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» matrix elements are known for o** and o®V for many processes
p ¢"Vis known for many 0—4 parton, V+3 parton processes - higher

multiplicities are on the horizon
p the three contributions are separately divergent in d = 4 dimensions:

in o*R kinematical singularities as one or two partons become
unresolved yielding e-poles at O(e™, €73, €2, €1) after
integration over phase space, no explicit €-poles
in oV kinematical singularities as one parton becomes unresolved
yielding e-poles at O(e4, €') after integration over phase space
+ explicit e-poles at O(e?, €™)
in 0¥V explicit e-poles at O (e, €3, €2, €1)

How to combine to obtain finite cross section?

personal opinion: general solution is not yet available
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Several options available - why a new one?
Our goal is to devise a subtraction scheme with

v fully local counter-terms
(efficiency and mathematical rigor)

Y fully differential predictions
(with jet functions defined in d = 4)

v explicit expressions including flavor and color
(color space notation is used)

v completely general construction
(valid in any order of perturbation theory)

v option to constrain subtraction near singular
regions (important check)
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- €-poles of two-loop amplitudes:
MDD ({p}, e)) = 15" ({(pHIMP {(p]) + I {(pHIMD ({p})) + O(°)

! 1
IC) (e, 1% {p}) = —51(”(6,/12;{1)}) (I“)(ﬁauz;{p}H‘lﬂﬁoZ)
eV (1 — 2¢) 1
21 B0= + K ) IM (2. 12 19
i ['(1 —¢) (Wﬁoe—l_ X) (2¢, 73 4p}) (19)
+ H(e,p% {p}) . S. Catani 1998

G. Sterman, MI.E.Tejeda—Yeomans 2003,S. Moch, M. Mitov 2007



Use known ingredients

e Universal IR structure of QCD (squared) matrix elements

— €-poles of one- and two-loop amplitudes
— soft and collinear factorization of QCD matrix
elements

tree-level 3-parton splitting, double soft current:
J.M. Campbell, EEW.N. Glover 1997, S. Catani, M. Grazzini 1998
V. Del Duca, A. Frizzo, F. Maltoni, 1999, D. Kosower, 2002
one-loop 2-parton splitting, soft gluon current:
L.J. Dixon, D.C. Dunbar, D.A. Kosower 1994
Z. Bern, V. Del Duca, W.B. Kilgore, C.R. Schmidt 1998-9
D.A. Kosower, P. Uwer 1999, S. Catani, M. Grazzini 2000



Use known ingredients

Universal IR structure of QCD (squared) matrix elements

— €-poles of one- and two-loop amplitudes
— soft and collinear factorization of QCD matrix
elements

tree-level 3-parton splitting, double soft current:
J.M. Campbell, EEW.N. Glover 1997, S. Catani, M. Grazzini 1998
V. Del Duca, A. Frizzo, F. Maltoni, 1999, D. Kosower, 2002
one-loop 2-parton splitting, soft gluon current:
L.J. Dixon, D.C. Dunbar, D.A. Kosower 1994
Z. Bern, V. Del Duca, W.B. Kilgore, C.R. Schmidt 1998-9
D.A. Kosower, P. Uwer 1999, S. Catani, M. Grazzini 2000

Simple and general procedure for separating overlapping

singularities (using a physical gauge)
Z. Nagy, 6. Somogyi, ZT, 2007



Use known ingredients

Universal IR structure of QCD (squared) matrix elements

— €-poles of one- and two-loop amplitudes
— soft and collinear factorization of QCD matrix
elements

tree-level 3-parton splitting, double soft current:
J.M. Campbell, EEW.N. Glover 1997, S. Catani, M. Grazzini 1998
V. Del Duca, A. Frizzo, F. Maltoni, 1999, D. Kosower, 2002
one-loop 2-parton splitting, soft gluon current:
L.J. Dixon, D.C. Dunbar, D.A. Kosower 1994
Z. Bern, V. Del Duca, W.B. Kilgore, C.R. Schmidt 1998-9
D.A. Kosower, P. Uwer 1999, S. Catani, M. Grazzini 2000

