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Implementation of the

Sector-improved residue subtraction scheme

STRIPPER (SecToR Improved Phase sPacE for Real radiation)
following (CH)

Four-dimensional formulation of the sector-improved residue subtraction scheme
M. Czakon and D. Heymes
Nucl. Phys. B890 (2015) 152

The original idea of the subtraction scheme has been described in

A novel subtraction scheme for double-real radiation at NNLO
M. Czakon
Phys. Lett. B693 (2010) 259

while the first implementation may be found in

Double-real radiation in hadronic top quark pair production as a proof of a certain concept
M. Czakon
Nucl. Phys. B849 (2011) 250



Subtraction scheme

Real radiation for tops in most channels calculated as first application in MIC 11

Subsequently applied by others to several non-trivial problems:

- Z->e%e (as a warmup) Boughezal, Melnikov, Petriello ‘11

- top quark decay Brucherseifer, Caola, Melnikov ‘13

- b-> X eV Brucherseifer, Caola, Melnikov ‘13

- H + jet Boughezal, Caola, Melnikov, Petriello, Schulze ‘13

- Muon decay spin asymmetry Caola, Czarnecki, Liang, Melnikov, Szafron ‘14
- Single top-quark production Brucherseifer, Caola, Melnikov ‘14

By the inventor with collaborators:

- Total cross sections for top-quark pair production
with P. Barnreuther, P. Fiedler and A. Mitov ‘12 -’14

- Asymmetry at the Tevatron (and differential distributions)
with P. Fiedler and A. Mitov ‘14



Subtraction scheme

analytic | F'S colour | IS colour | local
antenna subtraction v v v X
STRIPPER X v v v
gr subtraction v X v v
reverse unitarity v X v -
Trécsanyi et al X v X v

Currie, LoopFest 14



Inspiration

|.  Frixione, Kunszt, Signer ‘96 (FKS)
BUT:

1) No analytic integration over subtraction terms
2) Solution to overlapping singularities not present at NLO

Il. Binoth, Heinrich ‘00 (Sector decomposition)
Anastasiou, Melnikov, Petriell ‘04 (in the context of phase spaces)

BUT:

1) Process independent
2) Decomposition driven by physical singularities



What's there to compute?
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What's there to compute?
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Outline of the scheme

. D-dimensional formulation

1) Phase space decomposition
2) Phase space parameterization
3) Generation of subtraction and integrated subtraction terms

lI. 4-dimensional formulation

1) Average over azimuthal angles

2) Separation of finite contributions

3) ‘t Hooft-Veltman regularization of separately finite
contributions



Phase space decomposition

Goal: split the phase space into sectors with a controllable number of singularities

— ’ L Dy di,k, — di,k i,k = % (1 —cosbix)
(8.8 (.9, (& 9, q,.8), q,8), q.q9), q,q9) Initial state reference
Patterns:
(g,8) (8.9 (8.9, (q,9) final state reference
NNLO
>SSt X S| =1 = pyg S paa
ij bk kl

D—Z[Xk: UJZ |

Ei (7] E] Olj
d,-j,k=<%> (75) [(1—COSG,-]-)(I—COSGik)(l—coséjk)]

(g9 8> g), (g,g,q)s (g’ g,q)’ (g’q’ g)’ (g’éag)’ (8,4,4), (8, é,é), (q, é,g), Inlhal state reference
(9.9.4'), (¢'9.9): (d'+3.9)

