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TODAY2.7 K 14 by
accelerated expansion

4.4 K matter domination 7.7 by

0.26 eV recombination 370 ty e + p→ H + γ

matter domination
0.8 eV 50 ty

radiation domination

50 keV 5 min 3H + 4He→ 7Li + γ

primordial nucleosynthesis 2H + 2H→ n + 3He

1 MeV 1 s p + p→ 2H + γ

neutrino decoupling2.5 MeV 0.1 s

QCD transition confinement↔free quarks200 MeV 10 µs

Electroweak phase transition100 GeV 0.1 ns

hot Universe

reheating

inflation

dark matter production

baryogenesis
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Friedmann equation for the present Universe

H2 ≡
(

ȧ
a

)2

=
8π

3
G (ρM + ρrad + ρΛ + ρcurv)

8π

3
Gρcurv =− κ

a2 , ρc ≡
3

8πG
H2

0

ρc = ρM,0 + ρrad ,0 + ρΛ,0 = ρc = 0.53 ·10−5 GeV
cm3 ,

ΩX ≡
ρX ,0

ρc

(
ȧ
a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3
+ Ωrad

(a0

a

)4
+ ΩΛ

]
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Photons in the expanding Universe

S =−1
4

∫
d4x
√
−ggµνgλρFµλ Fνρ

dt = adη conformally flat metric

ds2 = dt2−a2(t)δijdx idx j −→ ds2 = a2(η)[dη
2−δijdx idx j ]

S =−1
4

∫
d4x η

µν
η

λρFµλ Fνρ , A(α)
µ = e(α)

µ eikη−ikx , k = |k|

∆x = 2π/k , ∆η = 2π/k

λ (t) = a(t)∆x = 2π
a(t)
k

, T = a(t)∆η = 2π
a(t)
k
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Redshift and the Hubble law λ0 = λi
a0

a(ti)
≡ λi(1 + z(ti))

p(t) =
k

a(t)
, ω(t) =

k
a(t)

for not very distant objects

a(ti) = a0− ȧ(t0)(t0− ti) −→ a(ti) = a0[1−H0(t0− ti)]

z(ti) = H0(t0− ti) = H0r , z� 1

H0 = h ·100
km

s ·Mpc
, h ≈ 0.68

similar reddening for other relativistic particles (small H, Ḣ, etc.)

p = k
a(t) is true for massive particles as well
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Gas of free particles in the expanding Universe

homogeneous gas dN = f (p, t)d3Xd3p
in comoving coordinates:

dN = f (k)d3xd3k = const , d3x = const , d3k = const .

f (k) = const

comoving volume equals physical volume

d3xd3k = d3(ax)d3
(

k
a

)
= d3Xd3p

f (p, t) = f (k) = f [a(t) ·p] .

t = ti : fi(p) −→ f (p, t) = fi

(
a(t)
a(ti)

p
)
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Massless bosons (photons) fermions

fi(p) = fPl

(
|p|
Ti

)
=

1

(2π)3
1

e|p|/Ti −1

f (p, t) = f
(

a(t)|p|
aiTi

)
= f
(
|p|

Teff (t)

)

Teff (t) =
ai

a(t)
Ti

decoupling at T �m : neutrinos, hot(warm) dark matter
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Outline

1 Expanding Universe: mostly useful formulas

2 The real Universe

3 Big Bang Nucleosynthesis

4 Dark Matter
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Expanding Universe: mostly useful formulas
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Einstein equations

Tµν : macroscopic description 1
2
∫

d4x
√
−gTµν δgµν

Tµν = (p + ρ)uµuν −gµνp ideal fluid with ρ(t) and p(t)

in the comoving frame u0 = 1, u = 0 (almost) always works

T ν
µ = diag(ρ, −p)

ds2 = dt2−a2(t)γijdx idx j ,

SEH =− 1
16πG

∫
d4x
√
−gR : Rµν −

1
2

gµνR = 8πGTµν

(00) :

(
ȧ
a

)2

=
8π

3
Gρ− κ

a2
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Expanding Universe: mostly useful formulas
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Friedmann equation (00) :
(

ȧ
a

)2
= 8π

3 Gρ− κ
a2

∇µT µ0 = 0 −→ ρ̇ + 3
ȧ
a

(ρ + p) = 0

the equation of state
p = p(ρ)

many-component liquid, other equations
in case of thermal equilibrium

−3d(lna) =
dρ

p + ρ
= d(lns)

entropy of cosmic primordial plasma is conserved in a comoving frame

sa3 = const
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Expanding Universe: mostly useful formulas
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Examples of cosmological solutions

