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In the last lecture we finally derived
the BFKL equation

There was bibliography in the last slide of the
lecture but we should stress that the method
presented was based mainly on two books:



Vincenzo Barone Enrico Predazzi

High-Energy
Particle Diffraction

With 188 Figures




Quantum Chromodynamics
and the Pomeron

J.R.FORSHAW
and

D.A.ROSS




Remember the gluon reggeization

Ag(s,t) = AO(s,1) (1 +1n(%)e(t) +%ln2(‘%)e2(t) + )

e(t)
An ansatz seems natural: Ag(s,t) = A (s,1) (%)

g [ 4 S E(q2) _Nca’s de
Dty = —i%2 ()7 0= [ty

The reggeization of the gluon; Bootstrap equation

ag(t) = 1 + €(t)



Let us pick it up from here... Strong ordering in rapidity
P .
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Again, time to iterate, set the t-channel K a B
gluons to reggeized gluons, use the ‘ ,\_,\_1,&_,,\_,\_,«__
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and after the Mellin transform to
unfold the nested integrations over k;
phase space, you finally get:

wf,(k1, ko, q) = 0°(k; — ko)

—_— 2 ‘-._.‘I I‘-.,-'I
&s —4d k; i
42 dEI{ . l}k } j+l i+l o je1
2m (1— q)2k? fu(l, k2, q)
1 2 k%fu«'(khkh(ﬂ o ' o
Fp (e - BEEE ; : :
n 1 (k1 — q)?1% £, (1, k2, g?) ka o, fa :
(1= ki)? (1-q)2k? SO0000> 000000
_(kl - Q)wa(klgkz,qg)) } Kot O o ’[j -
(] o Q)E(kl - 1)2 } > > - -




Fixed order VS resummation

Again on the whiteboard...

We should keep in mind that we are discussing a calculation in
perturbation theory



Let us try to
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understand the ;
BFKL equation , *.;,"
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At this point we were calculating

the imaginary part of the

amplitude to the right. This kind of

diagrams are the so-called ladder k
diagrams
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Let us try to A
understand the ) § -----
BFKL equation =

Im A(S, t) — = (_1)ngp1cr1 . 'gpnffn
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Let us try to understand the BFKL

equation

2
T2 = 5o (% s f H da; dB; d%k;

( —B1(1 — &1)3 - "31) Y (Ofn+1( + Bn+1)s — kiﬂ) >

x |0 (0 = ajr1)(B; = Bjs1)s — (kj — kjt1)?) -
j=1 /

After integrating over ,Bl. we obtain:

do;
dﬂﬂ+2 2?1-{-1 2?T In4+2 H/ f daﬂ+1

i=1"Y %¥i+1

n+1
X H /dEk:jﬁ (ans15 — k7).
7=1

Remember we
had to do
something about
the (n+2)-body
phase space



Let us try to understand the BFKL
equation
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Let us try to understand the BFKL
equation

Remember also that to unfold the nested integration we took a Mellin transform

= [7a(i7) () e




Let us try to understand the BFKL
equation
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Let us try to understand the BFKL
equation

Let us define the following:

N? — 2 2 1./ /
filw,q?) = (8n%a,)? S L [ Ak /d"’ F(w,k, k', q)

N ] @7 [ @n? k2 - )

Then we will have the following integral equation in which we
encode the behaviour of f. (w, g°):

w— e(—k?) — e(—(k — q@))] F(w,k,k',q)

e N o K(k:,ﬁ:) /
_5(k—k’)— 27{.2 /dzﬁkz(n_q)QF(wanakaQ)

The subscript R will be from now on 1



Let us try to understand the BFKL
equation

|
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The BFKL equation

wF(w k, k' q) =6 (k—-k)
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To complete the story...

Suppose now that we know  F(w, k, k', q)

The we take an inverse Mellin
transform to go back to s-space

1 c+100 W
F(S,k,k:g) — % / dw (“:_) F(wak:kfnq)

—100 ‘ ‘

And to recover the imaginary part of the ladder diagrams all we need to do is:

Im A, (s,t) _ (8n%a,)

S 4N, (27)?

,N2—1 [ d%k / A2k’ F(s,k, k', q)
(2m)2 k2(k — q)?