8.8 8, .89, &89, €99, 4.9.2, (9.4.9) final state reference



Phase space decomposition

Example: gg -> gggg

NLO

nr. (i,k) flavors count
) (2,0) (g,9) 4
1 (2,1) (g,9) 4
2 (2,3) (g,9) 12

NNLO

nr (i,3,k) flavors sector count
0 (3,2,0) (g9,9,9) 1 12
1 (3,2,0) (9,9,9) 2 12
2 (3,2,0) (9,9,9) 3 12
3 (3,2,0) (9,9,9) 4 12
4 (3,2,0) (9,9,9) 5 12
5 (3,2,1) (9,9,9) 1 12
6 (3,2,1) (g9,9,9) 2 12
7 (3,2,1) (g,9,9) 3 12
8 (3,2,1) (g9,9,9) 4 12
9 (3,2,1) (9,9,9) 5 12
10 (2,4,3) (9,9,9) 1 24
11 (2,4,3) (9,9,9) 2 24
12 (2,4,3) (9,9,9) 3 24
13 (2,4,3) (9,9,9) 4 24
14 (2,4,3) (g,9,9) 5 24
nr. (i,k)(3,1) flavors sector count
15 (2,0)(3,1) (g,9)(g,9) 1 12
16 (3,1)(2,0) (g,9)(g,9) 1 12
17 (2,0)(3,4) (g,9)(g,9) 1 24
18 (3,4)(2,0) (g,9)(g,9) 1 24
19 (2,1)(3,4) (g,9)(g,9) 1 24
20 (3,4)(2,1) (g,9)(g,9) 1 24
21 (2,3)(4,5) (g,9)(g,9) 1 24
22 (2,3)(4,5) (g,9)(g,9) 2 12




Phase space decomposition

Example: gg -> gguu™

NLO NNLO

nr (i,k) flavors count nr (i,3,k) flavors sector count
) (2,0) (g,9) 2 0 (3,2,0) (g9,9,9) 1 2
1 (4,0) (u,9) 1 1 (3,2,0) (9,9,9) 2 2
2 (5,0) (u~,9g) 1 2 (3,2,0) (g9,9,9) 3 2
3 (2,1) (g,9) 2 3 (3,2,0) (g9,9,9) 4 2
4 (4,1) (u,g) 1 4 (3,2,0) (g9,9,9) 5 2
5 (5,1) (u~,g) 1 5 (2,4,0) (g,u,q) 1 2
6 (2,3) (9,9) 2 6 (4,2,0) (u,g9,9) 1 2
7 (2,4) (g,u) 2 7 (2,4,0) (g,u,q) 2 2
8 (2,5) (g,u~) 2 8 (4,2,0) (u,g,9) 2 2
9 (4,5) (u,u~) 1 —
nr. (i,k)(j,1) flavors sector count
100 (2,0)(3,1) (g,9)(g,9) 1 2
101 (3,1)(2,0) (9,9)(g,9) 1 2
102 (2,0)(4,1) (g,9)(u,q) 1 2
103 (4,1)(2,0) (u,9)(g,9) 1 2
104 (2,0)(5,1) (g,9) (u~,q) 1 2
105 (5,1)(2,0) (u~,g)(g,9) 1 2

-

143 (4,5)(2,3) (u,u~)(g,q) 1 2
144 (2,3)(4,5) (g,9) (u,u~) 2 2
145 (2,4)(3,5) (g,u) (g,u~) 1 2
146 (3,5)(2,4) (g,u~)(g,u) 1 2
147 (2,4)(3,5) (g,u)(g,u~) 2 2




Phase space parameterization

Goal: parameterize the phase space in terms of reference and unresolved momenta

/d¢n+nu :/d¢ reference /d¢n—nfr(Q)9 n>2,n,¢€ {1,2}, Ofnfr <ny

unresolved

Goal: Parameterize unresolved momenta through energy and angle variables

1
NLO-type or rather single-unresolved //d,, dg p1—bi€ gar—bae

NNLO‘type, |e /// aj—bie a —bre caz—bze cas—bye
d d d d 1—b1 2 2 3—03 4—b4
triple- and double-unresolved mdmadsida R



Phase space parameterization

Example: triple-collinear sector parameterization

r =ﬁ(3_26)(a1,a2,...), P2
A 32 ~A(3—
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Phase space parameterization

Triple unresolved parameterization
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Phase space parameterization

Extra dimensions for soft poles: 5 at NLO, 6 at NNLO

/ d(p1,...)

