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Introduction

reliable theoretical 
uncertainties

precision QCD at 
the LHC

understanding structure of 
(symmetric) gauge theories

on-shell 
methods

automated tools for 
loop amplitude 
computations

modelling 
backgrounds in BSM 

searches



Amplitudes for NNLO
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Can we achieve the same level of 
automation we have at NLO?

Traditional approach: Feynman diagrams + integration-by-parts

suitable for 2! 2 processes complexity grows fast 
with additional legs



One-loop amplitudes

EfÞcient tree level 
generators well 

established

e.g. MadGraph, Alpgen,
Comix, Helac,...  

off-shell recursion
Feynman diagramsTree

Methods

integral basis separates analytic and algebraic parts
tree-likeknown functions at one-loop

e.g. QCDLOOP, ONELOOP

numerical methods
process independent
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complex momenta

on-shell recursion (BCFW)



Automation for multi-leg NNLO

Master Integrals

Reduction

differential equations

direct integration

integration-by-parts

maximal unitarity

integrand reduction (OPP)

Input

Feynman diagrams

on-shell tree amplitudes

try to obtain manageable
expressions for 2! 3 amplitudes

[Kosower, Larsen (2011)]

OR



Outline

[SB, Frellesvig, Zhang arXiv:1310.1051]

+

+ +

++

¥  Multi-loop integrand reduction using computational algebraic geometry

¥  Extension to dimensionally regulated cuts

¥  Application to A(2)
5 (1+ , 2+ , 3+ , 4+ , 5+ )
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Integrand reduction strategy

¥ top down: start with maximal number of propagators

¥ identify basis of irreducible scalar products (ISPs)

¥ parametrize integrand using propagators

¥ parametrize on-shell solutions and solve for

¥ continue to lower propagator topologies subtracting known singularities 
primary decompostion

spanning basis e.g. Van 
Neerven-Vermaseren
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Gršbner basis and polynomial division
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[SB, Frellesvig, Zhang arXiv:1202.2019]

[Mastrolia, Ossola arXiv:1107.6041]

[Mastrolia, Mirabella, Ossola, Peraro arXiv:1205.7087]
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One-loop box example
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One-loop box example

¥spurious integrals important at integrand level

two (complex) on-shell solutions
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¥not all linear systems will be square 

primary decomposition
(Lasker-Noether theorem)

invert linear system

or tree amplitudes

original numerator



Multi-loop integrand 
parametrization

BasisDet Mathematica package
http://www.nbi.dk/~zhang/BasisDet.html

[Zhang arXiv:1205.5707]
automated computation 

of integrand basis for 
each topology

determination of all on-shell branches 
using primary decomposition

Macaulay2: http://www.math.uiuc.edu/Macaulay2/

complex multi-loop structures investigated in [Huang, Zhang arXiv:1302.1023]

http://www.nbi.dk/~zhang/BasisDet.html
http://www.nbi.dk/~zhang/BasisDet.html
http://www.math.uiuc.edu/Macaulay2/
http://www.math.uiuc.edu/Macaulay2/


4D Examples

planar and non-planar 
hepta-cuts at two loops

planar triple box at 
three loops

4.2 The Double Box

1

23

4

l2

l3l4

l5

l6 l1

l7

Figure 2 . Conventions for the momentum ßow in the planar double box.

We deÞne the double box contribution toAplanar ,(2)
4 by the following propagators:

ldbox
1 = k l dbox

2 = k ! p1 ldbox
3 = k ! p1,2 ldbox

4 = ! q + p3,4

ldbox
5 = ! q + p4 ldbox

6 = ! q ldbox
7 = ! q ! k (4.14)

Just as in the one-loop box topology, the three external momenta{ p1, p2, p4} are supple-
mented by the spurious vector,! , given in eq. (2.3). The loop momentum is then contained
in the space spanned byv = { p1, p2, p4, ! } . Taking into account scalar products that can
be trivially rewritten in terms of the propagators ( ldbox

k )2 using relations of the form of
eq.(2.8), we can parameterise the integrand,! dbox

7;12! 34! (k, q), with four irreducible scalar
products (ISPs) combined into terms of the form,

(k áp4)m (q áp1)n (k á! )! (q á! )" . (4.15)

The Þrst constraints on the indicesm, n, " and # come from renormalization conditions
implying m + n + " + # " 6. Since each of the integrals involves four propagators for this
topology we may also deducem + " " 4 and n + # " 4.

The Gram matrix relations ( 4.4), (4.5) and (4.6) put constraints on the ISPÕs. For the
basis { e1, e2, e3, e4} = { p1, p2, p4, ! } , at the hepta-cut (4.4) reads,

(k á! )2 = ( k áp4 ! s14/ 2)2 (4.16)

This relation requires that " = 0 , 1. Similar, (4.5) reads,

(q á! )2 = ( q áp1 ! s14/ 2)2 (4.17)

So # = 0 , 1. (4.6) requires that "# = 0, since it reads,

(k á! )(q á! ) = !
s2

14

4
+

s14(k áp4)
2

+
s14(q áp1)

2
+

!
1 +

2s14

s12

"
(k áp4)(q áp1) (4.18)

The number of the ISP monomials is reduced to 56.