The BFKL equation for zero
momentum transfer, g=0

2
w0 F(w, ke, k) = 62(k — k') + el /(kd r

72 — k)2
/ k*
X [F(w,ra,k) — ? 1+ (k—R)Q F(w,k’kf)]

Or symbolically:
wF(w,k, k) =6k —-K)+ /dzﬂ, Kk,k)Flw,k, k"

N. .o 1
o 2 2 c-*8
where }C(kﬁ, K) — 26(_"5 )5 (k — H’) + 2 (k _ F;)Q
Nea 1

Kvirt(k, R) — 26(_k2) 62(’6 — h’;) }Creal(k; ﬁ',) —
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SOLVING THE BFKL EQUATION



Solution for zero momentum transfer

Let us write symbolically: wF=14+KXF
By solving the equation
we mean finding IC X ¢a — Wq Qﬁa

eigenfunctions such that:

The eigenfunction obey the Z o (k) O (k) = = 5%k - K)

completeness relation:

Then the solution to the first F(w’ k. k') — o (k) ¢;(k’)

equation will be: W — Wy

/

a denotes a set of indices that can be discrete or continuous and
the summation symbol can hide an integration



Solution for zero momentum transfer

Let us write symbolically: wF =14+ K F

By solving the equation

we mean finding KR (;ba — Wy (;ba

eigenfunctions such that:

Actually, if we use polar coordinates o = (|k|, 19)

1 L
the eigenfunctions are: anu(|k|, 19) _ (kE) 5 +iv pin?

V2

obeying: /de Gnv (k) Prrn (k) = Opnr 6(v — 1/")

20N, nl+1
whereas the eigenvalues are: wn(V) - = - Re [’%D (l ’2 + IV) - ¢(1)}



Solution for zero momentum transfer

The solution will then be:

00 eiu IH(W)

F ,k,k, in(9— 19)/ d
(w ) = NEYTETRN Ze Y T o)

Here, n is also called conformal spin, it is connected to the angular
information encoded in the gluon Green's function.



Solution for zero momentum transfer

Hands on... Let us use Mathematica to plot things and draw conclusions

onega[n_, v_] := Mdule[{asBar = 1/5},
Return[2 asBar (Pol yGanmma[O0, 1] -
Re[ Pol yGamma[ (Abs[n] + 1)/2 + 1 v]])]];

Plot[{onega[0, ], onega[l, ], onega[2, ],
onmegal[ 3, ], onegal4, ]}, { , 0, 3}]

Outfgl=




Solution for zero momentum transfer

1 00 . , +00 ew ln(j:%)
F(w, k, k') = : Z (V=77 f dv
o2 (k2k'2)s “— o w — wn(v)

!

Retain only the n=0 term, this
from the analysis before

F(w,k, k') =

b=

1 /—l-oo eiu ln(k%?f)

dv
272 (k2k'2) w — wo (V)

— 00

Expanding around Ncas
zero where we have Q) (3'/) —
the maximum gives: s

(41n2 —14¢(3)v2 +...)




Solution for zero momentum transfer

N
wo(v) = s (41In2—14¢(3)v° +..)
v
NC S NC S
Set: A= =% g, N = 2<% og(3)
T /s
Take the inverse Mellin transform
N 1 /+°O Kl wo(v) 4, 1n(%)
Flsk, k) = oy | () el
1 1
F(s,k, k') = - 2
\/QWS)\’ k2K’ \/hl S/k Pomeron
9 solution of the
(i)/\ ox ln (k: /k ) BFKL equation
k2) TP T 2N In(s/k?)




Solution for zero momentum transfer
F(s,k, k') = ! !
o Vardx k2k'® V/In(s/k?)

s \ X In2(k2/k'%)
X(ﬁ) P TN In(s/k2)

Neag

T

4 In 2

QIP(O):l—'—)\:l I

QCD Pomeron intercept way too large in comparison to the soft Pomeron intercept



Solution for zero momentum transfer

Again in Mathematica:

onmega[n_, v_] := Module[{asBar = 1/5},
Return[2 asBar (PolyGanmma[ 0, 1] -
Re[ Pol yGanmma[ (Abs[n] + 1)/2 + 1 v]])]];

analytlc[n_, Y, ka, kb, angle ] :=
NI nt egrat e[ Exp[ | *n*angl e] / (2Pi ~2) / ka/ kb* 2* Exp[ omega[ n, v] Y] *
Cos| 2 Log[ (ka/ kb)] v], {v, O, Infinity}, WrkingPrecision -> 20];

Now you can calculate the LO gluon Green's function for a given rapidity Y,
conformal spin n, and certain momenta of the reggeized gluons.

