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The well known example of gauge theory with spontaneously
broken symmetry is given by the Weinberg-Salam model.
The Weinberg-Salam model is the model of electro-weak
interaction on the basis of the group U(2) = SU(2)xU(1).
T he electron and neutrino are described by the multiplets
with respect to the group SU(2). Electron and neutrino
with the left polarisation form a doublet



L=1/2(1+5)(v,e) (1)

where v and e are four component Dirac spinors. Right
handed electron is the singlet with respect to the SU(2)-
group

R=1/2(1—7s)e (2)
That means under the transformations belonging to SU(2)

L(x) = L) g €@ L) R(@) — R(x) 3)



Under the transformations U(1)

L(z) > L() = L)L) R() —» —igin(@)R() (4)

The group U(2) is not simple, therefore the constants g
and g1 are independent. The special choice, given above

corresponds to the standard form of the electromagnetic
current.



The gauge invariant Lagrangian describing the interaction
of the fields R and L with the gauge fields corresponding
to the groups SU(2) and U(1) is

1 1 = . T ig

iR’Yu(au + ’ing,u)R~ (5)
The interaction contains the terms

evu(l + v5)veA, (6)

It contains charged lepton currents, but if one quantize
the fields Aﬁ in the usual way, these fields will have zero
Mass.



If the fields AZ were massive their propagators would be

guv — kuk m 2
D = gk %
If k2 << m?, at low energies we have the interaction jijy.

Introduction of the mass term for vector mesons breaks
the gauge invariance and makes the theory nonrenormali-
zable. Gauge invariance plays the essential role in the
proof of renormalizability. It provides the equivalence of
the unitary gauge (as Coulomb gauge in the Yang-Mills
theory) to some explicitely renormalizable gauge (for
example the Lorentz gauge 0,4, = 0).



T he main achievement of Englert-Brout-Higgs was a disco-

very that the gauge invariance may be saved at the expense
of introducing the additional interaction with the scalar
field. They considered the Abelian theory. Generalization
to the non-Abelian case was done by Kibble, and the
renormalizability of the Weinberg-Salam model was proven
by G.t'"Hooft.



For that purpose one may introduce the complex doublet
of scalar fields ¢ = (¢1,9>) Gauge invariant Lagrangian,
which describes the interaction of scalar fields with gauge

fields looks as follows

I )
L = [Oup + ZQEAZSO + %BMMQ +
m? + 2¢, .+ )2
S P A (™" ) (8)
Gauge invariant interaction between scalar fields and fermions
may be also added

L=—-G(Le)R+ R(pTL)] (9)



The mass term for the scalar field enters with the wrong
sign. Hence the state ¢ = 0O is unstable, and to develop
perturbation theory in the vicinity of a stable extremum,

we should perform a shift

o= ¢ = (p1,02+K); Imr=0 (10)

After such a shift the mass terms for the fields Ay, By, L, R
and one component of the scalar field ¢ appears.



After the shift the explicit form of the gauge transformation
of the fields ¢ changes. The field ¢ also becomes the

gauge field: it changes by arbitrary function

a

¢ — o —igt" o+ (61 +i62,63) (11)

One can choose the functions £1,&5,&3 in such a way to
nulify the component 1 and imaginary part of ¢».



In the following we shall consider in details the non-Abelian
case, corresponding to the SU(2) gauge field interacting
with the scalar doublet. Let us start with the gauge invariant

LLagrangian

1
L= — Fi,Fii,+ (Due) T Dup— [—12¢T o+ M¢T9)?] (12)

As we mentioned before this Lagrangian is unstable and to

develop the perturbation theory around the stable minimum
one should shift the field ¢

o= ¢ =(p1,920+k); Imk=0 (13)



After this shift the theory obviously remains gauge invariant,
but the field ¢’ becomes a gauge field, that means under
the gauge transformation it changes by arbitrary three
component function.



We can choose this function in such a way, that the first
component of ¢’ disappears, and the second component
becomes purely real. In the following we denote g0/2 —
o; Imo = 0. In this gauge the shifted Lagrangian (62)

looks as follows
2
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L= — Fi,Fiy + FALAL + S0u00u0 — “m30° +
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5 T T gt Au Ayt o 32m2"
mq = Ly mo = 2A\U. (14)
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We can define the canonical momenta P/, P, as usual

a oL — Q. 5_L
The variable Ag is not dynamical. Varying the Lagrangian
(14) with respect to Ay we get a constraint

(my + 2 )2A = (DpFok)" = (DyPy)® (16)

This equation does not contain the derivatives with respect
to time, and therefore it is not a dynamical equation, but
constraint.



