The retarded correlator is obtained from the on-shell gravity action
gives via the duality

¢(’I°) = (Shg(’)“) e gb =0 =) G[]L%VOcﬁ

Massless scalar field coupled to Retarded correlator in
gravity in the bulk the gauge theory

1 ~ Area = Total graviton absorption cross section when w — 0

s ~ Area  Bekenstein's area law

Thus, one can see that n _ i PERFECT FLUIDITY!!!
S 47

Kovtun, Son, Starinets; Buchel, Liu, 2005
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Ok, so let's start with the Kubo formula for the shear viscosity

. ImGg(w,k)
n= — lim
w, k—0 (¥

Gr(t, 7) = (Tuy(t, )T, (0,0)) O(t)

- The operator in this case is the Txy component of the energy-momentum tensor
in the QFT.

- This should be associated with the bulk metric component gg;y

- Disturbing the metric gzy — gzy + 0hyy in the bulk action one finds
defining ¢ — 5h§
1 - 1 o¢)?
Ie = 167G fdﬁ =9 2 (9¢) 120




- Note that the energy-momentum tensor is always a dimension 4 operator and, thus
the dual field in the bulk must be massless (for this component it is then a massless
scalar).

- Note also that we are limiting ourselves at this point to consider only GR-like
bulk theories, i.e., the bulk action contains at most two derivatives of the fields.

- Also, note that we are assuming that the plasma is isotropic.

- We then obtain

Gr(k) = lim 22> K:7) n=— lim lig 257
r—0 ';I.ill{w! k! jﬂ-} u.-‘,k—}ﬂ r— .ing)ln(w! k.r! ?1-]
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Ok, so how does the alleged universal behavior for 7] show up?

First, write the equations of motion for the field in Hamiltonian form

I=——g9"0,¢ 0,11 = /=g g k>

Now we take the low frequency limit &k, — 0 with w¢ and II fixed
O, Il = 0+ O(k,wo) Or(we) =0+ O(wII)
Therefore, the equations become trivial in this limit and the shear

Min(w, K, 1) can be computed at any value of “r’ I!!l

n=— lim lim - =
w,k—0 r—0 qujin(w! k!-r] -



The remarkable observation is that things simplify enormously at the horizon !!!!

Indeed, consider the general 5d metric consistent with the symmetries

ds* = —goodt* + gpzdT® + grpdr?

where goo(rg) =¢" (rg) =0 EOM: 8M(V —gg"’0,0) =0
Ansatz: @(r,w) = g, (r)po(w) we then obtain
k=0

2
(\/goog"""“ %xar) 9 (r) + w?gs, gu(r) = 0
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Now, here comes the magic!

“Universality of low-energy absorption
cross-sections for black holes”
Das, Gibbons, Mathur, PRL 1997

' — i / T/
Using that T 900(re)g" (1) NEAR THE HORIZON
A7 the equation becomes

)—iw/47TT )iw/47TT

Near horizon solutions ~ (1 — rg (r —rH
In-falling at horizon out-going at horizon
124



The correct boundary condition for the retarded correlator is the in-falling solution.

In this case the canonical momentum at the horizon is

— W ggf (71 )P0 (W)gw(TH)

I(rg,w) =
( H ) 167TG5
3/2
. 93353 (7H)
which means that 7 =
167TG5
However, since the entropy density computed using the horizon area is
3/2 n 1
_ 920 (TH) ey — = — | PERFECT FLUIDITY!l!
S = 4G5 S 47T

Kovtun, Son, Starinets; Buchel, Liu, 2005 125
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UNIVERSAL LOWER BOUND FOR ALL THE SUBSTANCES IN NATURE???

See also,
Danielewicz, Gyulassy, 1985.

| S~

Kovtun, Son, Starinets, 2005. > i
Buchel, Liu, 2005 Aot

Is this universal at least in string theory? In some limits, yes! However, deviations
from these limits can lead to extra terms that can violate the bound. For instance,

12
S = /d5:1: vV — R + == ] + 01R2 + CQR’L”/R'L“/ + CgRM,/ang/aﬂ
2G5 L?

Brigante et al., 2008 im c: 1
Petrov and Kats, 2007 Ci <

— (1 —4v)

m_
S 47

Y :403G5/L2



N, —00 A>1

Universal for all gravity dual theories in the

" 1 supergravity approximation Buchel, Liu, 2004; KSS, 2005
g — 471' - Conformal and non-conformal theories

- Non-zero chemical potential

- Presence of fundamental matter

\ - corrections for N — 4 SYM/TypellB = O{IB R4

L? /X added to the bulk action
o = VA Gubser, Klebanov, Tseytlin, 1998

T Ar U 8(20)3/2 T ) T oax

Buchel, Liu, Starinets, 2005

n_ 1 1I135((3)I o
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SUMMARY OF THE 3" LECTURE

- Strongly coupled systems (defined at VERY different length scales)
can behave like fluids in which the shear viscosity nears the
uncertainty principle lower bound.

- The gauge/gravity duality may be the most natural tool to
understand the perfect fluidity of strongly coupled systems that do
not admit a standard quasiparticle description.

- According to holography, any strongly interacting quantum many-body
system at finite density and temperature with sufficiently many d.o.f /volume
is predicted to behave at low energies as a perfect fluid.
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LECTURE IV: Getting stringy and etc...

T&M‘f'& Lesson ¢ Wo or "WiTTENS Dos
|ovats “ESSOM

1V SorERDirergiMETRIC

Y f“ﬂ\j'_ b o
74 155 .l,\"‘vw.,t“ B
OUTLINE OF THIS LECTURE | AW

ﬂ-g:% K%_;

1- Some comments about string theory

2- Large N gauge theories and string theory
3- Holography and the decoupling limit

4- Deconfinement from the top-down

5- Summary

)

4y la\n‘f;k




Current status ...

THE STANDARD MODEL

Fermions

Gravity 7?77
Dark matter ???
Dark energy ?77?

Supersymmetry???

> 2012 1!

AAAS
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The Theory of Strong Interactions

One of the fundamental pieces within the standard model

In development since 1960's ... the fundamental theory of hadrons

Baryon = 3 quarks Meson = 2 quarks

o 00
t @

Praton Neutron

Quark composition of a praton and a neutron [dlag'ﬂmﬂ- from !r“."fkl'pe::l‘.:a}

Up to the 50's a few hadrons were known ... 131



Baryons = 3 quarks Nowadays!!! Mesons = 2 quarks

Meson Summary Table

Baryon Summary Table
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How do we make sense of this???

Quantum Chromodynamics

David J. Gross H. David Politzer Frank Wilczek

The Nobel Prize in Physics 2004 was awarded jointly to David J. Gross, H. David

Politzer and Frank Wilczek “for the discovery of asymptotic freedom in the theory
of the strong inferaction”.

6 quarks = fundamental fermions with mass

8 gluons = fundamental massless gauge bosons that mediate the interactions
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Quantum Chromodynamics

Fundamental Lagrangian density
1 al
L=—2GLGu + ) ar(in" Dy —my)gs

4
/ i \
Gl
Hons Quark fields

It looks like QED but it has a fundamental difference ...
gluons interact to each other!!!

Gfm = 0,4, - 5‘1;;4"; + gf“"b’:AiAi Self-interaction!

Direct calculations can only be performed when the coupling is very small ...
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Quantum Chromodynamics

Fundamental property of QCD: Asymptotic freedom !l Gross, Wilczek, Politzer, 2004

Gfm = 0,4, - 3HA;1; +gf ﬂh‘:AiA; Self-interaction!

Dimensional transmutation: Even without any quarks there is an energy scale

AQC’D ~ 200 MeV

When typical momentum of the interaction g — infinity

I (s w Uy _ 2y
~ bolog(g?/Adp) R I

7°(¢°)

Then, at sufficiently high energies QCD is weakly-coupled !!!
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QCD is the true origin of mass in the observable universe !!!

Proton mass = 934 MeV Proton = 3 quarks

Summing up the bare masses of the quarks in the proton < 30 MeV

Then, 97% of the matter of the observable universe (4% of total) comes
from the interactions between quarks and gluons in QCD !!!

Confinement of quarks and gluons inside hadrons remains as one of the
fundamental problems in physics.

String theory appeared in the early 70's as a theory for mesons. It did not
work out because it predicted the existence of a massless spin 2 “meson”.
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One man's trash is another man's treasure ...

The “old string theory” failed as the theory of strong interactions in the early 70's ...
However, at the same time it was realized that the massless spin 2 field that

appears in this theory could be understood as the graviton
(the quantum of gravitation) ...

In general
Quantum gravity !!!

,-f""/f

graviton

gravitons

oo eeergy,

-3
Strong Interaction
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String Theory as the theory of everything (1980's) ...

“All the fundamental particles in nature can be understood as different
modes of vibration of a single, unified string theory”

-,__,fw”‘w\# - 4

ZV*"‘N“\ ’_—--"""-.—""““—-—m At e S

""ﬁﬂf“@"'_'.}."‘)ﬁﬂ—’wf_l_

IRy | WIS —35
. LPlanck ~ 10 m
T2 "2 a a & it
i
]llt netl I':li.|l.'l.'|'xl i :.|' [meomine stnna i on Lhe other comes
trom adding together the influences involving diagrams with - more 1o ps

Let's talk a bit about these things (VERY superficially, though) 138



See, for instance, C. Johnson's book

Geometrical view of a relativistic particle

yo4 dﬂ:'ﬂ’}‘ 1‘*3\ ( }ri:I.'r” dr¥
T T r
S f [ EOM
¥ |
X] /’? Fﬁv{g) = %g).n {a,r..'.grw + auﬂﬁ.,u. - any#p)
. T
Action: §=-m [(~gu(@)dzrdz’)? = —m [ (~gu(a)its*)/2dr

Length of the particle's worldline in spacetime
139



String propagating in spacetime

Induced metric on the worldsheet

X“(z,0) of h.ﬂ_.h = HGX #3{,}: yﬂ#”?