Simple and general procedure for separating overlapping

singularities (using a physical gauge)
Z. Nagy, 6. Somogyi, ZT, 2007
Extension over whole phase space using momentum mappings

(not unique):

{p}n—l—s — {ﬁ}n
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Momentum mappings
{p}n—l—s — {ﬁ}n

implement exact momentum conservation
recoil distributed democratically

= can be generalized to any number s of

unresolved partons
different mappings for collinear and soft limits
- collinear limit pillpr:  {p},,.; Sir, £5101)

- soft limit ps —0: (P}, == {p})
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Momentum mappings

define subtractions

VV _ _NNLO NNLO —I—O'NNLO

NNLO = _RR RV
o — O-m—‘,—2 T Jm—l—l -+ Om == Om—l—2 -+ O-m—l—l m

NNLO _ RR RR,A, RR,A4 RR, A5
Om+2 = / i {d0m+2jfm+2 —do, 5 Im — (d0m+2 m+1 = doy, 5o I
m

NNLO :/ {(dgi\il_l_/ dgii’fl)Jerl—[dai\i’fl—l—(/daii?l)Al}Jm}
m-+1 1 -

m 2 1 1

G. Somogyi, ZT hep-ph/0609041, hep-ph/0609043

G. Somogyi, ZT, V. Del Duca hep-ph/0502226, hep-ph/0609042
Z. Nagy, 6. Somogyi, ZT hep-ph/0702273



Kinematic singularities cancel in RR

Singe collinear limit e e~ — qqggg Double soft limit ete~ — ¢qgqgg

4 4
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10
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Cancellation of singularities in RV

Poles cancel vertically pairwise




Cancellation of singularities in RV

Poles cancel vertically pairwise
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Cancellation of singularities in RV

Kinematic singularities cancel horizontally
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Cancellation of singularities in RV

Kinematic singularities cancel horizontally
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# of events

Kinematic singularities cancel in RV

Single collinear limit et e~ — qqgg

.
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—
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Single soft limit e" e~ — qqgyg
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1.01

R = subtraction/(RV+RR,A:)
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Regularized RR and RV contributions

can now be computed by numerical Monte
Carlo integrations
(implementation for general m in progress)

NNLO = _RR RV VV _ _NNLO NNLO NNLO
o - Om—‘,—Q T O-m—l—l -+ Om == Om—l—2 -+ Om—l—l -+ Om

NNLO RR RR,A RR,A RR,A
Omts = / {d0m+2jm+2 —do,, 5y — (d0m+2 ‘g1 —doy, 12Jm) }
m-+2
NNLO - RV RR7A1 RV7A1 RR7A1 A
Oyl = / { (d0m+1—|—/ d0m+2 )Jm+1— [damJrl - dam+2 o
m—+1 1 1

m 2 1 1

G. Somogyi, ZT hep-ph/0609041, hep-ph/0609043
G. Somogyi, ZT, V. Del Duca hep-ph/0502226, hep-ph/0609042
Z. Nagy, 6. Somogyi, ZT hep-ph/0702273
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Integrated approximate xsections

NNLO _ _RR RV VV _ _NNLO NNLO NNLO
o) _O-m—l—Q_I_O-m—I—l_'_O-m _O-m—|—2 _|_Um+1 _|_O'm

NNLO RR RR,A RR,A RR,A
m-+2
NNLO RV RR,A; RV,A; RR,A; \ A
Ol = / { (d0m+1+/ do,, 5 )Jm—l—l_ {dJerl - do,, 5 H
m-+1 1 1

m 2 1 1

After integrating over unresolved momenta & summing
over unresolved colors and flavors, the subtraction
terms can be written as products of insertion
operators (in color space) and lower point cross

sections: /daRR’AP = I;(oo)({p}n; €) ® da,,
p
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Integrated approximate xsections

[agt— | 06,0110 Zm{p})}

/ {d%({p} D)[dpi] 3 (8mauu®)” Singa(pi?) ® MO ({5})P

— (87Tozsu2€)p Z

R

— (87Tozsu2€)p Z

R

\ .