The solution of the constraint may be substituted to the
Lagrangian (14),removing the degeneracy of this Lagrangian.
The constraint (16) allows to express the field Ag in terms
of other canonical variables. In this way we obtain the
nondegenerate Lagrangian depending on the variables

w, Pp,o, Py. TO study the spectrum we shall look at the
free Hamiltonian Hg

1 1 L m2
Ho = ZPf — ——5(0P)? + i F 1AaA + P2
2 2m1
m2
+= akaaka + 2 o2, i k=12 3. (17)



The asymptotic states are described by the harmonic osci-
llator variables. That means this Hamiltonian should be
expressed in terms of holomorfic coordinates a (a,b)* and
as,ar It can be done with the help of representatlon

3
Ab(z) = (2m) 3/ > [ (exp{ikx}al(k)ej() +

d3k
V2w

PP(z) = (2m) 73/ _z [ (explikx}al(0)2j(k) —

fgk (18)

exp{—ikx}(af)*(K)ej(k))——

exp{—ikx}(a))* (K)&}(K))
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Here ¢; are the polarization vectors: ¢,’” = ¢;’", perpendi-
_ kw1 53 _ kmg — 12 2
cular to kK, ey = Klmy' ey = Klwy w1, = \/k + m71. For

o(xz) and P,;(xz) one can write the standard decomposition.
d3k

V/ 2wo
Py(z) = (27r)_3/2/(exp{ikx}aa - exp{—ikx}aj’;)—vgzd%

wp = \[k2 + miLO)

o(z) = (2m)~3/2 / (exp{ikx}as + exp{—ikx}a’)




Substitution of these representations to the eq.(17) gives
the following expression for the free Hamiltonian

[ dPaHo(2) = [ dPRIEE, () (Qak(Kwr + a5 (K)as(K)wo]  (20)



It follows from the eq.(20) that the spectrum of the free
Hamiltonian is the sum of harmonic oscillator Hamiltonians
and it describes three polarisations of the vector field with
the mass mq1 and one scalar meson with the mass m». The

scattering matrix may be written in the form

S((a})", af, a5, a0) = [exp{i [ L(z)} [[dAi(z)do(z) (21)

where L is obtained by substituting the expression for Ap
which follows from the constraint to the Lagrangian (14).



The boundary conditions are the following: for t — +oo, A? >
(AP)out and o — ooyt, for t — —oo, A} — (Af)in and o —
o;n. IN the initial state the negative frequencies of A and

o are fixed; in the final state the positive frequencies of A
and o are fixed.

T he problem of quantization is solved, however the expression
for the scattering matrix is not convenient. First of all
manifest Lorentz invariance is lost. T he effective Lagrangian

~

L is known only as a perturbation series.



To avoid these problems let us reintroduce the integration
over A%. Then the expression for the scattering matrix will
look as follows:

S = /exp{i/L(w)dw} [[(m1 + %7)3dAZda (22)



Indeed, the integral over Aj is equal to

[exp{i [ del/2(mqy+ 22 )(A 4) — A%(D}.Fop) Y dAS (23)

This integral is Gaussian and may be calculated explicitly

exp{~i [ de(DyFok)"(m1 + %) 2 (D Fok)*} [1(my + 7)) 73
“2a)



One sees that the integration over A3 leads to replacement
of Ag in the equation which determines L by the solution
of the constraint equation, that is L — L, and the factor
[Io(m1 + % )3 is compensated by the determinant.



The free Green function of the vector field is determined

by the path integral

2
Z(Jy) = [exp{i | d:c[——Fa Fa —I—%AZA + IS ALD T dAG, (gydo ()

pUvs v
(25)



This function looks as follows

ab . _ 1 ) B _ k'uk';/ 1
Di(e =) = gy | XUk =)} ow = 55—y dk (26)

Its Fourie transform does not decrease, when k£ — oo. This
leads to the nonrenormalizable divergencies of separate
terms of perturbation theory. On the other hand in this
gauge there are no unphisical excitations. All the particles
present in the Lagrangian have positive energy and may

be observed. For that reason this gauge is called a unitary
gauge.