Action = Area

we extremise the area of the world-sheet:

§=-T f dA=—T f drdo (~dethgyy)? = f drdo L(X,X';0,7)

" 1/2
S = —Tf-:iﬂia [(%%)2 B (ai )2 (3;&)1 — » Nambu-Goto action
]1;2,

- —T/dffiﬂ' (X' X)? - XX
140
where X’ means 0X/do.



We introduce a new field, an independent metric on the worldsheet 7y (T, O‘)

, 1 2, ab
5= Y _/deJ{_ﬂ” Y0, X Oy X 1y
= - 1 f fd'lg (=) Y24 . Polyakov action
g

The theory is invariant under reparametrizations on the worldsheet.

1

5 =
4o

/M d%r g*? g8, X 8, X i

—I-A{if figﬂ'glﬂﬂ—l—if dsfi’}
4 J g 2T Jam

Now this is a theory for X and g (like GR coupled to D scalar fields in 2 dimensions).
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“Statistical mechanics” of surfaces is a hard problem ...

Euler number

x:i/ dzu'{—q«)lsz—l—if dsK,
4 S 27 Jam

Insert 2.4. World-sheet perturbation theory diagrams

It is worthwhile summarising all of the string theory diagrams up to
one-loop in a table. Recall that each diagram is weighted by a factor
g = g2h=2+5+ where h,b,c are the numbers of handles, boundaries
and crosscaps, respectively.

95 g g
sphere 5% torus T2
(plane)
closed
oriented @
dise Dy cylinder
(Balf-plane) {annulus)
open
oriented

projective
plane RF? | Klein bottle KB

closed
unoriented

apen
unoriented

==l
=

Mihbius strip MS

-
=

Crosscap = The self-intersection of a one-sided surface

Z= fI?XI?g e ”,

resulting amplitudes will be weighted by a factor e *X where y = 2—2h—
b — c. Here, h,b, ¢ are the numbers of handles, boundaries and crosscaps,

B =-1

Fig. 2.2. World-sheet topology change due to emission and reabsorption

of open and closed strings.
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Strings in curved spacetimes (“fancy” non-linear sigma model)

Se =

1 |
— [ & g'% { (9 (X) + i B (X)) 0. X 0, X" + o/ DR}

B,  Anti-symmetric tensor

G, Background metric

o Dilaton

Now one has to quantize this respecting the symmetries (Weyl invariance and etc ...)
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Weyl invariance requires that the trace of the worldsheet energy-momentum
tensor vanishes

1
T = =5 89" 0 X 0 X" - —55 €0, X 8, X" — —,B‘I’R

1

ﬁ#u = (RW +2V,V,® — iH#mH,”") + 0(a'?),

1
ﬁfv = ar (_EvﬁHrmu + vméﬂmpu) + O(am):

D — 1
5@=a;(D 26——V2<I’+Vm T — =

1
6a’ HE#VHRMP) + O(a’ﬂ)

G B D

H,‘JJUE = aﬁBUfﬂ + SUB}'EP: + aﬁ;BMy- 144
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The vanishing beta functions are like equations of motion from an action

2(D — 26)

[TI7D.N
uAH —
H 3o/

1
S = / dP X (-G)Y%e72® [R + 4V, dVHP — +0(a))|.

22 12

Closed bosonic string

This is why one says that the low energy limit of quantized string theories
reduce to higher dimensional GR + stuff ...

A nontrivial D-dimensional “spacetime” is created due to the propagation of strings.

There is an infinite number of details | have skipped: critical dimension,
spectrum, stability, supersymmetry/superstrings, compactification and etc.
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The success and impact of these ideas in high energy particle physics
in the 1980's were enormous ...

Famous physicists even said at the time that the fundamental theory

of everything was within our grasp !!!

“string theory is 21st century physics
which fell into the 20th century ...”

Others were not
so enthusiastic in the 80's ...

Richard Feynman

i

“String theorists don't make predictions, they make excuses.”
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Indeed, since string theory is theory of quantum gravity, its natural scale is

—35
EPlcmck ~ 10 m

which may never be experimentally accessible.

Mathematical consistency became the major guide for all those studies. After
some time this lack of experimental verification started to create some
controversy among (non-stringy) physicists.

String theorists did in the end the only thing they could: they kept working
hard and generating more and more knowledge!

Things changed radically after Maldacena's breakthrough in 1998.
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There is more to QFT than just Feynman diagrams ...

Anonymous

148



N

See A. Zee, QFT in a Nutshell

Solitons and the kink solution of )\ gb4 in 1+1 dimensions

L=10¢)*— V(p)

Vi(p) /

\.

+v

V(p) = (A/4)(p* — v%)?

Small oscillations around
the minimum produce
massive “mesons”
particles

w= (\?)?



1N
The soliton solution ¢ (z) = v tanh (NM>

V2

AO
+v

[ ~1/p f

2
Energy density &(x) =% (j—i) + %(qal — v})? Mass M = f dx e(x)

Ac Localized lump




Checking the behavior of the soliton's energy

)2+ A (gaz _ v2)2i| @(x) = vf(y) and y = ux
4

M — ﬂ(ﬂzfl)ﬁ “a” pure number

The soliton is “heavy” at weak coupling /\ — () and light at strong coupling )\ — O

The “meson” is light at weak coupling and heavy at strong coupling.

At low energies and strong coupling, the soliton becomes the relevant d.o.f.



Conservation of topological charge

1
wo__ pv o
J —ZuE 0, E—)> 9, J* =0
+o0
Topological charge: 0 =f dxJ(x) = zi[go(+oo) — @(—00)]
— v

] 1 +00
|:_‘P3 _ vztpz]

—0

s (%)




The Reissner-Nordstrom Black Hole in 4D

- Black hole has mass M and electric charge Q

R
R‘W/ — guya = 87TG4TMV

Field tensor Spherical symmetry
_ p_ Ypv af Q

Ty = Fuply — = = Fapl’ Fp =E, = =<
7“2

The metric is ds’ = —Adt* + A~ Ydr? + TZdQ%

2G.M Q%G
T 2
T T

A=1-—
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- There is still a singularity at r = 0. Note also that (oo — 0 when

=T+ ZMG4:|:\/(MG4)2 —Q2G4

"4 Outer (inner) horizon

‘&(‘“)T oO>GM*> - - - _
' M > 0]/
= Q=G4ﬂdl e - ‘Q‘/ G4
(0,0 — :
. o Q <G.M-
al M e To avoid the creation of
‘ i | a naked singularity at
R r = 0 (cosmic censorship
Ga M Gs M ConJeCture)
2
A 20aM Q%G

This looks like a soliton but in a theory of gravity ...
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Extremal Reissner-Nordstrom Black Holes 1in 4D

TiZMG4 |Q‘=M\/G4

In string theory, the saturation of this bound is often equivalent to the
saturation of a BPS bound, which then implies that the theory has some
unbroken supersymmetry.

2 —2
ds? = — (1 _ T—O) dt? + (1 _ T—O) dr? + 1r2d02

r r

T0o IMG4

When 7"~ 7Tg > Ad82®82



Black p-branes

Black branes appear in string theory

They are solutions of type |l supergravity in 10 dimensions

1 1
SP) = d'%z\/—g |e ** (R +4(89)%) — =|Fpt2|
2G10 2
If pis odd — Type IIB If p = 3 then / Fs = N.  D3-brane charge
S5

If p is even — Type lIA
¢ Spatially homogeneous

This will be useful later today ... Fy = I Selfdual



Large N gauge theory and string theory



Large N QCD and string theory

. =

QCD: SU(3) gauge theory with Nf fundamental quarks — SU(Nc)

gy M = gy M (E) No obvious small external parameter close to AQOD

Take the limit NC — OO , expand in powers of 1/NC and check whether

Nc = 3 is a good approximation



Number of gluons ~ ]\fc2

What happens in this case? Number of quarks NcNf < Ng
Limit is well defined if N, — 00 t'Hooft coupling
_ 2 -
AQCD fixed gym — 0 A= gYMNc — finite
For instance: Beta function Double line notation:
q > gluon
d

lim —\ =B\ +0O(1/N?) ] <

Ne—oo djt Vertex: JY M



See review by
Witten, 1979

Seeing the stringy nature of QCD when NC — 0O

O - O

Planar diagrams

R
g 2 e 4 4 _ 2 nT2
éfy%f? ~ Gy Ne = ATNS
200005
4 2 _ 2

Non-Planar diagrams are suppressed when NC — oo M
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Another simplification that occurs when N c —> OC is factorization!

Correlation functions of single trace operators of the form O; = Tr(...)
factorize

(O1(21)Oa(z2)) = (O1(21)){Oa(z2)) + O (%)

Note that this does not imply that the gauge theory is free because the 1-point
functions are not trivial (you can have a large number of these quantities).
For instance, the anomalous dimensions of all operators are controlled by

the t'Hooft coupling.