—2€
81

+1
_ ()T —e
T -2

dcos p; (8(1 —cospy) +8(1 +cospp)
-1

5, 4T —2¢) 1
T T — e [(1—cos2p1)1+€]+>'

/ dR(o1,07,...)
81—26

+1
_ (@m)~r(—e)

d
2T(1— 2¢) cosal

-1
+1
X /dcosoz ((8(1 —cosa1) +8(1+ cos 1)) (8(1 — coso2) + 8(1 + cosoy))
-1

— 2¢

4T (1 — 2¢) 1
F2(1 — 6) |:(1 — 008201)1+€]+(5(1 - COSGZ) +3(1 +COSU2))

2+4e 1 1
m [ (1—cos?op)ite | (1_00320.2)%+e v




Generation of subtraction terms

Example: real radiation at NLO

Behavior of the phase space at the boundaries: //dnds nc gl

. : 11
Worst case behavior of the matrix element: -—

n &2
Write cross section as: Z// - §1+2€flk(n L)
ﬁ,km,s)—16ﬂ3§Nab(4E%ax(l_n)) | 42600

1—-2¢
Sl
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1
: 1 1 1 Jx)— f(0)
Apply formula: :—ES(x)—{—[ L O/dx[ MG] fx )—/dx Trac
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lim [ ML M) Jim (M2 M2,
Calculate limits:
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Generation of subtraction terms

Collection of matrix elements required

MOIMP) MOIT T M) (P ),
(M T, T - T MED), (MEP[FP TP T | M),
DT M), (Mo P
(MI(’I(:)-1|MY(I(Z|)-1)’ (Mﬂl}Ti 'TJ|M;(1(21)’ (M;(1?1|’\i)()“”/\41(31)’
MDIMD) MOLMP) (MO, D)
(MP 1 MP), M2,

(MPIMD), (MY IMD),

M;20)



Average over azimuthal angles

When it works as expected

-1 Moy — -

uu 1 r*rY 4+ rvrt
/dm /qub,pl,pz,...) = = g’ — -
u 2(1 —¢€) r-r

811—26 811_26 L
When there are subtleties
f v ~ -7 ~ o uﬂ uv
[/d@ltanfﬁzl‘ze / de2 1} /d¢2|tan¢2|_2€ / d2(01,07,...) =53+
0 52 0 s-2 Uz

u =y v-HMK
=l< wo | UpUy tugu
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Separation of finite contributions

At NLO (just the real and virtual corrections)

P
. 11 0 0 )
R = %% N /d¢n+1 [(M,(lll |M,(1J11)Fn+1 + subtraction terms]
sy=11 /d¢n2Re(M(°)|JE(1))F,,,

2§ N e

11 4,2 Re(MP|ZD| MO,

At NNLO (only double real radiation)
&R = 68" + 651 + opy

A 11 :
SRR _ BN d®, .- [(MS,(22|M,(32)F11+2 + subtraction terms |

Complete list

LO 6B
NLO 6R, 6y, bu=68+6y +6©
NNLO 6RR, 6RY, oYY, GrR=06p% +0opR +tOfR. OsU=0ar +6&) +650

6pU =6 + 3By +5BU + DU + 950




Separation of finite contributions

The separation into single- and double-unresolved does
not work naively because of

~ RR ~RR
Osu opy

They must be made separately finite, because they have
Different dimensionality phase spaces in HV regularization

The most obscure feature of the scheme

List of corrections provided in the paper



t Hooft-Veltman regularization

Facts:

1) The finiteness does not depend on the functional form of
the matrix elements

2) The integral over epsilon-dimensional volume of a finite
function must be of order epsilon

Consequences:
1) Drop all epsilon expansion terms of the matrix elements

2) Restrict the phase space with delta-functions



t Hooft-Veltman regularization

Phase space restriction achieved with the measurement function

2 e\ —(n—De[n—1
Upe _ _
Fn—>Fn( = ) [H(zm ot 2€>(qi>}
i=1

Non-trivial consequences:

Maximally unresolved contributions:

8(—26)(’, +u)= (I"O + u0)2€ 8(—26) (";)
for the single-collinear sector,
82 + w1 +uz) = (4wl +u3)* 629 F)
for the triple-collinear sector,
_ _ 2€ o(—2€) /A N o(—2€) /n
S +u1) 8722+ ) = [ () + ) () + ) [ 820 F1) 87297
for the double-collinear sector.