R

_/[dp(R)]Sng( (R))

_J P

_/[dp(R)]Sng( (R))

- J P

_J/

N

13 ({p},; )
the integrated counter-terms [X

® den, ({5} ) |IMD ({51

® doB

n

Roc/dp(R) Singr(p (R) ) are
p

independent of the process & observable
= need to compute only once (admittedly cumbersome, though)

28



Summation over unresolved flavors

» integrated counter-terms [X]i.. carry flavor
indices of unresolved patrons

= heed to sum over unresolved flavors:

technically simple, though tedious, result can be
summarized in flavor-summed integrated counter-

terms | . .
P. Bolzoni, 6. Somogyi, ZT arXiv:0905.4390

4 symbolically:

» and precisely for instance, two-flavor sum:

(...)
. S 2o =3 ()

(o) Dmt2 T {m}




Integrating out unresolved momenta

two types of singly-unresolved

VvV NNLO NNLO NNL
= + + o, O

NNLO = _RR RV
o — O-m—‘,—2 T Jm—l—l -+ Om == Om—l—2 Om—l—l m

NNLO RR RR,A RR,A RR,A
_ / {dam 3 T — doniede g (dam A g1 — dot 12Jm)}
m-+2
NNLO RV RR,A RV, A RR,A; \ A
- [, (oo SRS 1. oot [aoki )]}
m—+1 1 1

m 2 1 1

G. Somogyi, ZT arXiv:0807.0509

U. Aglietti, V. Del Duca, C. Duhr, 6. Somogyi, ZT arXiv:0807.0514
P. Bolzoni, S. Moch, 6. Somogyi, ZT arXiv:0905.4390
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Collinear integrals

convolution of the integral of AP-splitting
function over ordinary phase space

a0 1
/ do (1 - a)2d0 ' ZTQ /dQSQ pzaprap(zr)) 1_|_,€€ P]gmf)‘r (Zia s 6) 3 k=0,1
0

s. ¢ (4m)°

1r

8r T'(1 —¢)

A2 (pi, pri Pir)) = dsir dvd(sir — Q%a(a + (1 — a)z))

X w(l—-v)]7°O(1 —v)O0(v)

G. Somogyi, ZT arXiv:0807.0509
U. Aglietti, V. Del Duca, C. Duhr, 6. Somogyi, ZT arXiv:0807.0514
P. Bolzoni, S. Moch, 6. Somogyi, ZT arXiv:0905.4390
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Collinear integrals

convolution of the integral of AP-splitting
function over ordinary phase space

0 Sir 1 K
/ do (1 — Oé)2d0 17rQ /d¢2 pzaprap(zr)) 1_|_,.£€ Pj(? ]Zp (Zi7 s 6) ; k=0,1
0

e (i)(z ) L a@? + (1 — Q)US5.q
e 0B A= g )50
0 | Function gf[) (2)
0 gA 1
_ + €
F1| gy (1—2)*
0 géi) (1 — 2)FF (£e, +e,1 £ ¢, 2)
+1 g(D:I:) QFl(::E, T€, 1 x €, 1 — Z)
3




Soft integrals

convolution of the integral of eikonal factors
over ordinary phase space

2

Yo , . 1+kKe
joc—/o dy(l—y)do_lQ— d¢2(pr,K;Q)< Zik )

27’(’ SirSkr

o (@) (4m) T(1—¢
doa(pr, K; Q) = 1672 I'(1 —¢) I'(1 — 2¢)

x d(cos ) d(cos ¢)(sin ) ~*¢(sin ) 1%

de, e17*0(y — &)

G. Somogyi, ZT arXiv:0807.0509
U. Aglietti, V. Del Duca, C. Duhr, 6. Somogyi, ZT arXiv:0807.0514
P. Bolzoni, S. Moch, 6. Somogyi, ZT arXiv:0905.4390
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Computing the integrals

» Use algebraic and symmetry relations to reduce to a
basic set = MI's (but no IBP was used), not minimal