Note: Many times, in the
literature, the leading

1
eigenyalue is denoted as XU(V) — —92Re {Q}b (5 + w) — @b(l)}

X, It is also called

sometimes as the LO
BFKL kernel!



The gluon Green's function

2y
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lterative structure

What do we know about the GGF F?

We know that it appears in an implicit equation (BFKL eq) in such a way that
F practically is equal to the leading order term plus F with another rung added.

Keep this picture in mind for latter



Again the BFKL equation

wF(w,k, k' q) =6k -k
Nca’s 2 _q2 /
+ 53 /d H'{(r;,—q)Qk? F(w,k,k',q)
1 [ , k?F(w,k, k', q)
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To connect with the lectures by
Beatriz and Edmond

OF (s, k, k' 1 c+100 w
(s ) / dw (i) wF(w, k, k")

O0lIn(s/k?) " 2rmi

—i00

OF (s,k,k')  N.og / d’k

dln(s/k?) 72 (k — K)?
/ k?
X [F(s,n,,k ) — PR —

O [g;g(g; k2 ] Unintegrated gluon distribution:
— ’ L1 the probability to find a gluon with

longitudinal momentum fraction x
and transverse momentum k

2

>

F(s, k,k’)]

/

Evolutio
rapidity

neq.in

> DIS

/



The g q total cross section

Use optical theorem:

1
oot = ;ImAl(s,t =0

)
NZ -1 F(s, k,k')
— 2 c 2 2 y vy
= 4% ( 4N? )/dk/d ¥ ek

Substitute the Pomeron solution:

1 1 Problem!

F(s, k,k") = The integrals
Vo k2k'> v/In(s/k?) ae R
] ] ivergen

s\ A In?(k?/K'°)
X(ﬁ) P TN In(s/k?)




The g q total cross section

Use optical theorem:

1
41— —Im Aq(s,t = 0)
S 1

Otot
N2 -1 F(s,k,k")
4N c 2 2
= 40? ( E )/d k/d K

Introduce by hand a g cutoff
cutoff and also the y = In introduced
ubiquitous rapidity / by hand
variable, y
T (N2 —1) af2 eV

Then, you finally get: R < -

, you finally get: Otot — N2 y

C mm \/ﬂ/\ 9/8

What about the Froissart-Martin bound?



Hadron—Hadron scattering

* Any BFKL process we can imagine in hadronic scattering will
iInvolve interaction between quarks and gluons, meaning that
quarks and gluons will be the “local” projectiles “above™ and
“below”. This actually is a general truth, see for example how it
holds also in photonic interactions.

e The fact that quarks and gluons cannot be found free but they will
always be bound in a hadron or some similar system provides
some off-shellness that regulates the IR divergencies without the
need of a cutoff introduced by hand.

*The internal structure of the hadrons is encoded when we
consider a BFKL amplitude into objects we call impact factors, in
general of non-perturbative nature that have to be modelled.

*There are impact factors though that can be calculated in
perturbation theory.



A hadronic elastic amplitude
0

A

Impact factors (4N.In2)/m)as ~ 0.5. (as ~ 0.2)

B —— D —>

O

d?k; d2k2 f(s,ki,ka,q)
£ — C L ) B1, K2,
Als,t) = is f (2m)? (27)? ki, q) ki(k; — q)2

(I)B(k2a q)



R
e
g9
e ansat
Z

I
A

M
A
B
_ 3
iy
—
Al

I's
— B/



Impact factors

Impact factors are effective couplings of the BFKL
gluon Green's function to the colliding projectiles

They are process dependent objects
One needs to calculate them at a certain order of
the perturbative expansion, preferably the same

one as that of the BFKL gluon Green's function.

It is not an easy task to calculate impact factors to
NLO.



