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Amplitudes for NNLO

Can we achieve the same level of
automation we have at NLO?

Traditional approach: Feynman diagrams + integration-by-parts

complexity grows fast

suitable for 2 2 processes
P with additional legs



One-loop amplitudes

Efbcient tree level
generators well
established

Tree Feynman diagrams

off-shell recursion
Methods on-shell recursion (BCFW

e.g. MadGraph, Alpgen,
Comix, Helac,...

24Ol * o (G
t#tnangles t# bubbles

teboxes

Integral basis separagamlyticandalgebraigarts

known functions at one-loop numerical methods tree-like

process independent
complex momenta

e.gQCDLooP, ONELOOP



Automation for multi-leg NNLC

[Kosower, Larsen (2011)]

Feynman diagrams
OR

on-shell tree amplitudeg

Reduction

Integration-by-partg

Cmaximal unitarfy

 Integrand reduction (OPJy)

try to obtain manageable
expressions forl2 3 amplitudes

Master Integrals

differential equations

direct integration



Outline

¥ Multi-loop integrand reduction using computational algebraic geom
¥ Extension to dimensionally regulated cuts

¥ Application toa®@a*, 2,3+, 4*,5)

|SB, Frellesvig, Zhang arXiv:1310.1051]




Notation

l‘g é.pj y lg é-"j y Q; é-QJ ) HU — l ki[" 2!] ék][" 2!] ..

! |||_

d°ki  N({k}.{p})

A(L)[D] — 4 . | |
At = @77 D (kYL (R} _ basis of irreducible
c g #gM scalar products
$ i=1 (2| )D c=1 T! P |!TD|({k}’{p})
i D] _ . .
) HM.C{ ULtk P *——____ master integral basis

ki — %I + ki[! 2e]




Integrand reduction strategy

[Mastrolia, Ossola arXiv:1107.604

[SB, Frellesvig, Zhang arXiv:1202.2(

[Zhang arXiv:1205.5707

[Mastrolia, Mirabella, Ossola, Peraro arXiv:1205.7

¥ top down: start with maximal number of propagators

spanning basis e.g.Van

¥ identify basis of irreducible scalar products (| Ij\éi‘ff"e_”'lz/eé\f;‘asere
] — N j

¥ parametrize integrand using propagators (! = gmi(x ,pij))
Grsbner basis and polynomial division

¥ parametrize on-shell solutions and solveﬁ‘mk@(#g)) = 1 (KO#)) " q)

primary decompostion

¥ continue to lower propagator topologies subtracting known singulal




One-loop box example

(four-dimensional case)

P4 K P1
| P="k? (k! p)? (k! pi! p2)? (k+ ps)°H
! d
: O s t OO
ki &k; = (ki av)".G, .(k; 44) G4:;f 8 g g ;
P3 P2 0 0 O stu
vH = {pi‘, DS, pﬁ,$“ = %124} P = #2,! stu,Xi, X12, X13$
B intirom quadratic partSP = {X14} RSPs In linear part

renormalizability

4

| ansatz — = t 2 n s 2
: 4 GiX14 l znsa 2 Gr(!x14 StU?’-'b = | 4= Cyt+ C1X14
1=0



One-loop box example

two (complex) on-shell solutions

e Vs Y primary decomposition
R s Sls kot S (Lasker-Noether theorem)

original numerator
+ $_ + \ & 0 +
L JkKE) = ot ¢ stu=d = N(K®,p, o, Papa) = AQK®) p)
il
or tree amplitudes
t b D P T P

1§tico_d+

[ e Invert linear system

¥spurious integrals important at integrand level
¥not all linear systems will be square



Multi-loop Integrand
parametrization

_ [Zhang arXiv:1205.5707]
automated computation

of integrand basis for _ .
h t | BasisDetMathematica package
€acn topology http://www.nbi.dk/~zhang/BasisDet.html

N\

z>_ determination of all on-shell branches
using primary decomposition

/

MacaulayXittp://www.math.uiuc.edu/Macaulay?2/

complex multi-loop structures investigated in [Huang, Zhang arXiv:1302.1023


http://www.nbi.dk/~zhang/BasisDet.html
http://www.nbi.dk/~zhang/BasisDet.html
http://www.math.uiuc.edu/Macaulay2/
http://www.math.uiuc.edu/Macaulay2/