» two strategies:
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. choose explicit parametriz-

ation of phase space

.write the parametric integral

representation in chosen
variables

. resolve e-poles by sector

decomposition
pole coefficients are finite
parametric integrals



Computing the integrals

» Use algebraic and symmetry relations to reduce to a
basic set = MI's (but no IBP was used), not minimal

» two strategies:
.write phase space using angles 1. choose explicit parametriz-

and energies ation of phase space
.angular integrals in ferms of 2.write the parametric integral
MB representations representation in chosen
.resolve e-poles by analytic variables
continuation 3. resolve e-poles by sector
. MB integrals -> Euler-type decomposition
integrals, pole coefficients are 4. pole coefficients are finite
finite parametric integrals parametric integrals

5. evaluate parametric integrals of pole coefficients in
terms of multiple polylogs, or numerically e.g. by SecDec
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Status of (287) integrals

status

R X X X X X X X

status

Int

status

TR S X X X XXX X X X

Int status Int status Int status
v v (k1)
1150 T1cs 0 e v
Iisa Vv Tiecsqa v (k1) v
v (k) 12C,2
IlS,Z (m > 3) IlCS 2 v I(k) v
I(k) v ’ v 12C,3
18,3 Z1cs 3 Z(k.1) v
Tisa Vv Ticss v 12¢.4
(k) v
Iiss Vv 12C,5
k
Tise v Iizzz,e v
T v (k)
15,7 2:120,7 v
(k)
Zﬁzc,s v
(k)
2:126,9 v
(k)
zﬁzc,u) v
Int status Int status Int status
(k) U,k,I,m) (k)
2:1205,1 v zéc,l v zécs,l v
v (,k,l,m) (k)
;?205#2 , Loc o v Do v
12 (,k,1,m) (2)
=3 156,3 v Zias;z v
(j, k,I,m) (k)
15c,4 v 1508,3 v
(—1,—1,—1,—1) (k)
156,5 v 1505,4 v
(k,1) (k)
156,6 v 1565,5 v

Irs 1
Iors o
15,3
15 4
Irs 5
Irs 6
Irs.7
Irs s
Irs .9
15 10
Iors 11
15,12
15,13
1rs 14
755 15
Tss 16
Irs 17
Irs 18
155 .19
Irs 20
Irs 21
Ios 22
Irs 23

vV': pole coefficients are known analytically,
finite numerically, in some cases analytically

LU N N N N N W U N U U U N N N N N U U N N N N

| page 0
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Structure of insertion operators
recall general form for Born sections

RR,A, _ 7(0 , B
/p oAy = IO ({p} ;¢ @ do?

Insertion operators involve all possible color
connections with given number of unresolved
patrons with kinematic coefficients

for 1 unresolved parton on tree SME |M©|2:
2

(0)({p}m+1’ )_ (g Se <%> Z C(O)TQ_l_Zs(O) (7, k’)T Tk

kinematic functions con’ram poles s’ram‘mg from

O(e?) for collinear and from O(e™) for soft
G. Somogyi, ZT hep-ph/0609041
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Structure of insertion operators
recall general form for Born sections

[ deA = 10((p):€) @ o

p

for 2 unresolved patrons on tree SME |M©)]2;

I(O)({p}m, €) = {%S (52) } {Z {C(O) T2"‘ZC;O}JC TQ}TQ
N Z {Sm) Gy 4 Z Cs)0 z>Tz}

+ > Séo)’(z’k)(J’l){TiTk,TjTl}}
1,k,7,l

the iterated doubly-unresolved has the same

color structure, kinematic coefficients differ

G. Somogyi et al arXiv:0905.4390, arXiv:1301.3504, arXiv:1301.3919
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Structure of insertion operators

general form at one loop

/ doj ot =10 ({p},6) @ doy, + I ({p},;€) @ do
1

for 1 unresolved parton on loop SME |MW|2:

e 2\ €72 7;
I ({p} ;) = [%SG (”—2> ] Y [Cf}iOAT?JrZSf)’( 1 G\ T,

()