Impact factors

A

A
@ Impact factors are process-dependent;

only very few have been calculated in the NLA:

e colliding partons
[V.S. Fadin, R. Fiore, M.I. Kotsky, A. Papa (2000)]
[M. Ciafaloni and G. Rodrigo (2000)]

o v¥ — V, with V = p°, w, ¢, forward case
[D.Yu. Ivanov, M.I. Kotsky, A. Papa (2004)]

e forward jet production
[J. Bartels, D. Colferai, G.P. Vacca (2003)]
[F. Caporale, D.Yu. Ivanov, B. M., A. Papa, A. Perri (2012)]

(small-cone approximation) [D.Yu. Ivanov, A. Papa (2012)]
o forward identified hadron production [D.Yu. lvanov, A. Papa (2012)]

o X s ok [J. Bartels et al. (2001) —]
[I. Balitsky, G.A. Chirilli (2011)-(2014)]

Taken from a talk by B. Murdaca



An example:
the photon impact factor

v*g vertex at LO



An example:
the photon impact factor

LO, fixed order



An example:
the photon impact factor

LO BFKL



An example:
the photon impact factor

BORN

NLO Corrections
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the photon impact factor

An example:

BORN




NLO BFKL

2-loop trajectory  1-loop g emission pair production

Quasi-Multi-Regge kinematics (QMRK)



—Beam axis—

Mueller-Navelet jets

p(p1) J/

large — rapidity

| jetz (ksz2, ¢J2)

5 zero rapidity
J2 — T

jety (kj1, ¢71)

p(p2) T

Colferai, Schwennsen, Szymanowski, Wallon 2010

large + rapidity




Mueller-Navelet jets

T
kJ._h ¢.J',1: T

kJ._:z, ¢.J',2: T2

Ty

Colferai, Schwennsen, Szymanowski, Wallon 2010



Mueller-Navelet jets

LL >y e®sYxo(|n|v)
Can(Y) /m o (L 1 12)
C, (Y
(cos (m@)) = : ((Y))

A. Sabio Vera, 2006



Mueller-Navelet jets

CMS Preliminary,\s = 7 TeV,JLdt =5pb’

0'-1.1_| L I T T | T T | I'T T I T T | T T | I'T T | T T | I TTT | I_
S - ] DATA .
Ly —— Pythia 6 Z2 ~
0ok Pythia 8 4C E
=S —— Herwig++ 2.5 ’
_ — iy N
0.7 — PR Sy | |1
E __ * T * 1 h_
0.6 - | =
_ Mueller-Navelet dijets ]
0.5 P;>35GeV, |y <4.7 =
:I L1l I L1 | | | L1 1 | L1 1 1 I L1 1l | L1 1 | L1 11 | L1 | L. 11l | I:

04 "1 2 3 4 5 6 7 8

Agy




Mueller-Navelet jets

CMS Preliminary,Ns =7 TeV,J-Ldt =5pb’

U" T 171 | T T | T T | T T | ' TTT | T 17T | I'TTT | T 17T | T TT | T
o | |
O 11— Mueller-Navelet dijets —
m— . P;>35GeV, |y|<4.7 -
0.8— ’
0.6—
0.4
- [F]DATA — Sherpa 1.4 i
0.2— —
_ Cascade 2 [ BFKL NLL+ _
_I || | Ll 1 1 I L1 11 I | | | Ll 11 J Ll 1 1 l L1 | | Ll 11 ] Ll 11 I I_
% 1 2 3 4 5 6 7 38

Agy



Mueller-Navelet jets

@ Convolution of the NLLA Green's function with the LO jet vertices
[A. Sabio Vera (2006)]

[A. Sabio Vera, F. Schwennsen (2007)]
[C. Marquet, C. Royon (2007)]

@ Full NLO calculation

o /s =14 TeV [D. Colferai, F. Schwennsen, L. Szymanowski, S. Wallon (2010)]
[F. Caporale, D.Yu. Ivanov, B. M., A. Papa (2013)]
[F. Caporale, B. M., A. Sabio Vera, C. Salas (2013)]

o \/s=T7TeV [B. Ducloué, L. Szymanowski, S. Wallon (2012)-(2013)]

Taken from a talk by B. Murdaca



Mueller-Navelet jets

—a (CMS data
—— LO

ST
(M=K
— @QR,=H,
— () U =k
— () H =H,
(3) Ho=k
— HH ="
(4) "LszJ

Caporale,

lvanov, Murdaca, Papa, 2013



Mueller-Navelet jets

Principle of Minimal Sensitivity (PMS): we take as
optimal choices for u, and s, those values for

which the physical observable under examination
exhibits the minimal sensitivity to changes of both
these scales.