Ð 14 Ð

M ~ 38 x 32SB,Frellesvig,Zhang
[1202.2019], [1207.2976]

also with maximal unitarity : Kosower, Larsen [1108.1180],  Caron-Huot, 
Larsen [1205.0801], Kosower Larsen, Johansson [1208.1754, 1308.4632], 

S¿gaard [1306.1496] Zhang, S¿gaard [1310.6006, 1406.5044]

4.2.2 Integration by parts identities

Having obtained a method to Þx the 32 coe! cients of " 7;12! 34! (k, q), it is now in a form
that can be further reduced to master integrals using integration by parts identities. There
are by now a number of packages available to perform the task of reducing the master
integrand, " 7;12! 34! (k, q), onto a basis of two master integrals. For this purpose we made
use of theFIREMathematica package [57]. In the case of the planar double box this enables
to compare our results directly with those of Kosower and Larsen [50].

A[dbox]
4 (1, 2; 3, 4; ) =

! !
ddk

(2! )d

ddq
(2! )d

C1 + C2(k áp4)
l21l22l23l24l25l26l27

+ á á á (4.29)

where we suppress all further master integrals. In terms of our non spuriouscnm 0 coe! -
cients they are,

C1 = c000 +
s12s14

8
c110 !

s2
12s14

16
(c120 + c210) +

s3
12s14

32
(c130 + c310)

!
s4

12s14

64
(c140 + c410) , (4.30)

C2 = c100 + c010 !
3s12

4
c110 +

s14

2
(c020 + c200) +

3s2
12

8
(c120 + c210)

+
s2

14

4
(c030 + c300) !

3s3
12

16
(c130 + c310) +

s3
14
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+
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32
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Closed form expressions for the master integrals can be found in refs. [61, 62].

4.3 The Crossed Box

12

3

4

l2l7

l3

l4

l5

l6 l1

Figure 3 . Conventions for the momentum ßow in the non-planar crossed box.

We represent crossed box topology shown in Þg.3 using the propagators as follows,

lxbox
1 = k + p1 lxbox

2 = k l xbox
3 = q + p3 lxbox

4 = q

lxbox
5 = q ! p4 lxbox

6 = q ! k + p2,3 lxbox
7 = q ! k + p3 (4.32)
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2 MIs

M ~ 48 x 38

2 MIs

3 MIs

M ~ 622 x 398

(MI) for the maximal cut of the three loop planar triple box wi th four massless external
legs. As a Þrst application of the technique we compute the ten-propagator MI coe! cients
for gluon scattering in Yang-Mills theory with adjoint ferm ions and scalars. The result
applies in both N = 4 , 2, 1 and 0 super-symmetric theories.

2 Reduction of the Massless Triple Box

In this paper we will study the three-loop planar triple box t opology, shown in Þgure1,
deÞned by:

I 10[ ÷ND (! , ki , pj )] =
!

dD k1

(2" )D

!
dD k2

(2" )D

!
dD k3

(2" )D

÷ND (! , ki , pj )
" 10

i =1 l2i
, (2.1)

where the ten propagators{ l i } are given by:

l1 = k1, l2 = k1 ! p1, l3 = k1 ! p1 ! p2, l4 = k3 + p1 + p2,

l5 = k2 + p1 + p2, l6 = k2 ! p4, l7 = k2, l8 = k3,

l9 = k1 + k3, l10 = k2 ! k3. (2.2)

The external momenta, { pi } , and internal momenta, { l i } , are considered massless.
Though the integral needs to be dimensionally regulated inD = 4 ! 2! dimensions we will
only consider generalized unitarity cuts in four dimensions and therefore reconstruct only
the leading term of the numerator function, ÷ND (! , ki , pj ) = ÷N (ki , pj ) + O(! ).

We also consider the external momenta to be outgoing with theMandelstam variables
deÞned by:

s = ( p1 + p2)2, t = ( p1 + p4)2, u = ! s ! t. (2.3)

p1

p2
p3

p4

l1

l2

l3l4l5

l6

l7 l8

l9l10

Figure 1 . The momentum ßow and propagator deÞnitions for the three-loop planar triple box.
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D-dimensional Reduction
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D-dimensional reduction
Is the integrand system well 

deÞned? will there linear system 
always have a solution?

complications 4-d
an ISP monomial vanishes on all on-shell solutions

different on-shell solutions have different dimensions

i.e. ideal is not radical

i.e. integrand systems with different
numbers of propagators may need to 

be solved simultaneously

in D-d
all propagator ideals are radical

all integrands have exactly 
one on-shell branch



More examples
Both the order of the polynomial division and choice of 
spanning basis affect the simplicity of the representation 