κ = 0
(

ȧ
a

)2

=
8π

3
Gρ

dust: p = 0 singular at t = ts

ρ =
const

a3 , a(t) = const · (t− ts)2/3 , ρ(t) =
const

(t− ts)2

ts = 0 , H(t) =
ȧ
a

(t) =
2
3t

, ρ =
3

8πG
H2 =

1
6πG

1
t2

the Universe is too young

t0 =
2

3H0
= 0.9×1010 yr (h = 0.7)
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Expanding Universe: mostly useful formulas
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Cosmological (particle) horizon lH(t)

distance covered by photons emitted at t = 0

the size of causally-connected region — the size of the visible part of
the Universe

in conformal coordinates:
ds2 = 0−→ |dx|= dη

coordinate size of the horizon equals
η(t) =

∫
dη

lH(t) = a(t)η(t)= a(t)
∫ t

0

dt ′

a(t ′)

dust

lH(t) = 3t =
2

H(t)
, lH,0 = 2.6×1028cm (h = 0.7)
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Expanding Universe: mostly useful formulas
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Examples of cosmological solutions

radiation: p = 1
3ρ singular at t = ts

ρ =
const

a4 , a(t) = const · (t− ts)1/2 , ρ(t) =
const

(t− ts)2

ts = 0 , H(t) =
ȧ
a

(t) =
1
2t

, ρ =
3

8πG
H2 =

3
32πG

1
t2

lH(t) = a(t)
∫ t

0

dt ′

a(t ′)
= 2t =

1
H(t)

.

In case of thermal equilibrium T = const/a

ρb =
π2

30
gbT 4 , ρf =

7
8

π2

30
gf T 4

ρ =
π2

30
g∗T 4 , g∗ = ∑

b
gb +

7
8 ∑

f
gf = g∗ (T )
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Expanding Universe: mostly useful formulas
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Examples of cosmological solutions

vacuum: Tµν = ρvacηµν p =−ρ

SG =− 1
16πG

∫
R
√
−gd4x , SΛ =−Λ

∫ √
−gd4x .

a = const ·eHdSt , HdS =

√
8π

3
Gρvac

de Sitter space: space-time of constant curvature

ds2 = dt2−e2HdS tdx2

ä > 0, no initial singularity
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The real Universe
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Friedmann equation for the present Universe

H2 ≡
(

ȧ
a

)2

=
8π

3
G (ρM + ρrad + ρΛ + ρcurv)

8π

3
Gρcurv =− κ

a2 , ρc ≡
3

8πG
H2

0

ρc = ρM,0 + ρrad ,0 + ρΛ,0 = ρc = 0.52 ·10−5 GeV
cm3 , for h = 0.7

ΩX ≡
ρX ,0

ρc

(
ȧ
a

)2

=
8π

3
Gρc

[
ΩM

(a0

a

)3
+ Ωrad

(a0

a

)4
+ ΩΛ + Ωcurv

(a0

a

)2
]
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The real Universe
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Homogeneous and isotropic 3d manifolds

dl2 = dρ
2 + r2(ρ)(dθ

2 + sin2
θdφ

2)

r(ρ) =


R sin(ρ/R) , 3-sphere

ρ , 3-plane
R sinh(ρ/R) , 3-hyperboloid

ρ is a geodesic distance; S = 4πr2(ρ); ∆θ = l
r(ρ)

dρ
2 =

dr2

cosh2 ρ

R

=
dr2

1 + r2

R2

dρ
2 =

dr2

cos2 ρ

R
=

dr2

1− r2

R2

dl2 =
dr2

1−κ r2

R2

+ r2(dθ
2 + sin2

θdφ
2)
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The real Universe
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Brightness–redshift dependence in the Universe

ds2 = dt2−a2(t)
[
dχ

2 + sinh2
χ

(
dθ

2 + sin2
θdφ

2
)]

coordinate distance ρ/R→χ =
∫ t0

ti
dt

a(t) z(t) = a0
a(t) −1

χ(z) =
∫ z

0

dz ′

a0H0

1√
ΩM(z ′+ 1)3 + ΩΛ + Ωcurv (z ′+ 1)2

a2
0H2

0 Ωcurv = 1 , ΩM + ΩΛ + Ωcurv = 1

S(z) = 4πr2(z) , r(z) = a0 sinh χ(z)

detector: Nγ ∝ S−1, ω = ωi/(1 + z), dt0 = (1 + z)dti
hence the brightness (energy flux measured by a detector) is