P.M. Stevenson (1981)



Mueller-Navelet jets

CZJ"CO T T T T T T T T CSJ{CO | T
= PMS | i PMS N
05 —
0
Y
C,/C,
1~ -
05 -
ob— ey | ob— vy by
3 4 5 6 7 8 9Y 3 4 5 6 7 8 9 Y

Caporale, Ivanov, Murdaca, Papa, 2013



Mueller-Navelet jets

BLM scale setting: in an observable the scale is
chosen such that it makes the 35, dependent part

to vanish.

S.J. Brodsky, G.P. Lepage, P.B. Mackenzie (1983)
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Caporale, Ivanov, Murdaca, Papa, 2013
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Mueller-Navelet jets

= (cos ) = (cos(¢s1 — P2 — 7))

LO vertex 4+ NLL Green
NLO vertex + NLL Green fun.

| | | v

)

6

7 8 9
Ducloue, Szymanowski, Wallon, 2012-2013



Mueller-Navelet jets

(cos 2¢p)
1.2 |

0 | | | | | Yy

Ducloue, Szymanowski, Wallon, 2012-2013



Mueller-Navelet jets

(cos 2¢) /(cos p)
1.2 T |

0 | | | | | Yy

Ducloue, Szymanowski, Wallon, 2012-2013



Mueller-Navelet jets
(cos 2¢) /(cos p)

1.2 T |

- LO vertex + LL Green’s fun.
LO vertex + NLL Green’s fun.

i

0.2 — NLO vertex + NLL Green’s fun.
i CMS data
0 | | | |
4 5 6 7 8

Ducloue, Szymanowski, Wallon, 2012-2013
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Mueller-Navelet jets

Ducloue, Szymanowski, Wallon, 2012-2013
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Mueller-Navelet jets

(cos 2¢p)
1.2 | | I
T NLL BFKL |
NLL BFKL+BLM
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Ducloue, Szymanowski, Wallon, 2012-2013



Mueller-Navelet jets

(cos 2¢p) /(cos p)
1.2 | I I
1 _
0.8 —
it T
= S i
ol S
04 —
| == NLL BFKL _
02 - NLL BFKL+BLM |
0 | | | | L 1y
4 5 6 7 8 9

Ducloue, Szymanowski, Wallon, 2012-2013



Mueller-Navelet jets

Co I ' 1 ' I‘ |
+
1L + k;=k,=35GeV
F A R -
- -
i ¥
01 =
] +
001 | + LLA _
- | ¢ Pure NLA :
- | x NLA RG-improved
0.{,01 I 1 I 1 I 1 I 1 I

Caporale, Murdaca, Sabio Vera, Salas, 2013



Mueller-Navelet |ets

Y e S L A B S
8 k. =k, =35GeV :
: J]- JE- ¢ :
! x ]
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0.01}F _
- | + LLA .
[ | © Pure NLA -
- | x NLA RG-improved .
| | * NLA RG-improved*
=
0.001 I R T B
6 7 8 9 10 Y

Caporale, Murdaca, Sabio Vera, Salas, 2013
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Mueller-Navelet jets

I ] I
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| 11 1111l
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3 i E
+ LLA |
— | ¢ Pure NLA —
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I R R | . |
6 7 8 9 10 Y

Caporale, Murdaca, Sabio Vera, Salas, 2013



Bonus



Summary

To be done by the students



Bibliography |l (very incomplete)

Forshaw & Ross, “Quantum Chromodynamics and the
Pomeron”

Barone & Predazzi, High Energy Particle Diffraction

loffe, Fadin & Lipatov, “Quantum Chromodynamics:
Perturbative and Nonperturbative Aspects”

Kovchegov & Levin, “Quantum Chromodynamics at High
Energy”

Many many review articles...
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