From the point of view of real calculations the renormalizabi-

lity is the very important property of a theory. Using the
gauge invariance of the shifted Lagrangian (62)we may
pass from the unitary, but nonrenormalizable gauge to
some manifestly renormalizable gauge, for example to the
Lorentz gauge 90, A, = 0. Of course in this gauge some
unphysical excitations are present, but as the renormalizable
theory was obtained by the identical transformation of the
unitary scattering matrix, these excitations decouple.



Let us note that in the exponent for the scattering matrix
(22)is present the Lagrangian, which is obtained from the
gauge invariant Lagrangian (62)by imposing the unitary
gauge condition. It is convenient to introduce the variables
Bi,a

__iB1 + By, 0 —1B3

= 2Tt S (27)




In terms of the fields B,;, o0 the gauge transformations have
a form

So = —2(B%"): B = —my&" - JBC — Dogt  (28)

The scattering matrix may be written as follows

S = [exp{i [ L(A}, By, 0)dz} [16(B")(m1 + %a)3dAZdBada

(29)
where L is a gaudge invariant Lagrangian.



Note that the factor (mg 4 92§2))=3 = A~1(B)p—_y may

be written as follows
AN (B)p=o = [ §(B®)dQ2p—0 (30)

where integration goes over invariant measure on the group.

Indeed, at least in the perturbation theory

AT (B)pmg = [ 8(myg® + 27O

)1[de%(x)  (31)

The factor A(B) is obviously gauge invariant.



Let us multiply the scattering matrix (29) by "1"
_ Q
1= A (A) /5(@4“ YA (32)

and change the variables A}? = A}, B = B, 0% = ¢’
Taking into account the equation (31), and the gauge

invariance of the factor A(B) we get

S = / exp{i / L(z)da} T] A(B)(B"1)6(8,AL) AL (A,)dA'dB'do’ dS2

— / exp{i / L(AH,B,a)dx}l;[é(auAM)A 7 (A)dAdBdG



Now the free Green function of the field Ag IS given by
the integral

1
2(Jp) = [ exp{i [~ (0uA} — 8uA7) (04 AL — O AL) +

2

m
71AZAZ + JGA%dx} 1;[ 5(OuAL)dAT(34)

It looks as follows

5ab
(2m)4

This function decreases at £k — oo

kyky 1

) dk

(35)

Db () = | exp{ika} (g - .




The propagators of the fields B and o have the standard

form

w_ O ., : (36)
B2 4ie 77T K2 —m3 e
Finally we should determine the factor A;(A). At the

surface 9, A, = 0O it is the usual Faddeev-Popov determinant

ALH(A) = [6(0%€7 + "V AL 0" [] e () =
/ exp{i / [0,8%(2) Dyc®(x)]das} I1 de(z)de(z)  (37)

The theory is obviously renormalizable.



In this gauge many unphysical excitations are present.
They are: zero components of the field Aﬁ, Goldstone
bosons B%, Faddeev-Popov ghosts c¢,c. However as our
transformation from unitary gauge to the Lorentz gauge
was identical, the scattering matrix is unitary in the subspace
which includes only physical excitations. It can be demonstra-
ted explicitly in the Lorentz gauge, by using the BRST
quantization technique.



One can also pass to some other renormalizable gauge,for

example to so called a gauge, when to the gauge invariant

Lagrangian the term 5-(9,4,)? and the Faddeev-Popov

ghosts are added. T hese gauges however are not convenient
because they lead to the mixture of the fields AZ and BY.

In these gauges the quadratic terms 8MB“AZ are present.

More convenient are the gauges proposed by G.t’"Hooft.



Let us consider the t'Hooft's proposal in more detailes.

We introduce the functional A, by the following equation

Aa/5(8MAfLZ + am1BS2 — f(2))d2 = 1 (38)

In this equation f(x) is arbitrary function and the integration
measure is invariant with respect to the group €2.That
means that the functional Aq(Af, B¢, o) is gauge invariant:

Aa(Aj}, B, 0%) = Aa(Ay, B,o). Let us multiply the functional
describing the scattering matrix in the unitary gauge by"1".