Only planar diagrams survive at NC — OO

Planar + point at infinity

Euler number

XIQ—QQ g = genus

In general, for planar diagrams

Amplitude of a given process in the gauge theory

A= N7 () + 5 i) + i)+ ) = N 30 A



Amplitude of a given process in the large N gauge theory

1
A=Nm (AO(A}-l-NEAl( )+ s ) N’“Z )
Hmm ... This looks like the loop expansion for a closed string theory
A= g7 (Ao(o’) + gl Ai(a") + giAs () +...) = g7 Zgﬂu
String tension ~ 1/ if  Qgs ™~ 1/NC

This led several people to think that:

Large Nc gauge theory 1n 4d should be equivalent to a weakly
coupled, classical string theory/gravity in 4d !!!



THIS IS WRONG !!

Remember Witten-Weinberg's theorem?

So, what kind of string theory comes about then?
Bosonic string in D=3+1 dimensions?

Not really ... and this is why: . .
2
Classical Polyakov action: S ~ / do+/gg*°0, X, 0" X"

/ iy
¢ da.p  Weyl symmetry
% Faddev-Popov ghosts: b,c

e s s :/DXD(bC)e—S[X,g]—S[b,c,g]

Jab — €

Anomaly

26 — D 1
Serr(g) — Serr(g’) = T d*o §(V¢)2 + R?¢ + pe?

Liouville action



IISTE
— D
Serr(g) — Serr(g’) = 26487T / %(Vqﬁ)z + R?¢ + p2e?

So, integrating over gb is like adding a new coordinate, or a new dimension !!!

In general, it is not known how to quantize the Liouville action in D = 4.

Lesson: In order to find the correct string theory description, one has to introduce
“at least” one extra dimension where the strings can move. Does it sound familiar?

Yes !l

We will see in the following how holographic was first discovered in the context
of the duality between type [IB string theory in AdS5 x S5 and N=4 SYM.

But, first, let me introduce you to the “key player” of the game ...



D-branes

Solitonic solutions of string theory that carry energy-momentum, mass and charge.
Their “tension” is T~1/g so they only contribute to the dynamics at very large coupling.

closed string They are necessary for the consistency of string
D-brane theory. The end points of open strings are always

O attached to D-branes.

In general, a Dp-brane is an extended p-dimensional
object. For instance, as a D3-brane moves through

Open string spacetime it creates a 4-dimensional world volume.
10 dimensional spacetime TDB ~ L
19
gslg Mplanck ~ 1077 GeV

Or 21 micrograms &=
Planck length J O

lp ~ 10~ 33cm



INTE
How to construct a SU(Nc) non-Abelian gauge theory out of D3-branes

Type |IB The endpoints of the string can be in any of the D-branes

/ This gives ]\fc2 possibilities => adjoint representation

The endpoints live in a 4-dimensional space. The low
energy degrees of freedom will be exactly those in
N=4 SYM.

Stack of What about the gravitons? How do D-branes curve spacetime?
Nc D3-branes

Range of influence: L4 ~ GlO ]\fC TD3

Gravitons decouple
at low energies

lim G1oE® = 0
E—0




.K Y]J— Therefore

However,
f A< 1 D3-branesare

L4 : : :
just defects in spacetime
1_4 — (s Nc = A > (boundary for open strings, which
D are fluctuations of the D3-branes)

2 2
s = gopen = 9y Mm

Also, in this case the low-energy effective SYM theory is weakly coupled.

Spacetime is then strongly modified close to the D3-branes
(far from them we recover flat space).

Whatif A > 1 2

However, in this case classical supergravity should be applicable. It has been
shown that the geometry close to the branes becomes

BPS: N = Q Ad85 X 85 L = Radius of AdS and 5-sphere

Extremal solution



Holography and the decoupling limit

Type 1IB string theory

Guv, ®, By, C, Cuu, Cruvrp, - -

N =2 32 supercharges

The slide is a 10d spacetime

closed string

m open string I

L

— 4d worldvolume

Stack of Nc D3-branes

Nc — infinity to suppress loop corrections in the string theory 169



Low energies [} << 1/€S First description

Effective action for massless modes

S = SBulk + Sb?"ane + S?Znt

v
) O

Closed strings

open string m
L — 4d worldvolume

Stack of Nc D3-branes

170



Low energies [} << 1/€S First description

Expansion around flat space (G = n+ kK h

ls — 0 Kk — 0 Gravitational coupling
1 10 / 10 2 -
SBulk ~ F dVxvV—-—GR ~ d"x (3h) + K h 4+ ... Free gravity
K
Sint — 0 No interactions between branes and bulk
Sbmne Non-Abelian Dirac-Born-Infeld = AN =4 SYMin4d + higher derivaiife corrections

with Nc — infinity
171



4 SU(Nc) Supersymmetric Yang-Mills

Fields in the adjoint representation of SU(Nc)

- Ay - 16 + 16 supercharges
e i S ) -SU(4) R-symmetry
dimensions - Global 80(6) Symmetry.

Here N = 3;
Often want N > 1

Figure from S. Gubser, QM09

Exactly conformal

L=—Tr |F?+ (D§)? + 9Dy + Y (¢'¢”)" + 90 ¢ly
1,J

+ theta term 172



Second description

Low energies [} <& l/fs

D3-branes are sources for C/u»\p

Supergravity solution for the 10d metric

ds? = f7V2(—dt? + d7?) + fY/?(du® + u2d932)
L*/0% ~ g,N,

Redshift ~ Foo = fYE, ~uE,/L

The closer you get to the “throat” u = 0, the lower is the energy at
infinity!!!!
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ds?

Low energies [ <& 1/63

Observer at infinity sees 2 types of low energy w — (O excitations:
1) Decoupled bulk massless particles with very long wavelengths (free gravity)

318
Low energy graviton cross section Oabs ™~ W L —0

2) Nearu — 0 excitations ~ f ~ L4/u4

Type IIB in
+ L2dO3 mmp  AdSs ® Sk

2 2

Wi 4 di?) + 12

- ﬁ<_ u?
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Type |IB supergravity in AdS5 x S5

10d low energy action

2
Ssugra — ! /dlox v—G [R— (8¢) — %Fg] /,S’ Fs = N,

2K, 2 4.5

D3-brane flux
Compactify over S

1

§—
2K2

12
5)
A’z -G [R—Fﬁ—F]

ki ~ 1/N?Z
This is the basic starting point in most of the gravity calculations
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Maldacena's conjecture, 1998

N — 4 SYM s equivalent to type IIB string theory on Ang, X S5

Realization of the holographic principle!!!!

Witten, 1998;
i Lo Gubser, Klebanov, Polyakov, 1998
Duality dictionary

Zstring/gravity {(I)(.CC,U) — J(:L‘)} — <€f d4x0($)J($)>QFT

U— OO
Sum of all spacetimes asymptotically Ex: Bulk Boundar
AdS5 x S5 1! X: y
4
Juv <> TH
- Lorentz invanance . Dynamical Translational
- Match conformal dimension gravity invariant
- Use conserved quantities gauge theory

- Only gauge invariant observables

are used. Ubiquitousness of gravity !!!



LD F
Simple top-down model for deconfinement

N=4 SYM : Supersymmetric conformal plasma, always in the deconfined phase

General idea (simple model) to describe deconfinement via the gauge/string duality

1998

- Use Nc D4-branes — 5d spacetime, SU(NC) theory with gluons, adjoint
fermions, and scalars.

- Compactify one of the spatial dimensions on a circle with radius Q.

- Fermions acquire a mass of order M ~ 1/Q. Scalars should also acquire
a mass (though nobody knows how to compute that at strong coupling).

- Gluons remain massless.



. The effective theory that describes the D4-brane
Atenergies F, < M system reduces to 4d pure glue + KK contamination !!

- “True” pure glue has asymptotic freedom ( AQC’D ), confinement, and a
1st order deconfinement phase transition at large N.

- For the gravitational description, we want to study the limit where AQOD < M

so that the contribution from additional fields at scale M is (hopefully) negligible.

The ten dimensional metric is

ds® = (%) (— fdt* 4 di® + dy?) + (—) % + L3/ 212402
r
6d space 4d sphere
f=1- rS’/r3 Periodicity (compactification) — y—y+ §)

Boundary when r — OQ



N

- Note that the spacetime does not factorize anymore ( S4 not constant )

It suffices here to use the 6d metric

d 2
ds? = 2®() (= fdt® +dT* + dy?) + e 2®(r) %

3/4
: P(r) _ Z / Gives a running coupling const. in the
Dilaton € — :
L gauge theory (problems in the UV can
be fixed, though)

Horizon at 4ﬂ- 2

ro= (5 L°T?



1IN
However, there is another metric that is also a solution of the EOM

d 2
dsy = **) (—dt? + di? + fdy®) + 721" %

that is also a solution of the supergravity equations !

Note that here there 1s no black hole in this case !!!

We still have to avoid the conical singularity in the y coordinate by imposing

2
4 L3
Regularityat 7’9  m==——=» T0 = 3 02



The (Euclidean) partition function /e ~ e P V/T + e FRV/T

string —
S _ . F /T At a given T = Tc one solution overcomes the
Fuclidean — other — deconfinement phase transition!
Entropy from the solution 1 ~ [V CZ Entropy from the solution2 ~ [\ g
Exact glueball spectral EY = 9 Tmi | dize %0\ (ITr F2(2). Tr F2(0
Exact gl x(k) (t)([Tr F*(x), Tr F(0))
Solution 1 (with black brane): Solution 2 (no black brane):

Hydrodynamic modes

Very sharp peaks - mass gap!
and very broad peaks 1T > TC T < Tc




However, there is more than meets the eye ... in fact, the confinement/
deconfinement phase transition in asymptotically free theories cannot be really
described using classical gravity ...