4D Examples

N s it G
SB,Frellesvig,Zhang | 1) |12 M~ 38 x 32
[1202.2019], [1207.2976] L
Vi T\ 2 Mls
planar and non-planar ;
hepta-cuts at two loops \ Zk & M ~ 48 x 38
I} — =k
AN N,
by & 2 Mls
planar triple box at : :
NN e M T e 77 M~ 622 x 398
three loops e
) N 3 MIs

also with maximal unitarity : Kosower, Larsen [1108.1180], Caron-Huot,
Larsen [1205.0801], Kosower Larsen, Johansson [1208.1754, 1308.4632],
S¢.gaard [1306.1496] Zhang, S¢,gaard [1310.6006, 1406.5044]



D-dimensional Reduction

v ki “lak 2 = &
additional ISPs

ki e ?I n kl[' 2€]

box integrand dimension shifted integrals

\ . 3

» 2
l 4= Cop+ CX14+ CH11 + CaH11X14 + Ca7

e -

scalar box Spurious



D-dimensional reduction

Is the Iintegrand system well
debned? will there linear system
always have a solution?

complications 4-d In D-d

an ISP monomial vanishes on all on-shell solufions | all propagator ideals adical

all integrands have exactly

l.e. ideal Is naadical
one on-shell branch

different on-shell solutions have different dimengions

l.e. Integrand systems with differept
numbers of propagators may needjto
be solved simultaneously




More examples

Both the order of the polynomial division and choice of
spanning basis affect the simplicity of the representation

Dimension shifted integrals e.g. one-loop pentagoil

| = "upn! cons#$ ! s=cor! s=cHun  Is[pa] = O(")

Vanishing integrals: e.g. one-loop triangles

| = "ugp + (kg &#1)° + (ky &#1)% ! cons# $ 15[(ky &#1)% ! (ky &#2)°] = 0



Two-loop example

P4 P1
V= {P1, P2, Pa,! 124}
ISP = {X13, X21, X14, X24, M11, H12, K22}
32 spurious terms
38 non-spurious terms
P3 P2

However: Kk; < k, symmetry leaves 22 independent integrals

: o(" 4+ 8

only 17 remain as OE..! zg h
o1t 4

[l o) 1
O(") 5



Two-loop four gluon amplitude

Pa P1

@ , complete amplitudes FD+IBPs:
Glover, Oleari, Tejeda-Yeomans (20
and via unitarity cuts:
S Bern, Dixon, De Freitas (200§
P3 P2
! 2D # 2)st?
St
B <O ey ] O
| 12"34 B 206 A1 12 [M74] (")
: 1 +4+ ﬁz)/% ) # n
L lpiaa = DB 2(Ds# 2t 12034 [UT] + 4St1 12 3a [U12] # St 11234 [1] + O(")
l
gl . $D#2$22tl o
IR = AT e
12" 34 [12 @/OM'O/@':LH.:})/% ( S ) 12" 34 l-‘l]_]_
1, o : 2 # , &
i QS | 107340 M11t°+ 8 M11X73+ H11X21X13 +4 (M2 + Ho2) X713 '
: % : & e
+2S°t 1120340 # H11X13(S+ 2X13 + 4X21) + 4 H11XT3 + BH11X21X13 + 4|St | 127340 H11X73

%

0 &
+ S°(Ds# 6) l123g Moo (t# 2X13) 2 +8S°(S+ 2t) | 12034 [M12X13X21] + O(")



Oall-plusO amplitudes in QC

one-loop amplitudes only contain boxes. e.q.

Q) f4+ A+ o+ A+ — Itr+(1234) T 2
A,’(17,27,3,47) = !12#!23#!34#!41#| 4:1234[(Ds " 2)U7]
tr. (1234) = [12] 23434] 414 [Bern, Dixon, Dunbar, Kosower (1996)]

two-loop four-point also has simple form *

" %
| 12812 37134414 1#
S°t1 712034 [(Ma1bo2 + MaoMas + Hasbiz) +4( M5 " 4liipe)]
+ tlga23al(Ds " 2)(Hus + M22)M12S+ (Ds ™ 2)°Uabaa((ky + kp)* + s)/s]

B 2 3 4 =

&

sz = i1 + Moo + Hio [Bern, Dixon, Kosower (2000)]