J =
L

(1 + z)2S(z)
≡ L

4πr2
ph

, rph = (1 + z) · r(z)
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The real Universe
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Brightness–redshift dependence: SNe Ia

∆(m−M) = 5log
rph

rph(Ωc = 0.8,ΩM = 0.2)

     

-1.0

-0.5

0.0

0.5

1.0

∆(
m

-M
) 

(m
ag

)

HST Discovered
Ground Discovered

0.0 0.5 1.0 1.5 2.0
z

-0.5

0.0

0.5

∆(
m

-M
) 

(m
ag

)

ΩM=1.0, ΩΛ=0.0

high-z gray dust (+ΩM=1.0)
Evolution ~ z, (+ΩM=1.0)

 Empty (Ω=0)
ΩM=0.27, ΩΛ=0.73
"replenishing" gray Dust
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The real Universe
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The real Universe
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Last scattering: γe→ γe

σT =
8π

3
α2

m2
e
≈ 0.67 ·10−24 cm2 , τγ =

1
σT ·ne(T )

last scattering: τγ(Tf )' H−1(Tf )' tf

Tf = 0.26 eV , z = 1100 , tf = 370000 yr

for general processes one should solve kinetic equations
dnXi

dt
+ 3HnXi =

∫
(production−destruction)

Boltzmann equation in a comoving volume: d
dt

(
na3)= a3 ∫ . . .
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The real Universe
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Recombination: horizon

matter domination: lH,r = 2H−1
r

H2
r =

8π

3
GρM(tr ) =

8π

3
GρM,0

(
a0

ar

)3

=
8π

3
GρcΩM,0(1 + zr )3 .

at recombination: lH,r = 2
H0
√

ΩM

1
(1+zr )3/2

today: lH,r (t0) = lH,r × a0
ar

= 2
H0
√

ΩM

1√
1+zr

lH0

lH,r (t0)
∼
√

1 + zr ' 30
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The real Universe
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Recombination: angle

χr =
∫ t0

tr

dt
a(t)

, ∆θr =
lH,r

ra(zr )

ra(zr ) = (1 + zr )−1 ·a0 ·sinhχr

∆θr =
1√

zr + 1
, Ωcurv = ΩΛ = 0 .

∆θr =
1√

zr + 1
2
√

Ωcurv/ΩM

sinh
(

2
√

Ωcurv/ΩMI
) .

I =
∫ 1

0

dy√
1 + ΩΛ

ΩM
y6

0.0 0.5 1.0

0.0

0.5

1.0

1.5

2.0

F
la
tBAO

CMB

SNe

No Big Bang

Acoustic oscillations in
relativistic plasma:
What matters is the sound
horizon:

ls,r = lH,r ·vs ≈ lH,r/
√

3

Then ∆θr ,s =

1√
3

1√
1 + z

× 180◦

π
' 1◦
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The real Universe
ИI
ЯN
ИR

0.0 0.5 1.0

0.0

0.5

1.0

1.5

2.0

F
la
tBAO

CMB

SNe

No Big Bang

110/0.7Mpc' lH,r (t0)×
√

v2
s ' lH0/

√
3/
√

1 + zr
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Big Bang Nucleosynthesis
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Big Bang Nucleosynthesis
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Neutrino freeze-out

T > me e+e−↔ νν̄ , eν ↔ eν

σν ∼G2
F E2

neutrino interaction rate

τν =
1

〈σνnv〉
∼ 1

G2
F T 5

H2 =
8π

3M2
Pl

π2

30
g∗T 4 ≡ T 4

M∗2Pl

τν (T )∼ H−1(T ) =
M∗Pl
T 2

Tν ,f ∼

(
1

G2
F M∗Pl

)1/3

∼ 2÷3 MeV
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Big Bang Nucleosynthesis
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Neutron decoupling p + e←→ n + νe
typical energy scales

T & ∆m = 1.3 MeV, T & me = 0.5 MeV

neutron interaction rate

τn↔p =
1

Γn↔p
=

1
CnG2

F T 5

neutron decoupling Γn↔p(T )∼ H(T ) = T 2/M∗Pl

Tn =
1(

CnM∗PlG
2
F

)1/3 ≈ 0.8 MeV

g∗ = 2 + 7
8 ·4 + 7

8 ·2 ·Nν t = 1
2H(Tn) =

M∗Pl
2T 2

n
≈ 1 s
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Big Bang Nucleosynthesis
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Neutron density at decoupling