Then we get

S = / exp{i / L(2)dz}8(B)A(B)Aa(Apu, B, 0)§(9u A
amqB*? — f(2))dQ2d A, dBd£39)

In this equation we change the variables with the help of
gauge transformation: A}, B*?, 0% — A, B, o, and integrate
over (2.



By the same reasonings as before we get for the scattering

matrix the following representation

S = / exp{i / L(z)dz} Aa(Au, B, 0)d(3,A% +
ami1B® — f%(x)) 1;[ dA;(x)dB(z)do(x) (40)



By construction the scattering matrix does not depend on
the arbitrary function f%(xz). Therefore we can multiply it
by the factor fexp{fdx(f (z))° Hlz df%(x). Integrating the

resulting expression over f%(x) we get the final expression

for the scattering matrix in the t'"Hooft gauge

s = [exp{i [[L(2) + %(@MAZ
+amiBY)?]dz} Aa(Ay, B, o) 1;[ dA,(z)dB(z)do(z) (41)



The gauge fixing term also produces mixing of the fields
AZ and B The gauge is chosen in such a way that these
terms exactly compensate the mixing terms present in the
Lagrangian.

It remains only to determine the explicit form of the factor
Ao(Au, B,o). This factor was defined by the eq.(38)

Aq / 5(uAL + am1 B2 — £(2))d2 = 1 (42)

To determine the factor Aq(Ayu, B,o) we should find the
root of the argument of §-function. Obviously Q2 =1, (£ =
0) nullifies the argument of §-function. It is easy to see
that in the framework of perturbation theory it is the only
root.



Hence we may perform the integration with the result

Ao = det(6%€(8% — am?) — gaﬂsabcAz —

agrnm am
g 18achb L 50/0 10. —
2 2

/ exp{i / c(x)F*(Ay, B, o)c(x)da} l;[dc_:(a:)dc(:p) (43)




In the previous discussion we completely ignored the necessity
of existence of the ultraviolet regularization preserving
the symmetry of the theory. We were dealing with the
divergent integrals as if they were convergent. It may
lead to some problems. Usually people working with the
divergent integrals assume the existence of the dimensional
regularization preserving the symmetry of the theory.
Sometimes however the dimensional regularization does
not work. Example is given by the supersymmetric theories
to which the dimensional regularization is not applicable.



Another important example which are closer to our present
topic is given by the theories, including the matrix ~g. In

the framework of dimensional regularization a consistent
definition of v5 matrix is impossible. It is exactly the case

for the Weinberg-Salam model of electroweak interactions.

The simplest way out in this situation is to use the regularization
with higher derivatives (A.A.S). For the Yang-Mills theory

one introduces the following regularized Lagrangian

1
Lyy — Ly = — [Fg,,Fg,, v — D?F{,D°F{,] (44)



The new terms, appearing in the Lagrangian (44), force
the free propagator to decrease faster than original one

k. k 1 ak,k
ab __ cab phvr Ry
Dy = " (gpv — L2 >k2 + A4K6 k4f2(—k2)) (45)

In the Lorentz gauge the propagator for large k decreases
as k—©. Otherwise we choose the function f accordingly.
However to preserve the symmetry we are forced to introduce
not the ordinary derivatives, but the covariant ones.



Calculating the divergency index of the arbitrary diagram

we have

w<6—2n> —n3z—2n4 — 3ng —4ng — 5ny — 6ng  (46)

one sees that the divergent may be only the one loop
diagrams. As our regularization preserved the gauge invariance
it follows that the anomalies may arise only in one loop
diagrams.



However a general receipt for the one loop diagrams is
absent, and in some cases (including Weinberg-Salam model
for leptons) one can prove that it is impossible to regularize
in the invariant way the one loop diagrams. The well
known example is given by the triangle one loop diagram

in the U(1) chiral theory,described by the Lagrangian

1 _
L=~ (0uAu~ OuAL)? + ipyu(Ou — igAuvs)y  (47)



This Lagrangian is gauge invariant and the divergency of
the one loop diagram with three external vector line must

be equal to zero. However the explicit calculations give

3

i(p+ Dalwa(p.a) = = 5" pagg  (48)



The most general expression for renormalized three leg

vertex function is

Iz,LLI/Oé =l wa(p, @) + Clguuaﬁpﬁ + 025,u1/a[3q5 (49)

where T ua(p, q) is the symmetric vertex function, which
satisfies the equation (48). I ,uq also should be the symmetric
function of the arguments (u,p), (v,q), (o, —(p4¢q)). Hence
we conclude that ¢ = ¢o = 0. Anomaly cannot be eliminated
by the renormalization freedom.