) iak.al a C
> SN fa T
/ [ a,b,c
k.

present for m > 3 (four or more hard partons)

G. Somogyi, ZT arXiv:0807.0509
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Structure of insertion operators
singly-unresolved integrated singly unresolved:

/1</1d05§r§ )Al B |:%{I§O)({p}m;6)7I§0>({p}m;€)} +I§?io)({p}m;e)} ®d0§1

for 1 unresolved parton contributions on iterated I:

2\ €712
10 ({p} i) = {O‘SS (Qg) } Z[O%ﬁ%c URDIL (”“CATz’Tk}

kinematic functions contain poles sTar’rmg from
O(e™3) only

G. Somogyi, ZT arXiv:0807.0509
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Structure of insertion operators

the color structures are independent of the
precise definition of subtractions (momentum
mappings), only subleading coefficients of e-
expansion in kinematic functions may depend

we computed all insertion operators analytically
(defined in our subtraction scheme) up to O(e?)
for arbitrary m
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| Light in the tunnel '



Cancellation of poles

we checked the cancellation of the leading and
first subleading poles (defined in our subtraction
scheme) for arbitrary m

for m=2,

» the insertion operators are independent of the
kinematics (momenta are back-to-back, so
MTI's are needed at the endpoints only)

» color algebra is trivial:

T, Ty = -T;{=-T5=—Cr
so can demonstrate the cancellation of poles
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Example: H—bb at p = my

SNNLO _ / {aoyV + / a0 gofhe] / Aol / dot )M,
m 2 1 1

2 2
| 8 Wz 17 QCEWH 1
— 4 9202 _
—|—_(9—|—12>CACF—|—(2 W)CF 9 ]62
I 961 13 109 65CEns | 1
* (— 216 %)CAC“ (? S 14<3>C§‘+ 108 f]z}

C. Anastasiou, F. Herzog, A. Lazopoulos, arXiv:0111.2368

2 2
A ozs(,uQ) B 2C5 11CACr 5  Crng\ 1
5ot () o 2R (U iy O

[ 8 7T2 17 QCan 1
B I 972 )02 _
_<9‘|‘12)OACF‘|‘<2 7T>C'F ; ]e2

€

B Y 7 o2 14 -
( 6 T 3 )CACF+< 3 s Cg)CFJr 108

V. Del Duca, C. Duhr, 6. Somogyi, F. Tramontano, Z. Trdcsanyi, arXiv:to appear soon
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Cancellation of poles

we checked the cancellation of the leading and
first subleading poles (defined in our subtraction
scheme) for arbitrary m

for m=2
0 Phase space for ete™ — qqg
- ATt rr et T
B X3 = 0.0242, 193 >~ 0.0388 =
» color algebra can be 08 = X g = 0.33, oy ~ 0.33
. . 0.7 = X 413 = 0.606, y23 = 0.33 —
performecli explicitly: 06 |- n
T Ty = —-Ca — CF s 0 B
2 1 0.4 n —
T1T3 — T2T3 — —§CA 0.3 o —
» the insertion operators ~ “F E
depend on 3-jet kinematics: oo A Lililililalilgls I
0.00.102030405060.708091.0

Y13
Y12 = 1 — y13 — ya3
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Example: e'e™— m(=3) jets at p° =
o0 — [ fao¥ o [ [aoie - o] o [ faotids o (([arkit )M
do_g/'v :POZQS(A§2XO) +A£(31><1)> +]:imte(A§2XO) —I—Aéle))

Poles (A§2X0>(1q, 3,,24) + ALV (14,3, zq))

_ D ()2 _ Po ) (1) (1) .
—2| - (1) - 21 Iooy(€) = ReI” (pg, pg, pyi ©)
L1 —2¢€) (Bo 1 2
S T ( € +K> Ty (29 +H‘(”?q] A3 39 2)
1 1x0
+2 Lo, () ALY (14,34,23) . (4.59)
@ _ e 89 MmN\ o (1. 41 7
Hoqg = 4eT(1 —¢) {(4<3+432 72 )N +< 2%~ 51 48)
3 w2\ 1 19 2 1 7w\ Nr 5
" (_SC?’_ 16 1 ) Nz T (_18 " 36) A <_54 - 24) N 27NF} |