Numerator construction

FDH scheme at two-loops [Bern, De Freitas, Dixon, Wong (2002
EEKE: - e T -
: =D
z*g AN 2!
%o : %e "’666 %e ‘6666 Feynman rules + Feynman
2 ‘ é;;i" gauge and ghosts (scalars)
% 9999’ , 9999’ 2,
Tree-amplitudes using [Cheung, OOConnell (2009

six-dimensiondhelicity method [Bern, Carrasco, Dennen, Huang, Ita (201

need to capturelia, Moz, Hiz [Davies (2012)]

whichever way we choose we need a good way
to deal with complicated kinematics



Momentum twistors

[Hodges (2009)]

momentum conservation automatically

Zia =("iasHia) satisped for any 4 x n matrix, Z
ey — Habcolit 106ficLit1 d
Wia={Ha "0 = i 4 14
3n-10 independent variables Includes all Schouten identities

complex phase should
be evaluated separately

112’=1 [12] = #s



Momentum twistors

. o
S12, S23; S34, S4s, S15 tro(1, 2,3, 4)2 = !G Pr P2 Pz Pa i

5 point kinematics Pr P2 P2 Psa

contains one Gram

e 7
. . tré =251, 335(# Sus) + S15(S23(S34 + Su5) + S34S45) + S23S34(Sas # S23)
matrix relation

+ (S45(S15# S34) + S23S34)° + STo(S15# Sp3)°

$ e il | 1 1 AL = S12
1 O ﬂ Z 2 X1X2 X1 R X1X2 ] X1X2X3 Y= 123" 14"
i ?00 gl 1 1 § 205 T enr
OReRE ke 1 X3 = roae
5
O 0 1 1 1! 2 X, = :%
Xg = ?ﬂ
NO sguare roots :
G K
tre = — X5X3(Xs# 1) + Xa(2X3Xg + X4) # (X3 + 1) X4(X4 # Xs)

X3



Aside: Momentum twistors a

higher multiplicity

1 0 f1 f I'g fnrs fnr2
1 (gl e 1 1 1Y
= 0
ZEan 0 LR Xan! 6 1 &
0 01 1 Xoms X3nt 11 1! )()(32—:10
U
—_ 1 : .
= We can bnd an (invertible)
S representation for arbitrary
number of massless particles
(
S12 1=1
"M +1 #1421 # N
S SR 1=2,....,n1 2
S s
= !n,4+(1! !n’4£ I—I’]' 1
S e f
[2]P21 n+a |i! N+5# i
N T I=n,...,2nl 6
"1|P2sP2i1 2n4o |i! 20+10# . _
T 2107 =52 MENEE e B E U]
S123



Aside: Momentum twistors a
higher multiplicity

Massive particles can easily be
Incorporated using projections

5pt ~ 5 params + m? 6pt ~ 8 params e.g. H+4 partons
{P1, P2, P, Pas P} # {P1. P2, P3, Pa, Py, "

1 il 1
i (])' 0 % % + X11X2 X1 X1X2 & X1X2X3 01
| s 1 S gk =k 1 1
= |0l o i = = =
PH = Py PH 0 Z RO X 1 1
0O 0 1 1 X7 1& )):—g

" [ 2T == 6

| 6 functions of original kinematics
2 extra constraints

Though we have completely removed the redundancy, the
problem of efbcient multi-variate factorisation remains



Back to the Pve gluon amplitL

Feynman diagrams 6D spinor/helicity trees

analytic Incl. scalars numerical

\ :

D-dimensional integrand reduction
simplify with Mom. twistors

|

Check integrated amplitude numerically
Schwinger parameters to expand dim. shifted integrals



Five gluon integrand
representation

only! 6 propagator topologies

$12523534S45515 S12S23S45 tr + (1345)

C431 = ! T : e L i :
_ |, S34Sjstr+(1235) _, S15Sgstri (1234)
C3zim, = - ire , C3z1m, = ¢ re ;
Canrn = S12523534545815 N S12tr+ (1345)
331;5L - : 430 =5 e e
I, (S45! s12)tr4 (1345) o i IR (S45! sp3)tr. (1345)
330My = ! S , Cazom, = ! e :
I tr, (1235) e e
30;5L —2s135512 C330;5L 2513545
1 tr+ (1235) tr; (1345
0330-5|_ =Hllgem tr+(1245)| +( ) +( ) ,
’ 2 S13S35

d _ S12 + Sy5 b .
C330:50 = C3305L —— ! S12C330.5. | S45C330.5. ! Si5,
S12545

+ sSpurious terms

choice of basis important to bPnd simplest form

double-box type topologies are N=4 x (h11 a2z + poapizs + piszpinn) + 4(pie # 4 fioz)