- Remember, classical gravity approx. is ok when NC — 00 A > 1

Corrections to the pure Yang-Mills from KK tower are AQCD/M <1
suppressed by powers of

2

But, i | from 1-I A M ( ¢ )
ut, in general from 1-loop CcD ™~ exp | —
“ Q%M(M)Nc

Thus, the decoupling limit AQC’D <LK M =—p )\KLI]

Therefore, one has to go way beyond classical gravity in order to describe
the transition in a way consistent with asymptotic freedom !!!



Summary

- Large Nc gauge theories in 4d should be dual to some string theory.

- The string theory should be defined, however, in a larger number of
space dimensions.

- The exact equivalence between N=4 SYM and type IIB string theory in AdS
is the most studied (and clear) example where holography is known to work.

- It is possible to devise a top down construction involving Nc D4 branes that
displays some of the properties expected for the deconfinement transition in
large N gauge theories.

- Asymptotically free gauge theories cannot be studied holographically with
the methods known today.
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LECTURE V: Effective Holographic Theory for Large N QCD

OUTLINE OF THIS LECTURE

1- Deconfinement in SU(N) gauge theories

2- Holographic effective models for pure glue at large N

3- Summary




Deconfinement in SU(N) Gauge Theories

Simple argument for deconfinement (Polyakov, 1978) g %

Linearly confining theory EQQ ~ ol /" Flux tube
L

Density of states  ~, exp ¢ [, Prob. ~ @€ L—oL/T

(long string)

Deconfinement L :
Arbitrarily large strings

T =T, = O'/C can be thermally produced !!!

185



- This shows that any linearly confining theory must deconfine at some finite T.
- No reference to the microscopic theory (the argument is pretty general).
- However, this simple idea is incomplete because it predicts a 2™ order transition

1] cff(l)=0—cT —
i oepp(T) =0 —cT =0

Let's use the fact that we know what the microscopic degrees of freedom are ...

Z ~/ Z e_E/T —|— Z e_E/T — e_Fglueballs/T _I_ e_fglue/T

glueballs glue

Latent heat

Entropy: Glueballs ~v Ng T ﬁh/T4 N N2
—) c c C

_ 2
Entropy: Glue ~ ~ Nc Strong 1% order at large Nc

186



- In a 1% order transition the string tension jumps at the transition.

Comparing the vacuum energy density and the free energy in the deconfined phase

lim N202 ~ N2T? e lim T,./\/o ~ O(1)

N.—00 N.—o00

187



What is the order parameter of the deconfinement transition?

1 1T
Polyakov | L F
(fl?nyc?ar?\\énc’:glprep.) 6(33) — FTI'P@ i Jo o(x,7)d

C
Heavy quark free energy e~ FaoaZ,T)/T — = (0(2)0*(0))

Note that due to the cluster decomposition principle

o—Fa/T

(U(TH| = lim e FealZD)/2T

| 7] =00

188



Polyakov loop as the order parameter of the deconfining transition

In this case confinement (area law) then gives

T<T.— [({(T))] =0

T > T, — |[({(T))| # 0

| <€(T)> ‘ is the order parameter for the transition Breaking of ZN

(without dynamical fermions)
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What is observed on the lattice?

About the order of the transition

1.
- Nc =2 is 2™ order \/E — 05970(38) + O(l/NcQ)

- Nc = 3 is weak 1% order

T, ~ 260MeV
- Nc > 3 is strong 1% order
r1/4
Latent heat 172 = 0.766(40) + O(l/NCZ)
N T,

Lucini, Teper, Wenger, hep-lat/0502003
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What is observed on the lattice?

Pressure

No significant
difference between
Nc =3 and Nc =8

. SU(E) _

g/ T nomalized to the SB limit
)
(¥
L

02 i
01 i = —
_|_|_|__,|.£| L1 | | L1 |
%.5 1 15 25 3 35

M. Panero, arXiv:0907.3719 [hep-lat]
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What is observed on the lattice?

Trace anomaly
A=¢ec—3p

1"Z behaviour in A

T?  dependence near 1. 272

Meisinger, Miller, Ogilvie, 2001
Pisarski, 2006
Megias, Arriola, Salcedo, 2006

Evidence for a non-perturbative
“fuzzy” bag???

, —
p(T) — fpeTtT4 _\Bfuziaqﬂ — Byt

M. Panero, arXiv:0907.3719 [hep-lat]
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What is observed on the lattice?

Renormalized Polyakov loop in the fundamental representation

1.5

Lg

Quenched

SU(3) |

0.5¢

Gupta, Huebner, Kaczmarek, PRD 77, 034503 (2008).

Also in this case Nc=3, 4 and etc give similar results (Panero et al. 2012) 193



1IN
- Thermodynamics does not seem to be strongly sensitive to Nc.

- Non-perturbative contribution to the pressure near Tc (“fuzzy” bag).

- Can holography provide some new insights into the non-perturbative
QCD physics at large Nc near Tc ?

Do we have the branes to understand hot glue???

- | will show you in the next slides that it is possible to construct holographic
dual models that can describe the equilibrium properties of SU(Nc) Yang-Mills
theories as determined by lattice QCD.
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Argument due to Witten

Holography and Boundary Reconstruction

Consider a unitary and relativistic S-matrix in 4D Minkowski spacetime

ouT
\ / Actually, consider a family of

S-matrices depending on a
parameter

C

\ Such that when
/ IN

lim S(c) =1

c—0

195



Holography and Boundary Reconstruction

Particle physics is largely based on the following “theorem”:

“Such an S-matrix can always be obtained by perturbation theory using

some effective Lagrangian that is free when ¢ — () ~

For example:
a |1 2 m 3

m—, ... =constants
196



Holography and Boundary Reconstruction

This “theorem” (discussed by Witten), if true, establishes that we can reconstruct
a 4-dimensional field theory from boundary data, i.e., the S-matrix, that only 9
depends on 3-dimensional variables — the on-shell momenta pup“ — m

This “theorem” helps us define low energy effective theory: a theory of massless
particles that becomes non-interacting when the energy goes to zero.

Also, we see that the validity of effective field theory is a special case of this
“‘theorem”.

1 4
ﬁ:/d% S(00)° + S (90) + ..
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Holography and Boundary Reconstruction

Now, what happens in an AdS space?

Instead of an S-matrix we have a
conformal field theory at the boundary

Conformal
4 boundary of
AdS
O1 ¢
AdS
~ Space R
Oz ¢ O O

Operator insertions at the boundary

198



Holography and Boundary Reconstruction

The analogue of S-matrix — 1 is to say that the correlation functions factorize

A e e A

(O1(21)02(22)03(23)O4(24)) =

A A A A

(O1(21)02(22))(O3(x3)04(x4)) + permutations

This occurs in gauge theories when NC — OO

Ex: 1

Or = <Tr F?
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Holography and Boundary Reconstruction

In this case, the analogue of what we did before is to consider a family of
conformal field theories that depend on a parameter

C ~ 1/Nc such thatwhen ¢ — ()  the correlation functions
factorize.

In this case, the reconstruction “theorem” asserts that there should be a local
AdS action in the bulk (it must include gravity since the boundary field theory

possesses a conserved energy-momentum tensor) from which the boundary
correlation functions can be deduced by the usual recipe

[,:/ d’xvV—G{NZR+...}
AdS

Holography is a concrete realization of these ideas!!!!
200



N

Holographic Models of Pure Glue at Large Nc

plg) equation of state and approach to conformality

Lattice shows that conformal invariance is
badly violated near Tc |2 A

4
. norm s pothe S bame

From the duality dictionary -

1 1.5 z 15

6~ T I,

M. Panero, arXiv:0907.3719 [hep-lat]

T 1_.'||||||||l|.r|:|l w1 A3 ol i 58 lims

Bulk In the gauge theory at
the boundary

We should look for gravity duals with a dynamical scalar field !!!

Gubser et al. 2008
Kiritsis et al, 2008
Noronha, 2009
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Minimal extension of the good and old gravity setup (bottom-up approach)

1 Dilaton potential

S=-—— [ dPzv-G [R— 99)" _ V(¢)] V()

252 2

Nontrivial fields in the 5d bulk: GI«LW ¢

4—A
Dual to a relevant deformation of a 4d CFT ECFT —+ Agb O¢

Here Aqb is the energy scale of the deformation and A s

the dimension of qu in the boundary, which is dual to gb in the bulk.
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General assumptions: Gubser et al. 2008
Noronha, 2009.