nn = gn

(
mnT
2π

)3/2

e
µn−mn

T µn + µν = µp + µe

nn

np
= e−

mn−mp
T e

µn−µp
T

for relativistic e+ and e−

ne−−ne+ ∼ µeT 2 −→ µe

T
∼ ne−−ne+

T 3 =
np

T 3 ∼ ηB ≡
np

nγ

= 6×10−10

nn

np
= e−

mn−mp
Tn ≡ e−

∆m
Tn ≈ 1

5
e−

µν

Tn

Dmitry Gorbunov (INR) Lecture #2 , 30 October 2014 NTHEP & QCD School 30 / 47



Big Bang Nucleosynthesis
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p + n −→ D + γ Saha equation

nn = 2
(

mpT
2π

)3/2

e
µn−mn

T , np = 2
(

mpT
2π

)3/2

e
µp−mp

T ,

Chemical equilibrium for nuclei: µA = µp ·Z + µn · (A−Z )

nD ∼
(

mDT
2π

)3/2

e
µD−mD

T ,

Temperature of BBN TNS: nD ∼ nn

∆D = 2.23 MeV tNS ≈ 3 min

nD/np(TNS)∼ ηB

(
2.5TNS

mp

)3/2

e
∆D
TNS ∼ 1−→ TNS ≈ 50 keV
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Big Bang Nucleosynthesis
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Helium abundance (NO chemical equilibrium)

Neutrons remain mostly in helium

n4He(TNS) =
1
2

nn(TNS) ,

neutron-to-proton ratio τn ≈ 880 s
nn(TNS)

np(TNS)
≈ 1

5
·e−

tNS
τn ·e−

µν

Tn ≈ 1
7
,

Yp ≡ X4He =
m4He ·n4He(TNS)

mp (np(TNS) + nn(TNS))
=

2
np(TNS)
nn(TNS) + 1

≈ 25%

from observations of relic helium abundance:

∆Nν ,eff ≤ 1 ,

∣∣∣∣µν

Tn

∣∣∣∣. 0.01
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Big Bang Nucleosynthesis
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Main nuclear reactions

1 p(n,γ)D — deuterium production, BBN starts.
2 D(p,γ)3He, D(D,n)3He, D(D,p)T, 3He(n,p)T — intermediate stage.
3 T(D,n)4He, 3He(D,p)4He — production of 4He.
4 T(α,γ)7Li, 3He(α,γ)7Be, 7Be(n,p)7Li — production of the heaviest

baryonic relics.
5 7Li(p,α)4He — 7Li burning.

One has to compare reaction rates to the expansion rate

H(TNS = 50 keV) = 10−2 s−1

to obtain nonequilibrium concentrations

Dmitry Gorbunov (INR) Lecture #2 , 30 October 2014 NTHEP & QCD School 33 / 47



Big Bang Nucleosynthesis
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4He

2 3 4 5 6 7 8 9 101

0.01 0.02 0.030.005

C
M

B

B
B

N

Baryon-to-photon ratio η × 1010

Baryon density Ωbh2

D___
H

0.24

0.23

0.25

0.26

0.27

10−4

10−3

10−5

10−9

10−10

2

5
7Li/H p

Yp

D/H p

Measurement of ηB = nB/nγ

at T ∼ 1 MeV

Lack of Lithium. . . Exotics needed?

Yp = 0.2581±0.025 ,

D/H
∣∣
p = (2.87±0.21)×10−5

1103.1261

0.0 1.0 2.0 3.0 4.0 5.0

N
eff

0.0

0.5

1.0

li
k
e
li
h
o
o
d

ω
b
+
2
H+

4
He

ω
b
+
2
H

low
+
4
He

2
H+

4
He

ω
b
+Y

CMB
+
2
H+

4
He

similar results from other recent
studies including structure formation

1001.4440, 1001.5218, 1202.2889

Nν ,eff < 4.2 @ 95%CL

Nν ,eff < 4.0 from D/H 1205.3785
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Big Bang Nucleosynthesis
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BBN limits on Unstable relics ζX = MX nX/nγ

astro-ph/0605255 X → γ + x
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Dark Matter
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Dark Matter
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Dark Matter Properties p = 0

(If) particles:
1 stable on cosmological time-scale
2 nonrelativistic long before RD/MD-transition (either Cold or

Warm, vRD/MD . 10−3)
3 (almost) collisionless
4 (almost) electrically neutral

If were in thermal equilibrium: MX & 1 keV
If not: for bosons
λ = 2π/(MXvX), in a galaxy vX ∼ 0.5 ·10−3 −→MX & 3 ·10−22 eV

for fermions
Pauli blocking: MX & 750 eV

f (p,x) =
ρX(x)