However, as one can see from the expression (48) for
the anomalous divergency of the vertex function,it is the
function of g. Therefore if we had the similar interaction
of the particles with the opposite charge, the anomalies
would compensate each other. It is the case for the Weinberg-
Salam model. The anomaly which are due to electron and
electron neutrino are compensated by the corresponding
anomaly, produced by u and d quarks.



But we have also the anomaly produced by the muon
and muonic neutrino. At that time only three quarks were
introduced. For the anomaly compensation the total charge
of leptons (—2) should be equal to the total charge of
quarks and should have the opposite charge (2/3 x 3 =
2). In this way the charmed quark was predicted. This
prediction was confirmed experimentally. At the present
time we know two more leptons and two more quarks.
They also lead to the compensation of anomalies and
therefore to renormalizability of Weinberg-Salam model.



All these considerations with nonessential changes are
applicable also to the electro-weak models in which the
neutrino have nonzero mass. T herefore spontaneous breaking
of symmetry allows to describe the electro-weak interactions
of leptons and hadrons in the framework of consistent
renormalizable model. For QCD section of the Standard
Model the situation is much worse. Although we have
no experimental facts contradicting the Standard Model,
consistent analytic explanation of color confinement is still
absent.



A problem of unambiguos quantization of nonabelian gauge
theories beyond perturbation theory remains unsolved. Even in
classical theory the equation

does not determine the Cauchi problem. Gauge invariance results
INn existence of many solutions of this equation. To define the
classical Cauchi problem and subsequently to quantize the model
one imposes a gauge condition, e.g. Coulomb gauge 9;A; = 0.



Differential gauge conditions: L(Ay,¢) = 0 — Gribov ambiguity.

Algebraic gauge conditions: E(Aﬂ,go) — 0 — absence of the manifest
LLorentz invariance and other problems.



Coulomb gauge

8;A; =0
Af = (A%,
Aol + ige™C9,(Ala) =0 (51)

This equation has nontrivial solutions fastly decreasing at spatial
infinity— Gribov ambiguity.

In perturbation theory the only solution is a = 0.



A remedy: new (equivalent) formulation of the Yang-Mills theory using
more ghost fields.

Let us consider the classical (SU(2))Lagrangian

1
_ZFﬁuFﬁy + (Dpe)" (Dpp) = (Dpx)™ (Dpx)

+i[(Dub)*(Dpe) — (Dpe)*(Dub)] (52)

The scalar fields (¢, x are commuting, e,b are anticommuting) are
parametrized by the Hermitean components

® — (id)l + Py Py — z'cb3>

L

N (53)



Integrating over the fields ¢, x,b,e with vacuum boundary conditions
one gets

/ exp{i / Ldo)dfi = / exp{i / Ldz}(det D2)2(det D?)2dy  (54)

Here the measure du includes the gauge fixing factor and Faddeev-
Popov ghosts and the measure du includes also differentials of the
fields ¢,x,b,e. The integral reduces to the usual path integral for
the Yang-Mills scattering matrix. The lagrangian L gives for the
gauge invariant correlators the same result as the standard Yang-Mills
Lagrangian:

1
L=~ Fi,Fiy (55)



Now we consider a different lagrangian, which may be obtained from
L by the shift

w—o—g tm x—x+g tam (56)
The constant field m has a form:
m = (0, m) (57)

For « = 1 the new Lagrangian looks as follows
1
L = —ZF,?VF,S?V + (Dup)* (Dpp) — (Dux)™(Dux)
—9 H(Dpp)* + (Dux)*1(Dpin) — g~ H(Duin)*[Duy + Dyux]
+i[(Dpb)*(Dpe) — (Due)*(Dupb)]  (58)
Note that because of the negative sign of the x kinetic term this field

posesses negative energy. T his is crucial to insure the cancellation of
the terms quadratic in m in the shifted Lagrangian and provide the

zero mass for the Yang-Mills field.



Higgs-Kibble model.