- Relevant deformation (important in the IR) A < 4

- Spacetime is asymptotically Ad.S5 with radius R

12 1
li = —— + —A(A — 4)¢? 4
JmV(9) =~ T g AA — 4P+ 00
- Breitenlohner-Freedman bound 1< A <4 m% <0

- Gauge theory is conformal inthe UV~ F > A¢ (not asymptotically free)

The theory has a nontrivial UV fixed point.
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SsB

N

Pure glue at large Nc — Strong 1° order transition

Gauge theory at finite T

Glueballs 7%

Gravity dual with a black brane

T, entropy =T, entropy S = iz
2k
S 7777777
SsB g
Horizon
ﬁ

No horizon T

204



Deconfinement is equivalent to the formation of a horizon in the gravity dual

Hawking-Page transition (1983) Witten, 1998

L)
i :

\ | . <
v o |

T b~

» /
‘ \

-

Basicaly, there are two solutions of the supergravity equations (two different metric
configurations):

I. = F.(T)/T Nohorizon I; = F4(T)/T With Horizon

Equal pressure

AtT=Tc Pc (Tc) — Pd (TC) —  Phase transition

This constraints a lot our choice for V(¢)
205



Confinement can also be understood via the area law

Area law
Heavy quark potential at T =0 lim VQQ ~ o L
L—o00
Occurs when
. 2
lim V(¢) ~ —¢* V39 z >0

large ¢
Kiritsis et al, 2008

Such type of potentials (with z=0) naturally appear in non-critical 5d string theory.

Examples with linear glueball spectrum ]\J2 ~ M also known (z = 1/2).

Kiritsis et al, 2008 206



gg{;::(axlzfops Zstring = L(Z)C7(0)) = e~ Faa(Zl,T)/T

where Lstring ™~ E e Snc(D)
D

C Pathin 4d D Worldsheet in the bulk C =0D

Heavy quark free energy given by

| — het = G e X g X
SNg(D) = = jl;dZO' det hgb

Induced metric on the worldsheet

Nambu-Goto action for the string in the bulk 207



General results: Dual description of the Heavy Quark Free Energy

Infinitely massive heavy quark ~ fundamental string in the bulk

Assuming
boundary
Nc > 1 Maldacena, 1998
RY'/a/ >1 bulk
Boundary Boundary
Q Q Q Q
Waes s
Zstring — —|— \_ju* +
Sum over -t === Up ~  mEEmEm== Uh
worldsheet Eisizon Horizon
configurations Disconnected Connected
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Confinement and the area law

An area law for the Wilson loop can be obtained if the backreaction of the

dilaton on the background geometry is such that the bottom of the string cannot
go below a certain critical depth in the bulk.

Below Tc

Boundary

Q Q

U
.

U

Horizon

Increasing L

Boundary
Q Q
u”

Horizon

A

Boundary

Q Q

Horizon

fQQ—>O'L

209
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Remarks about the Nc dependence of the loop correlator

Yaffe et al, 2006

The endpoint of a string can attach to the Nc D3-branes in ]\fc2 different ways.

Boundary Boundary
~ O(N?) : ; ~ O(1)
Horizon Horizon

210



—

Therefore, in the ‘:ﬂ — 00 limit <€(:L')€* (O)) is described by two

different classes of worldsheets dependingon T :

« T<Tc — use the connected U-shaped configuration ~u O(l)

 T>Tc — cluster decomposition implies that the full correlator equals the

disconnected piece ~v O(NCZ)

Thus, in these models confinement implies that | <€(T)> ‘ jumps at the transition,

which must be of 1% order.

N, arXiv:0910.1261 [hep-th]
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In general, the single heavy quark free energy is | <€(T)> ‘ — e_FQ/T

In the deconfined phase the following equation holds for GOOD V(¢)

dFg 2 eVisun) |

dT a’ V(Uh) Cg .4> Speed of sound

- Note that dF/d1" < 0 in thermodynamic equil. since V(¢) <0

- This quantity diverges when Cg — 0 (phase transition) .

- The jump in the loop at Tc (aka Gross-Witten point) is related to how quickly
the speed of sound vanishes at Tc.

Noronha, 2009




Can these models describe lattice results for both the thermodynamics and

the Polyakov loop near Tc?
Yes!!

' ' Noronha, 2009
H N

Using for example,

~ —12 coshy¢ + b1 o?

V(6) = et

Y  Related to the speed of sound at low T

bl Gives the scaling dimension A
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—12 cosh \/1/2¢ + 1.95¢>
Noronha, 2009
1.4
1.2}
1.0} ’
Lp g}
0.6}
0.4} ; i
0 2 4 6 8 10 12 14 0.0 05 1.0 15 2.0 25 30 35 4.0
T/T, T/T,
SU(3) data from Kaczmarek et al, 2002 SU(3) data from Boyd et al., 1996.
2 /
R /Oﬁ ~ O(l) Note that the gravity transition is continuous

but the agreement is excellent above Tc
Not as large as one hoped ... J 214



Summary

- The gauge/string duality can now provide not only qualitative but
also quantitative descriptions of the deconfinement transition in QCD
at large Nc.

- Depending on the dilaton potential, a variety of phase transitions at
finite T can be obtained. In fact, one can have crossovers, 1 and 2"
order transitions.

- |<€)| has the expected behavior as a function of T if
T is not too large. Indeed, since the gauge theory is conformal at large
T we have
. F R?
lim —2 =

_ Gauge theory is not asymptotically free !!!
T—oo 1’ 20/
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- Equilibrium quantities (such as the entropy density and the Polyakov
loop) have T dependence near Tc that resembles quenched QCD.

- Confinement via Wilson's area law can be obtained.

- One can perform calculations within these confinement gravity duals
in Minkowski space (in this case “gravity rules” :).

RQ

JT(LT)‘l

ImVgo(T' — 00) ~ —

e

Related to th _
thermal width of QO ImVo(T'<T.)=0

bound states

JN and A. Dumitru, PRL 103, 152304 (2009). 216
S. Finazzo, JN, to appear.



Final comments (about the lectures)

- Strongly coupled systems with many d.o.f. in d-dimensions can be described by
theories of classical gravity defined in higher dimensions.

- We now can at least start to understand what a theory of quantum gravity
in 4 dimensions may be like by studying weakly-coupled 3d QFTs.

- The holographic duality has now become a well studied tool to understand
strongly coupled QFTs with many d.o.f.

- According to holography, any strongly interacting quantum many-body
system at finite density and temperature with sufficiently many d.o.f /volume
is predicted to behave at low energies as a perfect fluid.
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SOME OPEN QUESTIONS

- Can holography be rigorously derived from first principles?

- Given a generic QFT, what is the holographic dual?

- Will holographic predictions ever be checked by experiments?
- Is it possible to find the holographic dual of QCD?

- Can holography explain non-perturbative, non-relativistic many-body
phenomena (such as high Tc superconductivity)?

- Will holography play a role in the understanding of beyond standard
model phenomena?

- Is gravity really an emergent concept? What would be the implications of
this idea to cosmology? Do we live in a ""hologram™?7??
218



MAIN REFERENCES

[1] A.~Adams, L.~D.~Carr, T.~Schaefer, P.~Steinberg and J.~E.~Thomas, New J.\ Phys.\ {\bf 14},
115009 (2012) [arXiv:1205.5180 [hep-th]].

[2] R.~Sundrum, "From Fixed Points to the Fifth Dimension," Phys.\ Rev.\ D {\bf 86}, 085025 (2012)
[arXiv:1106.4501 [hep-th]].

[3] S.~A.~Hartnoll, ""Lectures on holographic methods for condensed matter physics,"
Class.\ Quant.\ Grav.\ {\bf 26}, 224002 (2009) [arXiv:0903.3246 [hep-th]].

[4] J.~M.~Maldacena, " TASI 2003 lectures on AdS / CFT," hep-th/0309246.

[5] I.~Heemskerk, J.~Penedones, J.~Polchinski and J.~Sully, ""Holography from Conformal Field
Theory," JHEP {\bf 0910}, 079 (2009) [arXiv:0907.0151 [hep-th]].

[6] P.~Kovtun, D.~T.~Son and A.~O.~Starinets, ""Viscosity in strongly interacting quantum field
theories from black hole physics," Phys.\ Rev.\ Lett.\ {\bf 94}, 111601 (2005) [hep-th/0405231].

[7] O.~Aharony, S.~S.~Gubser, J.~M.~Maldacena, H.~Ooguri and Y.~Oz, ~"Large N field theories,
string theory and gravity," Phys.\ Rept.\ {\bf 323}, 183 (2000) [hep-th/9905111]



String Theory Pocket Dictionary

- Axion: GB associated with spontaneously broken PQ symmetry. It is closely
related to the graviton and the dilaton in perturbative string theory.

- black p-brane: a p-dimensional extended object with an event horizon. A space
that is translational invariant in p-directions and has a black hole in the remaining
directions.

- Born-Infeld action: Generalization of the gauge field action that is non-polinomial
in the gauge field strength. It appears as a low-energy description of the gauge fields
on D-branes.

- Central charge: an operator (which may be a constant) that appears on the right
hand side of a Lie algebra and commutes with all operators in the algebra.



String Theory Pocket Dictionary

- D-brane: In type |, llIA and lIB superstring theory, a dynamical object in which open
strings can end. The term is a contraction of Dirichlet brane. The coordinates of the
attached string obey Dirichlet boundary conditions in the directions transverse to the
brane and Neumann boundary conditions in the directions tangent to the D-brane. A
Dp-brane has even p for type IIA and odd p for type IIB. The Dp-brane is a source for
the (p+1)-form R-R gauge field. The low energy excitations of D-branes are described
by supersymmetric gauge theory, which is non-Abelian for coincident branes.

- Heterotic string: Supersymmetric string with different constraint algebras acting on
left and right-moving fields.

- Montonen-Olive duality: the weak-strong duality of d=4 N=4 SYM.

- Neveu-Schwarz boundary condition: Fermion fields are anti-periodic on the world
sheet.