Choices of integrand basis

| J + + + + + — n 0
| - iao,sL(l ,20,3,4°.57) #12$#%$§5#B4$#ﬂ5$¢51$b
1 tr, (1345)tr, (1235 )
>t qaasy TR EED) o gy +
S13S35 I
4(k1803)(K2803) + (k1 + Ko)?(S12 + Sys) + S12S45

l (DS" 2) U11|J-22
S Sz]

+(Ds" 2)%H11toy (K + Ko)?S1s
mn (1} ##
2 7 Vd mn
(k1 + k2)=,, Kigps 1+ 2(Kod8 453) L Si2 S45(k2 " g2

: 2S35 S12 X S35 S35545 &
k+k)2 ko8 2(Kid 123)  Sas5" S i
(k1 2)" . Kodl3 1+ 18 123) | S45 12(kl . )2

281/ S13 S

Important to identify spurious
direction for each loop integral

+1r . (1235)

+1r , (1345)

these are reducible but with this
choice bve propagator cuts vanish

Q: how to Pnd the best basis? chiral numerators?



C431
C331;M 1
C331;5L
C330;M 1
Ct:§30;5L
C%SO;SL

d
C330:5L

Full result
|
112'123'134'145'1 51"
i C431l$431 Fi(ki+ ps)® + C331M1|§$1M1 [Fa] + Cazim,lz31m, [Fi] + Caag; 5|_|33#,?_ [F4]

+ Cazo Saalazo Fa ((Ki+ K2)? + Sus) "# laz0 F3 (ki + k2)? + S45) 2(kq & 123)
+ Cazomy lssom, Fa (Ko + ko)®+ Sus) + Cazom,lzsom, Fa ((Ki+ kp)*+ 545)
+ aos 33050 [Fa Nu(ka, Kz, 1,2,3,4,5)] + Cag.5 | 33050 [F3 Na(ka, ke, #&2, 3,4,5)]

+ Ca0:5 | 33050 [F3 Nao(Kz, K1, 5,4,3,2, 1)] + C0.5 I3305. Fa (Ki + k2)?

ElENE 2 37 - 4" 5t) = Caztl 431[F1]

| 1252353455515 T _, S12S23Ssstrs (1345)
- C31 =
trg trg
| 834845tl’+(1235) . . 81534215 tr, (1234)
- 331M, = ¢ :
tr5 tl’5 - 2
Fi=(Dg! 2 + + +4 I 4 :
e | suir. (1345) 1=(Ds )§U11|122 M11M33 + H22M33) +4( UTp ! 4U11M20)
trg ’ i 2513S45 ’ F3 > ( DS ! 2) M11H22,
(S45' S12) tr + (1345) (S45I S23) tl’+(1345)
, C330M, = ! Ni(kqi, ko, 1,2,3,4,5) = 4(k k +
2513545 330;M 2 2513545 1(k1,k2,1,2,3,4,5) S1S 45( (k1 ap3)(ko @p3) + S12S45) ,
tr, (1235) - N tr. (1345) 2 ; )
“2ses12 Sl D e N2(ki,k2,1,2,3,4,5) = 875(k1 aps) (S35S45! (S12! Sa5)2(kz2 aps)) .
| il tr. (1245)! tr+ (1235) tr, (1345)
2 S13S35
S12 + Ss5
C330:5L ! S12(3330 s. | SasC3zps ! Sis,