MX
· 1(√

2πMXvX

)3 ·e
− p2

2M2
Xv2

X

∣∣∣∣∣
p=0

≤ gX

(2π)3
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Dark Matter Candidates

WIMPs (neutralino, . . . )
sterile neutrinos
gravitino
axion
Heavy relics
(Topological) defects
Massive Astrophysical Compact Halo Objects
Primordial black hole remnants
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Weakly Interacting Massive Particles

Assumptions:
1 no X − X̄ asymmetry nX = nX̄

2 @ T < MX in thermal equilibrium with plasma

nX = nX̄ = gX

(
MXT
2π

)3/2

e−MX/T

XX̄ −→ light particles

freeze-out temperature Tf M∗Pl = MPl/1.66
√

g∗

1
nX

1
〈σannv〉

= H−1(Tf )−→ Tf =
MX

ln
(

gXMXM∗Plσ0

(2π)3/2

) .

Bethe formula: annihilation in s-wave: σann = σ0
v
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Weakly Interacting Massive Particles (WIMPs)

density after freeze-out: nX(Tf ) =
T 2

f
M∗Pl σ0

present density: nX(T0) =
(

a(Tf )
a(T0)

)3
nX(Tf ) =

(
s0

s(Tf )

)
nX(Tf ) ∝

1
Tf

∝
1

MX

X + X̄ contribution to critical density:

ΩX = 2
MXnX(T0)

ρc
= 7.6

s0 ln
(

gXM∗PlMXσ0

(2π)3/2

)
ρcσ0MPl

√
g∗(Tf )

= 0.1 ·

(
(10 TeV)−2

σ0

)
0.3√
g∗(Tf )

ln

(
gXM∗PlMXσ0

(2π)3/2

)
· 1
2h2

natural dark matter: σ0 ∼ 0.01×σweak

naturaly “light” σ0 .
4π

M2
X
−→ MX . 100 TeV
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WIMPs are mostly welcome

Do not need new physical scale (and interaction?)
Can search for WIMPs in collision experiments (LHC):

X + X̄ ↔ SM + SM’ + . . .

Can search for WIMPs in cosmic rays: products of WIMPs
annihilation (in Galactic center, dwarf galaxies, Sun)

X + X̄ → pp̄ , e+e− , ν ,γ, . . .

Direct searches for Galactic Dark Matter (v ∼ 10−3)

X + nuclei→ X + nuclei + ∆E
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Direct searches for a particle of 5 GeV . . .

LHC helps!
provided some (reasonably) weak interactions between visible baryons and invisible (dark)

antibaryons, which should be Illustration with searches for WIMP-signal

χ

χ̄

q

q̄

g, γ, Z, or W

N.Zhou et al (2013)
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CMS results of (in)direct searches @ 7 TeV
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ATLAS results of (in)direct searches @ 7 TeV
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CMS results of searches at @ 8 TeV

V. Khachatryan et al (2014)
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Decoupling of relativistic specia (DM?)

Thermal equilibrium is forbidden:
Td �MX , and then nX/s = const

Ω3/2 =
mX ·nX ,0

ρc
=

mX ·s0

ρc

nX ,0

s0
= 0.2

MX

100 eV

(gX

2

)
·
(

100
g∗(Td )

)
.

1
2h2

If fermions: limit from Pauli-blocking
Generally: too hot at Equality:
from structure formation we need at TEq ∼ 1 eV, vDM . 10−3
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Other Dark Matter candidates are not in equilibrium!

WIMPs (neutralino, . . . ) ⇐= thermal ! =⇒ Singlet scalar field:

L = LSM +
1
2

(∂µ S)2−
m2

0
2

S2−λS2H†H + ...

Invisible decay H→ SS if kinematically allowed, missing energy

direct searches for dark matter

sterile neutrinos ⇐= Price: sensitive to mass and couplings! not seesaw neutrino!

axion ⇐= Price: sensitive to mass and (=couplings) and history!

gravitino ⇐= Price: sensitive to mass, couplings and reheating temperature !!! yet it is

natural LSP if ΛSUSY . 1010 GeV

Heavy relics ⇐= Price: sensitive to mass and untestable

Asymmetric WIMPS, nX 6= nX̄ ⇐= No cosmic ray signals, but trapped in stars

Why asymmetric? But other matter, baryons, is asymmetric. . .
Why non-thermal DM? ⇐= But major processes we know (recombination and

nucleosymthesis) were out-of-equilibrium. . .
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