Single unresolved contributions in the triple-collinear sector

829 (r +u1) 829 (up) for the collinear pole in 7; in sector S,

829 (r +uy) 829 (u;) for the collinear pole in 7, in sector Sy,

829 () 829 (uy +uy) for the collinear pole in 77 in sector Ss, and in 7, in sector Sy,
8§29 () 829 (uy) for the soft pole in &, in sectors Si, Sp, S4 and Ss.



It does work

Example: gg -> tt~ + ng, n=0,1,2

0

1/¢* 1/€3 1/€2 1/¢ €

AA 0.0321959 0.135003 0.177418 0.04517 —0.1242
Y —0.0724423(9) —0.456495(4) —1.196150(11) —1.81962(4) —2.8562(1)
2R 0.0402448(2) 0.321486(1) 1.045064(6) 1.61821(4) 1.3065(3)
&5 —0.154649(4) —0.447655(20) 0.09385(8) 1.8313(2)
53 0.154650 0.421336 0.06247 —0.1878
&SOR —0.0000016(9) —0.000005(6) 0.000013(24) 0.00007(9) —0.0304(4)

1/€4 1/€3 1/€2 1/e 0
CAAY 0.0321959 0.086177 0.021985 —0.03200 0
Y —0.0724415(9) —0.346630(3) —0.702124(8) —1.04640(3) —2.3910(1)
R 0.0402447(2) 0.260452(1) 0.706469(6) 1.06119(3) 1.8461(2)
&5 —0.154646(4) —0.283008(15) 0.08326(5) 0.5144(1)
555 0.154650 0.256668 —0.06603 0
iy —0.0000009(9) 0.000003 (6) —0.000010(17) 0.00002(6) —0.0304(2)




It does work

Example: gg -> tt~ + ng, n=0,1,2

1/ €2 1/€ €0
GRR 0.064772(4) 0.42742(3) 1.0623(3)
RV —0.064780(6) —0.31419(4) —0.6044(2)
&5t —0.11329(3) —0.1999(1)
&8 —0.00737(2)
SR —0.000008(8) —0.00006(6) 0.2506(3)
1/ €2 1/€ 0
GRR 0.064780(5) 0.25429(3) 0.2584(2)
&Ry —0.064770(7) —0.14096(2) 0
&5 —0.11329(2) 0
58 —0.00734(1)
&8y 0.000011(8) 0.00004(4) 0.2511(2)




...even for distributions

Resolving the Tevatron top quark forward-backward asymmetry puzzle

Michal Czakon,! Paul Fiedler,! and Alexander Mitov?

IInstitut fiir Theoretische Teilchenphysik und Kosmologie,
RWTH Aachen University, D-52056 Aachen, Germany
Cavendish Laboratory, University of Cambridge, Cambridge CB3 OHE, UK
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Where are the details?

Available online at www.sciencedirect.com
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Current project

C++ software with the complete implementation of the scheme

Born level amplitudes contained thanks to a FORTRAN9S library
by Andreas van Hameren

The user must provide the one-loop amplitudes
- (n+1)-point function
- n-point function spin and color correlated
- n-point function squared (note below)
- on the technical side:
1) scale dependence separately
2) everything as finite remainders
Would be a dream to have a standard software built in, but beware of high
requirements on stability (much higher than at NLO) of the (n+1)-point function

The user may provide the two-loop finite remainder
However: the two-loop amplitude and the one-loop squared have no kinematic
singularities at NNLO, therefore can be treated separately of our software