S$12545



Numerical evaluation

Pentagon-box integrals and pve-leg double box unknown*

Mellin-Barnes and Sector decomposifior

Check universal IR pole [FiestaSmirnov, Smirnov, Tentyukov
structure numerically [SecDedBorowka, Carter, Heinrich]
& 5 (e /
il L 2 ilil
Al 4t 51) = | = ERL S A o s B
12 1 & 6!
1=1
!! 2 !! 1 !0
AL (1,2 3;4,5) | 14503+ 0.01 | 47337+ 0.10 | ! 164316+ 0.60
AFl(2,3,4;5,1) | 2300+ 0.00 | 8654+ 0.02 | ! 22922+ 0.09
A3, 4,51, 2) | 70.65+ 0.00 | 11803+ 0.02 | 327984+ 0.10
AL l4,5,1;2 3) 519+ 0.00 | ! 1511+ 0.00 | 4591+ 0.01
AFl(5,1,2;3 4) | 15987+ 0.01 | 62573+ 0.10 | ! 79494+ 0.90
AP P12 34 5) |1 39336+ 0.02 | 128856+ 0.20 | 65843+ 1.00
| Paeat (1 23 4,5) | 1 39335+ 0.02 | 128850+ 0.08 | | 262761+ 0.20

[*Gehrmann, Henn, (w.1.p.)][Papadopoulos et al. (w.1.]



Non-planar corrections

no problems applying the same method

« > fesoh !12'!22'!:,14?!1421??51" TR e T LA e )
A "LI ! by = #s5tr, (2345)
> < b = sa5try (2351)
, iy 3 = S»3S45S15 # Si5tr (2345)# Sastry (2351).

3 B 117 812523545
e Si422 T 112)(23)(34)(45) (51) 1r 5
ap — S15534545
a1 = —tr, (1345)

(ap +2a1ksy - ps)




Non-planar corrections

Symmetry of the integrand parametrization Is
an important additional constraint

symmetry at the hepta-cut level not guaranteed - must impose on octa-cuts prst



(6

1

Primitive decompositions

using minimal gauge invariant building blocks
reduce complexity of multi-leg computations

What are primitive amplitudes e i) 1)
=~ Cp!Pp!

(2) — .
beyond one-loop? AT TR

i p p'

A[5P](1+12+’3+;4+’5+)

! sk, k2) | ! saa(kae, ko)

A | !
' (Ke! pr23)?  (Ko! pass)?

$ ! 3315 (Ki, ko)

| 5
AéZ),bare(1+ ’ 2+ ’ 3+ ’4+ ' 5+) — A[SP](1+ ’ 2+ ’ 3+ ,4+ ’ 5+)
=1



Open problems/work in progre

¥ BCJ representation of the 59 all-plus?

work in progress with
¥ non-planar corrections from planar sector Mogull, OOConnell, Ochirov

¥ Minimal missing information from IBPs?

¥ Can we bnd criteria for a basis of simple integrals?

¥ perhaps lessons to be learned from N=4 integrands here (chiral numerators etc.)

¥ Doubled propagators for graphs with bubble insertions
[S¢,gaard, Zhang 1403.2463]

¥ Primitive colour decompositiofsimal gauge invariant building blocks)



Conclusions

¥ Integrand level reduction method for multi-loop amplitud

¥ pnd integrand parametrizations using polynomial division
¥ valid in D dimensions

¥ analytic expressions using momentum twistors

¥ First non-trivial application

¥ planar two-loop Pve gluon amplitude in self-dual Yang-Mills



Backup Slides



Precision QCD for hadron
colliders

Modern amplitude _
methods at one-loop > automated multi-leg NLO

recursion relations Hjets
unitarity iy
) NLO multi-jet

—y—
—@— NLO WH+jets
4 —JJ}- NLO tt+jets
~ . NLO H+jets
lotOs more data will come from Runjll S
O NNLO W+jets
access to more exclusive signals| 2 [0 NNLO tt+jets v
NNLO H+jets
dl ppr 3 1
e.0.! s from Ry> = d!::,T >
“dpr
e ) —|—|—|:|—|-
NNLO beyond 2 2 1980 1990 2000 2010

automated multi-loop computationg



do/dpr,u[pb/GeV]