A. Gehrmann-De Ridder, T. Gehrmann, E.W.N. Glover, 6. Heinrich arXiv:0710.0346 (4.61)
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Example: e'e= m(=3) jetsat p°='s

O = /m {doy¥ + /2 doy 1y — dop i | + /1 doit + /1 doniis )™ | }om
doyV = Poles(A*Y + ALY + Finite(AT*” + A V)

Poles(Ay ™" + AL"Y) + Poles / do*= 200k Mathematica lines

= zero numerically in any phase space point:
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Example: e'e= m(=3) jetsat p°='s

A0 = [ o+ [ [ahits —aalfite] + [ Jaoit 4 ([ i) ha
doyV = Poles(A*Y + ALY + Finite(AT*” + A V)

Poles(Ay ™" + AL"Y) + Poles / do*= 200k Mathematica lines

= zero analytically according to C. Duhr

Message
NNLO / dO';fv—FZ/dO' OJB

indeed finite in d=4 dimensions
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| Application '



[

- — )
Example: H—bb
. J
NNLC_)( —m )—FLO _( —m ) 1 — % 5.660607 — % 229 149—|—O( 3)
Hopp\W=MMH) =L g g5\H="TH T . ™ . o
2.0 I | | | | | I |
13 __ X Colorful NNLO analytic predictions __
/E ° [ —— NNLO _
-=-= NLO
S LO i
Q
7 14 N
= o
/—:: —X—
= i
o I -
= | | I | =
Ols 1.1
E; 1.0 W """"""" 2<_E
ZI= 0.9 = I | I | I | | | -
0.0 0.5 1.0 1.5 2.0
p/mu

Scale dependence of the inclusive decay rate T'(H -> bb)

analytic: K.6. Chetyrkin hep-ph/9608318
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Example: H—bb at p = my

Fnax in 2-jet rate with Jade clustering at ¢y, = 0.1
| | | | | | | | |

I i I

fraction of events
-
(@)

NNLO
NLO

0.5 0.51 0.92 0.53 0.54 0.5
Emax/mH

Energy spectrum of the leading jet in the rest frame of the Higgs
boson. Jets are clustered using the JADE algorithm with ycu+ = 0.1
AHL = C. Anastasiou, F. Herzog, A. Lazopoulos arXiv:0111.2368
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Example: H—bb

Durham clustering at y.,; = 0.05

*,
‘e
.

'C> TTT1

0.5

rapidity distribution
of the leading jet in the rest frame of the Higgs boson.

1.0

1.5
|771\

2.0

2.9

3.0

[MeV]

1071

Durham clustering at Y., = 0.05

TT
| S
l:
| -
1

IIIIIIII
1
1
1
B
B
1 -
=
Zox
@) M
=
OO
I
3
S
IIIIIIIII

1 I 1 I 1 I 1 I 1 I 1 I 1 I 1
0.5 0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.58 0.59 0.6

Emax/mH

energy spectrum

jets are clustered using the Durham algorithm with y.+ = 0.05
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Conclusions
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Conclusions

v Defined a general subtraction scheme for computing

NNLO fully differential jet cross sections (presently only
for processes with no colored particles in the initial state)
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Conclusions

L
v Defined a general subtraction scheme for computing

NNLO fully differential jet cross sections (presently only
for processes with no colored particles in the initial state)

v/ Subtractions are

v fully local

v exact and explicit in color (using color state
formalism)
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Conclusions

L
v Defined a general subtraction scheme for computing

NNLO fully differential jet cross sections (presently only
for processes with no colored particles in the initial state)

v/ Subtractions are

v fully local

v exact and explicit in color (using color state
formalism)

v Demonstrated the cancellation of €-poles for m=2 and 3

v First application: Higgs-boson decay into a b-quark pair
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