String Theory Pocket Dictionary

- NS-NS states: In type | and Il string theories, these are the closed string states
whose left and right-moving modes are bosonic. These include the graviton and
the dilaton, and in the type |l case there is a 2-form potential.

- Oriented string theory: a string theory in which the world-sheet has a definite
orientation.

- p-brane: a p-dimensionally extended object.
- R symmetry: A symmetry that does not commute with the supercharges.

- Ramond boundary condition: the condition that a fermionic field be periodic
on the world-sheet.

- RNS superstring: The formulation of type | and Il superstrings that has superconf.
invariance but not explicit spacetime supersymmetry.



String Theory Pocket Dictionary

- Supergravity: the union between general relativity and supersymmetry. Here
supersymmetry is a local symmetry.

- Supersymmetry: A symmetry whose charge transforms like a spinor, which relates
the masses and couplings of bosons and fermions.

- Type | superstring: The theory of open and closed unoriented superstrings, which
is consistent only for the gauge group SO(32).

- Type llIA superstring: The theory of closed oriented superstrings. Left and right-hand
modes have different chiralities.

- Type IIB superstring: The theory of closed oriented superstrings. Left and right-hand
modes have the same chirality.



EXTRA SLIDES
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The Gauge/Gravity Duality ~ Holography (1998)

String theories defined in a 10 dimensional spacetime
are equivalent (or dual) to 4 dimensional gauge theories
that describe the interactions among particles that are
similar to the quarks and gluons of QCD.

Juan Maldacena

Strongly coupled gauge theories ~ Higher Dimensional Gravity
Confinement, hadronic spectrum, etc ~ geometry

Transport properties of gauge theories ~ Properties of black holes 225



This duality maps weakly coupled gravity (which is well known) to
strongly coupled gauge theory (which we didn't know how to deal with) !!!!

In 10 dimensions

e— VA — . . X
i‘\‘*'--.:-i‘_ = 9 P o s ==
AN — S

'_H‘\"\"‘@""_.}.:"}f‘wf\’w"‘_l_
e TR e NN
L‘\r\f\f\."\_fd_F
,M

['he net influence each ir mine string has on the other comes

10 1 24
P 1 g
tfrom adding together the influences involving diagrams with ever more loops

Strong coupling

Weak coupling

In 4 dimensions

Strong coupling

Weak coupling
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A brief reminder about black holes

The Schwarzchild solution in D= 3+1 R
1 o = G =0
S = d*xs/—qg R =—>»
167TG4 / I

R, =0 D>2
Most general solution with spherical symmetry and mass M

ds? = — (1 _ %0) dt? + (1 ~ 7;—0)_1 dr? + r2d03

To — 2G4M Event horizon radius



- Note that as M — 0 we recover Minkowski space.

- Geometry is not singular at horizon — true singularity atr — 0

- Only real singularity at r = 0. Singularity is not “naked” because of the horizon.



A useful analogy: Suppose you want to perform the integral of a real function

I = /_Z f(x)dx

We learn early on as undergrads that one can perform such integrals by adding
another dimension — we go to the complex plane where the analytical structure
of the function (its poles and etc) are manifest and then we use a suitable contour
to compute the value of the integral.

I:/_O;f(a:)dx —> I(C’):% dzf(z):27riZRes
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Holography is similar, in a way, to this idea.

On one hand, you have a 4 dimensional conformal gauge theory that is
strongly coupled and sits at a UV fixed point of the renormalization group flow.

As you vary the energy with which you probe the different processes in the gauge
theory, you move down in the renormalization group flow.

The gauge/gravity duality explains, in a geometrical manner using a theory of
gravity in a higher dimensional curved spacetime, what happens
in the strongly coupled gauge theory as you vary the energy scale.

In a few years, these techniques will be taught in regular quantum field lectures
to students.
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What about the relaxation time coefficient 7Tx in strongly-coupled fluids ?

JN, Denicol, 2011

It was shown that for any strongly-coupled conformal plasma with gravity dual

AdS/ICFT= | TYPE ?2

Poles of éa;_iyaﬁy are always

— A Tmw svmmetrical !
GR{_Q)| ymmetrical !!!!!

Radically different than
<4 weakly-coupled gases obtained
via the Boltzmann equation !!

] ]
* e Strongly coupled fluids
* * do not approach their Navier-Stokes
¢ ¢ limit via relaxation equations !!!
At zero 231

wavelength



N

The transient dynamics of relativistic conformal fluids is surprisingly
sensitive to the nature of the fixed point:

Near a trivial fixed point: TYPE 1 (this must be the case for high T QCD):

Atorder O(Re -2 ,Re” lKn Kn? ) the EOM for the conformal fluid are

Ti Dr'#) 4 gt = 2ot + Elwg”ﬂ”)“ + Egﬂ'< Ve €3 (gl o E 2n¢; O,
1=1
Do) = () 4 4w /3

10 independent transport coefficients
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The transient dynamics of relativistic conformal fluids is surprisingly
sensitive to the nature of the fixed point:

Near a trivial fixed point: TYPE 2 (this is the case of strongly coupled N=4 SYM):

XzDgﬂ(M X1 Dr'#) 4t = 2not” + Elﬂéﬁﬂw “+ Ezﬂéﬂﬂf"}& + Egﬂéf'ﬂ”) @
5 5
-Y 20 + Y finlh0l? — e DUDyT .
i=1 i=1

17 independent transport coefficients

Dpim)  — gluv) — gy qelug) 4 i;—ow#vaz + 307 im) 4 gzrr"‘“’ﬁ-'.
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Remarks about the heavy quark free energy

In the deconfined phase the U-shaped configuration is not always the extremum of
the action at all temperatures. In fact,

For N =4 SYM this other configurations must appear when LT > 0.28

Yaffe et al, 2006

- In these Einstein-dilaton models the same phenomenon appears above Tc.

- However, below Tc the U-shaped configuration is the single extremum in
the supergravity approximation.

N, arXiv:0910.1261 [hep-th]
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—12 (14 17¢2 + 5¢4) " exp \/2/36 + 186

SU(3) data from Boyd et al., 1996.

Confinement!!! ?5 ' ' S
B
1%t order :

7 Stable BH ;

S ]

— 4 ]

A 3 .

2t g ]

1 Unstable BH branch ]

i A -

I] [ L .  J . ] . L L L ] L L L L Il

E/ \‘ 1 2 3 4

T‘.r" T{; JN, to appear soon.

data My latent heat 235



But what is the QFT and the corresponding string theory?

QFT: Usually, a local field theory that is scale invariant is also conformal invariant
(in more than 1+1 dimensions this is tough to prove ... )

Scale invariance must have something to do with the spacetime metric and the
QFT's energy-momentum tensor. In fact, changing the coordinates

ot — ot + (H(x) )5S = /T“”ég,_w

59W — V,U,Cu + vyC,u Scale transf. =) (59“,,, = 29“1/ oC

Conformal transformations

Action is invariant if Tlib = 0. In this case, 59W — f(ﬂf) Juv

In D=3+1, the symmetry group is 80(27 4)

This is like the Poincare group + inversion * —> —:f/xz



We saw today that one cannot really know, using only thermodynamic
quantities, whether the plasma is strongly or weakly-coupled ...

What about transport properties? Let's talk about the shear viscosity ’]7

Weakly-coupled limitof A/ =4 sym: N, — o0 ALK 1

Huot et al., 2007
Leading log kinetic theory ﬂ 6

result for N=4 SYM plasma S —
A2 In (2 / \/X)

Kinetic theory

*| feel uneasy to talk about the Boltzmann equation in a theory that is
exactly conformal in the vacuum but anyways ...



V(g) = =

1 _

0.3}

0.1}

0.0L ]
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
T/T,

SU(3) data from Boyd et al., 1996.
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Black Hole Temperature

- Black holes emit blackbody radiation at a certain temperature, which is determined
by requiring that the Euclidean metric is regular at the horizon.

Starting from Schwarzchild

1
ds? = (1 ~ —) dt? + (1 ~ T—O) dr? + r2dQ2

r r

Near the horizon T = ’it

2
Define 7 = T0 (1 + p ) and expand Euclidean version around 0 — 0

dr Period 3 = 1/T

1
ds® = 4rg |dp* + p? (2 ) —I—Zdﬂg
70

1/T = 4nrg = 8t MGy



Bekenstein-Hawking Entropy

Assume 1% law of thermodynamics dM =TdS

1
Using T:87TG4M and S—0 when M—0 SZ47TM2G4

Horizon area A = 4777% — 167 (MG4)2 then

This result is only valid for Einstein-like gravity
actions (maximum 2 derivatives in the action)
even in higher dimension spacetime.




‘ Basic Laws of Black Hole Thermodynamics

We may now state the basic laws of black-hole thermodynamics:

* The zeroth law of black-hole thermodynamics states that the surface gravity (temperature) of

stationary black holes is constant over the horizon.
* The first law states the balance of energy during physical processes
dM = TdS + pdQ.

In general there might be more “work” terms, associated with other conserved local charges

(angular momentum for example).

* Thesecond law states that in all processes the BH entropy is nondecreasing. When one involves

also matter outside of black holes the second law is replaced by:

* The generalized second law states that the sum of the BH entropy and the entropy of the rest

of the world is never decreasing,.

* The third law states that an infinite number of steps are required to bring the temperature of
a black hole to zero.

The BH entropy seems to suggest that a black hole with given M and Q has a large
number of degenerate microstates 2 so that

S =logf.

The classical theory of gravitation gives no information on the nature of such putative
microscopic degrees of freedom.