NLO/LO

103

104

105

10°°

1.8
1.6

1.4
1.2

0.8
0.6

Precision backgrounds

On

NLO _

n

e 2= gler” Ae gl ) A

n+1

T T T T T T T
=== LO3R2 : : : :
eee LO 4/3 NJet + Sherpa at 7 TeV Total transverse energy | | | | |
o ross L e Fuoof MEPSGNLOA 0.4 — ATLAS 2z Myets (=ep)
— NLO 32 : 2 [— .
Mo g 0 McanLo & %t=4,6 ot <&~ Data 2011 ({s = 7 TeV
H s . 4 T S
27— Nos et s anti-k,jets, R = 0.4 - g‘:’;{iﬁ
§ ‘ ‘ = P> 30 Gev, y®| < 4.4 - MC@NLO
s 7 £ -— ~¥— BLACKHAT + SHERPA
= N
s 0.6 — sherpa +OpenLoops ,; :!:
‘z : 101_2:: 1 —————++] = —
5 : 2 E —O0—
Soal s L E =~
H & B ——
: E — O
: H E ]
0.2 mH
i [Gev] - =
H tF+ jet: Higgs transverse momentum 20— — —CP~
S e I — Hro= Hi/2 10 ——
3 —wmrop-m 3 P — a2 ——————————+———
E EHj u=Hr 3 1y NJet +;Sherpa ' 1.4 7]
E —— HfHj NLO u = Hr 1 Ly Ipp—" +3] @8TeV. | — Hro= MEF 19b =¥ BLACKHAT + SHERPA N
[ R \ \\: — o= Mr/2 '1 . (L Ll L ]
3 v === y v
E % 0.8~ _
LHC 8 TeV 1 g 57 Z 0.6 | | | | | | | |
F  anti-kt: R=0.5, pr > 15 GeV, |5| < 4.0 1 Bk 2 ) /V /4
= GoSam/NINJA+SHERPA f [ e e E 0.8 M/ /
E i i .
] : 1 0.6, | | | | | | 4
E i i —_— T T T T T T T
E ! ‘ 1.4 & SHERPA /‘
E 1 2 3 4 5 1.2 7
Ep X, MR = XHR;0 : P / A‘/ /
E - I=a==7% < £
el Q osr — A Z / //
f_lllllllllllllllllllllllll 06_| | | | | | | |
o 100 200 300 400 500 10 11 12 13 14 15 16 17
pr,uGeV] N

do'* — do”

general interfaces
to MC generators

mostly numerical

2! 5/6 processes

now possible



Chiral numerators

e.g. [Arkani-Hamed et al.]

| By I D) ! [Caron-Huot, Larsen]

| k(s).u | k[(JS)

'
d'k § | D, a_ (G
D,D,D3D; | k(K]

S S

[Bourjallly, Caron-Huot, Trnkal]

. 3t i _ also Canonical Diff. Eqs [Henn
Make IR properties explicit - additional constraints? | |

( (
B R dk 19=C dk 1) (Dy)(k 48)2 = 1
—_ St

d4k( 1) (D))(st+ 4(k &8)?) = 15 ?[1]

» : o :

c.f. Schouten polynomials [Remiddi, Tancredi] pnlte



One-loop box example

p4 k P1
K 2
P — <X14 = IJ-]_]_ e Stu1 Xll! X121 X13>
| 4= Co+ CiX1a+ Colly1 + CaHi11X14 + Cald,
_ . alEy Sl 5 5
kM = 35 >!4|"“|1] Ty ( >!1I"“|4] 4
414[2|1] 411]2]4] Bl
. . bak(®) = d
X1q4 = —| =7 (" [? ' g
14 9 M11 4U( ) 1 #5 0O 0 0 Co do
O t #%t % 0 i Cli dli
0 0 % #3  Fiol=fdf
0.0 0 =5 &2 S
0 0 0 0 s?t? (07] d4

continue reduction ey
y : k 1y - = k syl y : ! '
with subtractions sl 9)s R e P




Radical ideals

Depnition:

for a Peldk[x] = K[X3,...,%X,] and an idedl " k[x]
the radical of is” T={f " KxJ[f™" I.m " N}

An ideal is zadical ideal 1 = |

Algorithms to compute the radical of
an ideal are available in Macaulay?2



sketch proof that D-dimensior
propagator ideals are radice

at 2-loops there are! 3 linear relations
leading ton = 11— P ISPs of the foimn

| = "H11! fa(Xe,...Xm), HMH2! fo(X1,...Xm), Ho2! fa(Xy,...Xm)#

we have an isomorphism
s C[Xl, .« « Xm K11, H12, I~122]/| & C[X]_, S Xm]

with 11 %$f1(X1,...Xm), M2 $ To(Xy,...Xm) and oo $ f3(X1,...Xm)

Clxs,...Xm] IS @ domair$ 1 IS a prime ideal

prime ideal are radical ideals



