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Same  Physics described  by  many  different Aμ

Gauge  Invariance: A A Aμ μ μ μ′ ≡ + ∂ Λ

Covariant  Notation: ( , ) ; ( , )A V A J Jμ μ ρ≡ ≡
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F A Aμν μ μν ν≡ ∂ − ∂ ( )A AF Jμν
μ

μ ννν
μ − ∂ ∂∂ = =

CONSERVED  ELECTROMAGNETIC  CURRENT:

0F μν
μ ν∂ ∂ = 0J μ

μ∂ =

Lorentz Gauge ( 0) 0A Jμ μ
μ∂ = =and 0Aμ =

Klein-Gordon equation  with 0m = MASSLESS  PHOTON

TWO   PHOTON   POLARIZATIONS

0, 1, 2, 3, ; 2μ = arbitrary constraints

Residual Invariance: ; 0A A μμ μ ∂+ Λ Λ =
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FREE  Dirac fermion: ( )i mμ
μψ γ ψ= ∂ −L

Phase Invariance: ;e eiQ iQθ θψ ψ ψ ψ ψ ψ−′ ′→ = → =

Absolute  phases  are  not  observable  in  Quantum  Mechanics

GAUGE  PRINCIPLE:
Phase  Invariance  should  hold LOCALLY

( )xθ θ=

SOLUTION: Covariant  Derivative

( ) eiQAD i De Q μμ μ μ
θψ ψ ψ≡ ∂ + →

One needs a spin-1 field satisfyingAμ
1A A
eμ μ μθ→ − ∂

( )eiQ i Qθ
μμ μ θψ ψ∂ → ∂ ∂+BUT
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Kinetic  term:

1
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Gauge Symmetry QED Dynamics  
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Successful  Theory

Anomalous  Magnetic  Moment
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C 3N =
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FREE  QUARKS:

[ ]i mμ
μγ= ∂ −q qL

SU(3)   Colour  Symmetry:

†;→ →q q q qU U

† † ; det 1= = =U U U U 1 U
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† †matrices: ; det 1N N× = = =U U U U 1 U

{ }exp a
ai θ= TU 2† a = 1 , , 1; ; Tr ( ) 0 ;aa a N −= =T T T

Commutation Relation: ,a b abc ci f⎡ ⎤ =⎣ ⎦T T T

Structure Constants real ,  antisymmetricabcf

Fundamental  Representation: 1
2

a
F

aλ=T N N×

Adjoint  Representation: ( )a abc
A bc i f= −T 2 2( 1) ( 1)N N− × −

( ) ( )Tr ( ) ; Tr ;a b a b a a
F F F FA A Ab FaF abT C C α βα β

δ δ δ= = =T T T T T T
2 11 ; ;

2 2F FA
NT C N C

N
−= = =
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Fundamental  Representation: Pauli
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† †2 2 matrices: ; det 1× = = =U U U U 1 U

{ }exp a
ai θ= TU † a = 1 , ,; ; Tr ( ) 0 ; 3aa a= =T T T

Commutation Relation: ,a b abc ci ε⎡ ⎤ =⎣ ⎦T T T
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Gauge   Principle:                 Local  Symmetry ( )a a xθ θ=
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Infinitesimal   SU(3)   Transformation:

2
( )1q q ;

a
abc

a c
s

a a bi G f Gg
μ μμβα

αβ

λδθ δθ δθδ δ ∂⎛ ⎞= = − −⎜ ⎟
⎝ ⎠

Non  Abelian  Group: 0abcf ≠

• depends  on

• Universal 

• No  Colour Charges

aGμδ aGμ
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Mass   Term: 21
2

a
aM Gm G Gμ

μ=�L

Not  Gauge  Invariant 0Gm =

Massless  Gluons

Kinetic   Term:
†[ , ] [ , ]s
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1 1
2 4
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QCD
1
2

Tr ( ) [ ]qi mμν μ
μν μγ= − + −G G q D qL
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Gluon  Self – interactions

Universal  Coupling                 (No  Colour Charges)
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