Some info about Anti-de Sitter spacetime

See Kiritsis' book

Anti-de Sitter space in p+2 dimensions can be defined by the hyperboloid
in (p+3) space with metric

p+1 ptl

ds? = —dX} — dX2,, + ) dx} and the condition X3+ X2, - XI =1
i=1 i=1

The space has an SO(2,p+1) isometry and it is homogenous and isotropic

The constraint above can be resolved using the coordinates

Xp=Lcoshpcost, Xp=Lcoshpsinr,

p+1 _
TP (e z) M) i1 (couhd el dp? sk p )

i=1



Some info about Anti-de Sitter spacetime

p=co p= oo

Figure K.1 The space AdSp ., can be constructed as a hyperboloid in RZPH1 It has
closed timelike curves in the coordinate r. To obtain a causal space we must go to
the universal cover of the time coordinate.

The isometry group SO(2, p + 1) has SO(2)x SO(p + 1) are the maximal compact sub-
group. SO(2) acts by translating the T coordinate. SO(p + 1) is the transitive symmetry of S”.



Some info about Anti-de Sitter spacetime

By taking p € (0,00) and t € |0, 27) we cover the hyperboloid once. Therefore, p, t, Q; are
global coordinates of AdS. When we consider the neighborhood of p = 0 the metric can
be approximated by

ds? = 12 (~dr* + dp? + p? ds2?) (K.5)

and this makes explicit the fact that AdS,, has topology S' x RP*!. The S! is time-like,
and indicates that AdS ., thus defined, has closed timelike curves (see figure K.1). We may
obtain a causal space-time by taking the universal cover of the $! coordinate. This practically
means that we will take —oo < t < 400. On this cover, there are no closed time-like curves.
Here and in most places in the literature AdS,, stands for this universal cover.



Some info about Anti-de Sitter spacetime

An important property of AdS is its causal structure. To that end, it is convenient
to bring the end points of the p coordinate to finite values by introducing a new coordi-
nate ¢ as

tan# =sinhp, 6 ¢ [0, %) (K.6)

Then, the metric (K.4) takes the form

ds® = L”

dy? P P 2
= EJ( dt® + df*° + sin Hdﬁp). (K.7)

Since the causal structure of a space-time does not change by conformal transformations
we multiply the AdS metric by cos? /L2 to obtain

di? = —dt? + do’ + sin’ 0 dQ]. (K.8)

This is the metric of the Einstein static universe, with one difference: the # coordinate
takes values in [0, Z) rather than the full range [0, 7). The equator # = x/2 is a boundary
of the space with the topology of SF. This is shown in figure K.2 in the case of AdS;. In
the case of AdS; the boundary consists of two points and the coordinate 6 takes values in
[-5. 5]

In general if a space-time is conformal to a space-time that is isomorphic to half of the
Einstein static universe then this space-time is called asymptotically AdS.



Some info about Anti-de Sitter spacetime

g2
0=mn2

Figure K.2 The space AdS; can be conformally mapped into half of the Einstein
static universe B x §2.



Some info about Anti-de Sitter spacetime

Poincare coordinates:

R

The metric in such coordinates is

LI
ds? = = [du‘! —dtt + df"*] :
m

The boundary is at u = 0.

1 s
Xo = 1+E{Ll+x2—ti}, X = —,



v
—bJ— Euclidean AdS

AdS has a global time coordinate t and therefore the continuation to Euclidean signature
is straightforward. This amounts to t — ity which indicates that Euclidean AdS can be

defined as the hyperboloid

X3 -x2 % =12 (K.13)
in [R'l,p+2

dst = —dX] +dX} + dx’. (K.14)

We can also obtain the same space by rotating the Poincaré t coordinate as t — i t. The
metric of Euclidean AdS,,, can be written as

dst = L2 (cusz pdr} +dp? +sin’p dﬂi)
2
=1 [d—;— +rl(de} + di"’;]. (K.15)

We can obtain the Poincaré metric by transforming r — 1/u

2
dia Tady gy gl T (K.16)
E u 1 P4 .

Euclidean AdS,,, is topologically a (p + 2)-dimensional disk. In the Poincaré coordi-
nates r = oo is almost all of the boundary. It is topologically an SP*! with a point removed.
The full boundary $*! is recovered by adding the point r = 0. This is equivalent to adding
the point at infinity, x = oc.



The Supergravity Approximation

-When ¢s < 1 and the AdS radius LZ/fg >> ] we should recover

a theory of supergravity (low energy approximation of superstring theory)

- Action is local and composed of several massless fields (at low energies)

1
167 G10

/dloaz —Ge*? (R+4(09)° +...)

- Gig ~ g2 Ei where g¢gs ~ 1/N. < 1 is the string coupling.

S

Sinthistimit, A= R0 > 1, N, — 0o and Zgiping ~ €' suore

T'Hooft coupling in
the gauge theory 249



The supergravity approximation: Summary

- Gauge theories em D=4 with Nc >>1 at strong coupling should be dual to a local
weakly-coupled effective theory of gravity em D >= 5.

- Why is this useful for QGP physics? We saw that the transport coefficients of
relativistic fluids are obtained via the retarded energy-momentum correlator

- === = B ===

Boundary ‘
Graviton scattering U
in the bulk !

Horizon 250
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Computing the Shear Viscosity from Supergravity

It is more or less like this ...

/&
-9 9@
W\
QCD-like theory in —

4 dimensions in a
thermal bath ’D ’

Black brane defined
in 10 dimensions

The black brane event horizon will go back to equilibrium, which corresponds
To near equilibrium fluid dynamical behavior in the 4-dimensional plasma

The dissipation of these waves are controlled by the same parameter in both
descriptions
n Shear viscosity 251



While the specific value of the poles of the correlator can vary according to the
theory used, the fact that the lowest modes are symmetrical is universal for any
conformal plasma

JN, G. Denicol, 2011
Why??27?
AdS/CFT predicts that the retarded correlator of J'*Y s identical to the
glueball correlator TI”F2

Both correlators are obtained by solving the equation for a massless
scalar field coupled to gravity in the bulk

A Imw

Gr(Q)

By s X207 ST X1 0k STV 4011 = 00ihgy+O (87 hay, 07 hay)

N=4 SYM => Y1 ~ 1.27/(4xT) X2 ~0.93/(4nT)?
252



Gradient Expansion: Hydrodynamics based on the Taylor
expansion of the Green's function around the origin

Linear theory ‘ J(Q)=Gr (Q)ﬁ(Q)‘

Taylor expansion 1

A~

Gr(Q) ~ Gp(0,0)+0,Gp(0.0)w+...,

This 1s the gradient expansion ! ]

J(X)=CF(X)+ C10:F (X) +....
b C'=Ggr(0,0), C;=0d,Gr(Q)

w, k=0



E D,
P70
£ LR 3
£ %
= i< Y
> ) o
LY S =
-
IF

Limitations of the Gradient expansion

—> éR (Q) = % _fffj)(k) | e e

Rew>
If the Green's function has poles

the radius of convergence of the

gradient expansion is limited \\\\\\\\ \Q
. | N Stuff\
At long times (small frequencies), x\\\\\\\\

only the poles nearest to the origin
are important.




ST
Systematic Approach: Inclusion of one pole

G. Denicol, JN, H. Niemi, D. Rischke, PRD 2011

Linear theory J(0) = Gr(Q)F(Q)
Laurent expansion l
~ _ f(UJQ,k) ~ f(wo,k)
Gr(Q) = p——" + [(ﬂg(o,k)Jr 0 () ] + ...
Relaxation equation ! 1

|7R0.J +J=DF +.. |

Causality requires b T = L D = G"R (0,0)

the presence of at : )
1w (0
least one pole !!! 0 (0)
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S AT & Y
> o
()
LY 5=
-
I

Limitations of the Gradient expansion

Two Symmetric Poles:

er (Q) = f1Q) + /2(Q) + ... Gr(Q) Almw

w—wi (k) w—ws (k)
\ Rew

At long times (small frequencies), . .
both poles contribute equally to the

dynamics. NN

s

Clearly, both poles must be taken
into account in this case !!!!
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Two Symmetric Poles

Linear theory ‘ J(Q)=Gr(Q)F(Q)

Laurent expansion 1
= o fl (wlak) f? (wQ: k) ~ fl (wla k) fQ (ngk)
Rl = o e [C’R(O’k) T k) e |

Not a relaxation equation ! l

XoO2d + X100 +.J = DI + ...

L T

2T 00wy (0 M T iy (0) w2 (0)




TYPE 2
i AT,
Gr(0) Imw
Rew
-

If the pole closest to the origin 1s

purely imaginary, the long-time

dynamics is given by relaxation
type equations

If nearest poles have real parts,
long time dynamics is given by a
second order differential
equation (oscillations)




U F
When is the relaxation time going to be IMPORTANT?

Assuming we can get the qualitative behavior of hydro flow from the Bjorken
solution

Typical timescale for — wo__
time variation of flow: 9(7_) — V u- = 1/T

At the beginning of
hydro expansion

Thus, in the beginning 7 9(7‘0) ~ 1 T ~ T 0.5 fm/c

But this quantity can only INCREASE with propertime in a realistic system that
decouples at FREEZE-OUT (non-conformality here is fundamental)!!!
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- It can be shown that such relaxation-type theories appear directly from
the Boltzmann equation for relativistic dilute gases.