The model we consider in many respects reminds the Higgs model.
Instead of one scalar fields we have two scalar fields with different
signs of energy and two more anticommuting scalar fields. T he presence
of two commuting scalar fields with different signs of energy allows to
avoid the mass generation for the vector field. As in the Higgs-Kibble
model these scalar fields become gauge fields, that is by the gauge
transformation they are shifted by arbitrary function.

In the Higgs-Kibble model one starts with the Lagrangian

L = Ly + (Dup)*(Dpp) — X (9*p — p?)? (59)

After the shift o ="' + 4, pn=1{0, u} ¢, a=1,23 becomes a
gauge field:¢!, — ¢, + un®(x) 4+ .... Unitary gauge ¢/, = 0 is algebraic,
but Lorentz invariant. However this gauge is nonrenormalizable.



Is it possible to invent Lorentz invariant algebraic gauge for the Yang-
Mills theory in which the theory is renormalizable?

The Lagrangian (58) may be obtained from the gauge invariant
Lagrangian, describing the interaction of the complex scalar doublets
with the Yang-Mills field by the shift

—~

o —o—g tm x—x+g tam (60)

Hence the Lagrangian (58) is invariant with respect
to the"shifted"gauge transformations.
In particular the transformation of the field ¢4 = soai\@x“ IS

5@% — ml:lzzana + %8abc¢1:)|:nc + %90%77&



For « = 1 this Lagrangian is also invariant with respect to the
supersymmetry transformations

dp,, () = 2ieba(x)
Sea(z) = epd (2)
§b(z) = 0 (61)

where € is a constant anticommuting parameter.

This invariance plays a crucial role in the proof of the equivalence of
the model described by the Lagrangian (52) to the standard Yang-
Mills theory. It provides the unitarity of the scattering matrix in the
subspace which includes only three dimensionally transversal components
of the Yang-Mils field.



The field o is shifted under the gauge transformation by an arbitrary
function mlgana It allows to impose Lorentz invariant algebraic
gauge condition ¢ = 0. The resulting theory is gauge invariant for
any a and for a« = 1 has no infrared divergencies. However for a = 1
the theory also is not unitary. It may seem strange, as usually the
gauge invariance is the sufficient condition of unitarity, as it allows
the free transition from the unitary to renormalizable gauge. In our
case there is no unitary gauge. Even in the gauge ¢ = 0 there are
unphysical excitations.



The spectrum:
Ghost exitations: ¢4,b,e, longitudinal and temporal components of
A
Physical exitations: three dimensionally transversal components of the
Yang-Mills field.

The supersymmetry of the effective action generates a conserved
nilpotent charge (). Physical states are separated by the condition

QY >,p=0 (62)

the states separated by this condition describe only three dimensionally
transversal components of the Yang-Mills field.

The ghost exitations decouple.



Renormalization

The field h(©2) enters interaction only with derivative Ouh. Hence the
divergency index of a diagram with n external h(¢9) lines decreases
by n.

The index of divergency of an arbitrary diagram is
n:4—2L¢0—2L(po—LA—LG—Lb—Lh (63)

+ +
The theory is manifestly renormalizable.



An alternative formulation of the Higgs-Kibble model.

1 _ _
L= _ZFISI/F/%I/ + (D,USO_I_)*(DMSO ) + (DMSO )*(DMSO_I_)
+ (D) *(Dup) — X2 (¢* o — p?)?
—[(Dpb)*(Dpe) + (Dpe)*(Dud)] (64)
Here the field ¢ is the complex doublet describing the Higgs meson,

and the fields goi are new auxiliary fields. The fields b, e have a similar
structure, but correspond to the anticommuting fields. The shift

o () = (x) —m; () = o(x) — @ (65)
where m and p are the coordinate-independent condensates
m = (0,m/g); i=(0,u/g) (66)

generates the mass term for the vector field.



In the same way as before one can show that the theory described by
this Lagrangian is renormalizable and unitary in the space, including
only three polarizations of the vector field and the scalar Higgs meson.

T herefore the extension of the spectrum of non-Abelian gauge theories,
supplemented by the corresponding extension of their symmetry
(supersymmetry), makes possible to perform quantization of these
theories both in the framework of perturbation theory and beyond it.
It allows to study QCD and electroweak models beyond perturbation
theory.
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