Israel and Stewart, 1978
Denicol, Koide, Rischke, 2010

- Thus, in the weak coupling limit of QCD at finite temperature 1" >> AQCD

gs(T) <« 1

quarks and gluons should form a weakly interacting gas described by those
Israel-Stewart-like equations.

- Different than Navier-Stokes equations, the relaxation equations can be solved
numerically and they have been fundamental in the determination of the properties
of the quark-gluon plasma formed in heavy ion collisions.

- These equations are used to show that QGP is the hottest nearly perfect fluid

ever created in the lab ... 260
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IRl |

Consider an arbitrary linear theory for the dissipative current

J(X) = /d‘la:’GR (X — X' F (X))

In Fourier space,

Q= (w,k) J(Q)=Gr(Q) F(Q)




How far are we from finding the exact dual theory of pure glue with Nc = 3??

- Lattice says that, for pure glue, Nc = 3 = infinity is a good approximation.

- This means that the planar limit can be used — enormous simplification!!!!

The devil lies in the (ultraviolet) details ...

- Pure glue has a trivial UV fixed point (known since 1973).

- In this talk you will see that, quite generally, SUGRA-like theories

CANNOT BE ASYMPTOTICALLY FREE
262



U F
Asymptotic freedom may truly require a non-perturbative
description of string theory near a curvature singularity!!!!

RZ
— ~ 1
o’

Infinite number of corrections!

New ideas are necessary ...

W But what can be
Princeton e . S done at the moment?

263

Lattice is going to be our guide ...



Lattice data suggests that in the temperature region relevant for heavy
ion experiments (1 - 3 Tc ), QCD at finite T (and zero chemical potential)

- sSQGP far from being conformal (sizable trace anomaly)

- Dominated by power-like terms that are beyond the reach of perturbation theory
(this could make a big difference in ghat calculations ... )

- Thermodynamics looks like pure glue (more on that later).

- Even though the Polyakov loop is not a real order parameter in QCD, the
current lattice data suggests that it may be possible to find an effective theory

where

%
L
—
SN

0.8}
0.6}
0.4}
0.2}

00 0.2 04 06 0.8 1.0 1.2
l

Note that p/ PsB ™ l

for glue, glue + quarks (even in
the hadronic phase) !!!

What is this effective theory 7?77
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What is observed on the lattice?

QCD with (almost) physical quark masses Strange quark mass ms = physical

Lattice size:323 X &

2 light flavors with 1/10 strange mass

Data from A. Bazavov et al , 2009.

0.4 —~ 10—
: ‘E :
3 0.8} Glue
L m L
o = D'Ef $ 1‘"_?,_:_ ________________
N . o02f = | fr === T T T T
Q [ % [lf-l: (i /
0.1} | { /
u_n' E._.' n_u'_._.,_g.ﬁ ......................
0.5 . . 0.5 1.0 1.5 2.0 2.5 3.0
T/T. T/T.

QCD is a crossover

(I defined a Tc = 185 MeV
from the dip in the speed of sound)

Nonperturbative power-like terms
also present in QCD
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What is observed on the lattice?

Renormalized Polyakov loop in the fundamental representation

Data from A. Bazavov et al (MILC Collaboration), 2009.

1.2
1.0}
0.8} Glue
I(T) 0.6} QCD
0.4}
0.2}

0.0
0.0 05 1.0 1.5 2.0 2.5 3[]
T/T,
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What is observed on the lattice?

While both the pressure and the loop vary significantly near Tc, note that

1.0 Whatever causes this linear behavior
it for the glue is also there in QCD
U'Bf Glue Nf = 0 to Nf =3 — change in the slope!
2 0.6} CD .
g . : Glue Quarks
X 0.4t Glarkyonic matter ??72? N %
0.2} d ;
-.'l
00—t o ] SBNE
0.0 0.2 04 06 08 1.0 1.2 p/p

l
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An important property of these theories is that the thermodynamic quantities
exhibit a power-like expansion in terms of

A 2 (4_ A) Cherman, Nellore 2009
<b Hohler, Stephanov, 2009
&

Thus, the power-like behavior seen on the data should be captured by these models
for a convenient choice of parameters.

Here | will require that there is linear confinement below Tc.

A choice for the scalar potential that describes the lattice data is

V() = —12(1 + a¢2)1/4 cosh \/gfﬁ + bag® + byg* + bg°

a=1 b420.4

by — 5 bs = 0.0098 A =2 -



0.1}

hYM

Lattice

0

1.5 2.0 2.5 3.0

0.0 gt . ..
n.ﬁ/ﬁ.

/T T/T,

1%t order transition

What about the Polyakov loop 7?77?77
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It is more intuitive to think about this the following way

Imagine that the quarks are infinitely heavy and also infinitely far apart (this is well
defined above Tc).

For a single(infinitely massive) quark one could sketch what the partition function
is

| DADx g Sorue(A)+/ dt(M;Q +Aj;)
- [ DAe=Ssue(4)

7 ~ (Trele 4y ~ (0)

<€> somehow measures what happens to the gluon medium once this
heavy quark probe is included
270



This idea can be made more precise ...
McLerran, Svetitsky, 1981

— <€(T)€* (0)> — o Fog(nT)/T

Q Q

Difference between FQQ (7«7 T) — .7:(’]", T) — Fglue (T)

free energy densities

glue+Q pure glue

(U(T))| = lim e Faa(T)/2T = ~Fo(T)/T
271



SOP8F sq,,
S &R 2
AN % Y
> &) o
LY S =
>

Whatis Fo (1) 2?7 In general, itis NOT a true free energy !!!
@

Noronha, 2010
When Nc is large

Forue(T) = NFJ(T') + F§(T') + O(1/N;)

F(r,T) = N?Fo(T) + Fo(r,T) + O(1/N?)

Glue + probe quark
Avmr = gy arNe

lim Fo(T) = (Fo(r — 00,T) = F{(T)),/2

The difference between free energies is not necessarily a free energy
272



High T properties of the Polyakov Loop

Let's define
dFg
T)= Fol(l) —-1T—=
Ug(T) = Fo(T) e
One can show that
de(T) o(T)
A S/ — T

Immediately above Tc one should have UQ (T ~ Tc) > ()
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Let's for now assume that FQ (T) is a true thermodynamic free energy

density

Then, in equilibrium one should have a positive specific heat, i.e.,

dUQ 0 1T > 1T,
dT

Since UQ (T ~ Tc) > () is always true, in this case one obtains

de(T >1T,)
dT -

> ()

If FQ (T) is a true free energy

then the Polyakov loop is a monotonic function of T.
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Is this true for pure glue with Nc=3 ? N O' | | |

In this region T ~ 10 Tc

dl
d_T<O

is not a free energy
Fo(T)

in pure glue.
Data from Gupta, Huebner, Kaczmarek, 2008.
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This should always be true in an asymptotically free theory

Noronha, 2010

At very high temperatures HTL predicts that
ENl—I—)\YM(mD/T)—I—... mp ~ \/ Ay yul
Debye mass

Asymptotic freedom — Loop approaches 1 from above.

dl dA
d_T <0 because d};jM < 0
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Thus, in any confining theory that is also asymptotically free there must be a value

of temperature where
Noronha, 2010

d0(T™)

=0
dl’

| would expect same in QCD although the exact value of T* may be regularization
dependent.

What happens in the classes of gravity duals described earlier?
Those theories do not have a trivial UV fixed point (QCD or pure glue do).

Is FQ (T) a true free energy in this case? Is the loop a monotonic function of T?
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In supergravity the loop should be a monotonic function of T because

Noronha, 2010
Féq (T) = () in this approximation.

Then, ]\}(1:1;1;11 Fo(T') = Fo(r — 00,T')/2

which implies that FQ (T) is a free energy and hence

df(T > Tc) Can this be used to constraint
T 2 0 the dual theory of pure glue?
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U F
Infinitely massive heavy quark ~ fundamental string in the bulk

boundary

Maldacena, 1998

Assumin Rey et al. 1998
J bulk Brandhuber et al 1998

_— — == horizon

R*/a/ >1 (U(T))| ~ c—naG(D)

Sn(D) = — /D 220 (¢)V/det he?

2ma’

Nambu-Goto action for the string in the bulk Rt — v e x Bl XV

Induced metric on the worldsheet

q(¢) coupling between string and the scalar field 279



\/ 2
Let's assume a dilaton-like coupling function q(gb) — € /39

Kiritsis et al, 2008
Value at T/Tc >> 1

¥ 3aanansasnnas « ] Good agreement below 4Tc ...
1.2f----=-=--======z=o=zzczce e
1.0} ’ N
~ 0.8]
= 0.6} hYM \
0.4 _
0.2} Lattice |
0.0b e ]
0 2 4 6 8 10 12 14

Higher corrections to the
gravity dual will be important here Ml




1.0 e

[],8? Lattice
2 0.65 Holography
R Z
= 0.4}
0.2}

p

O.D- . ¥ < S T T
0.2 04 06 08 1.0 1.2
l
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- The Polyakov loop

But FQ is not a free energy in QCD (although it becomes a free energy in gravity
duals in the supergravity approximation). The fact that this is not a free energy in QCD
directly affects, for instance, the determination of the binding energy of heavy mesons

in the plasma (do we understand how these heavy states melt in the plasma 7?77 ).

- A good agreement between the holographic calculation for the Polyakov loop and

the lattice data near Tc only happens if RQ/Q’ ~ |

- Would that lead to problems in other observables that have been compared
to RHIC data (such as heavy quark energy loss)?
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