Vanishing integrals: e.g. one-loop triangles

Dimension shifted integrals e.g. one-loop pentagon

! LO
n =

!

n
d! B

! NLO
n =

!

n
(d! B + d! V ) +

!

n+1
d! R

! NLO
n =

!

n
(d! B + d! V + d! I ) +

!

n+1
(d! R ! d! S)

! NNLO
n =

!

n
(d! B + d! V + d! V V ) +

!

n+1
d! R + d! RV +

!

n+2
d! RR

"

h

"

ij

A(0) , 
i (h) C(0,0)

ij A(0)
j (h)

"

h

"

ij

A(0) , 
i (h) C(0,1)

ij A(1)
j (h)

"

singularities

1
s

f s|An|2

A(2)
5 (1+ , 2+ , 3+ , 4+ , 5+ )

I = "µ11 ! const# $ ! 5 = c0 or ! 5 = c0µ11 I 5[µ11] = O(")

I = "µ11 + ( k1 á#1)2 + ( k1 á#1)2 ! const# $ I 3[(k1 á#1)2 ! (k1 á#2)2] = 0

! LO
n =

!

n
d! B

! NLO
n =

!

n
(d! B + d! V ) +

!

n+1
d! R

! NLO
n =

!

n
(d! B + d! V + d! I ) +

!

n+1
(d! R ! d! S)

! NNLO
n =

!

n
(d! B + d! V + d! V V ) +

!

n+1
d! R + d! RV +

!

n+2
d! RR

"

h

"

ij

A(0) , 
i (h) C(0,0)

ij A(0)
j (h)

"

h

"

ij

A(0) , 
i (h) C(0,1)

ij A(1)
j (h)

"

singularities

1
s

f s|An|2

A(2)
5 (1+ , 2+ , 3+ , 4+ , 5+ )

I = "µ11 ! const# $ ! 5 = c0 or ! 5 = c0µ11 I 5[µ11] = O(")

I = "µ11 + ( k1 á#1)2 + ( k1 á#1)2 ! const# $ I 3[(k1 á#1)2 ! (k1 á#2)2] = 0



Two-loop example

38 non-spurious terms

32 spurious terms
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p4

k1

k2

k1 $ k2

v = {p1, p2, p4, ! 124}
ISP = {x13, x21, x14, x24, µ11, µ12, µ22}

symmetry leaves 22 independent integrals

only 17 remain as 

D ! 4
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v = { p1, p2, p4, ! 124}
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Two-loop four gluon amplitudes

Glover, Oleari, Tejeda-Yeomans (2001)

Bern, Dixon, De Freitas (2002)
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complete amplitudes FD+IBPs:

and via unitarity cuts:
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Òall-plusÓ amplitudes in QCD

[Bern, Dixon, Dunbar, Kosower (1996)]

[Bern, Dixon, Kosower (2000)]

one-loop amplitudes only contain boxes. e.g.

two-loop four-point also has simple form
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Numerator construction

FDH scheme at two-loops

Tree-amplitudes using 
six-dimensional helicity method

whichever way we choose we need a good way 
to deal with complicated kinematics

[Cheung, OÕConnell (2009)]

[Bern, De Freitas, Dixon, Wong (2002)]

[Bern, Carrasco, Dennen, Huang, Ita (2011)]
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Feynman rules + Feynman 
gauge and ghosts (scalars)



Momentum twistors
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"12#"23#"34#"41#

!

s2t I 7;12! 34! [(µ11µ22 + µ22µ33 + µ33µ11) + 4( µ2
12 ! 4µ11µ22)]

+ t I 6;12! 34[(Ds ! 2)(µ11 + µ22)µ12s + ( Ds ! 2)2µ11µ22((k1 + k2)2 + s)/s ]
"

gµ
µ = Ds

! T (k) =
#

{ ! }

cT ;! 1 ,..., ! n (k1 áp5)! 1 (k2 áp2)! 1 á á á(k2 á! 2)! n

Zi,a = ( " i,a , µi,a )

Wi, úa = (÷µ úa, ÷" úa) =
#úa,b,c,dZi " 1,bZi,c Zi +1 ,d

"i ! 1i#"ii + 1#

Z =
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%
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'

(
(
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x1 = s12, x2 =
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"34#
, . . .
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%
%
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%
&

1 0 1
x1

1
x1

+ 1
x1x2

1
x1

+ 1
x1x2

+ 1
x1x2x3

0 1 1 1 1
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'

(
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x1 = s12

x2 = !23"! 14"
!12"! 34"

x2 = !34"! 15"
!13"! 45"

x4 = s23
s12

x5 = s45
s12

! s

R3/ 2 =
d! pp ! 3j

dpT

d! pp ! 2j

dpT

!12" = 1 [12] = # sdet.

[Hodges (2009)]



Momentum twistors

A4
(2) (1+ , 2+ , 3+ , 4+ ) =

! i
"12#"23#"34#"41#
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s2t I 7;12! 34! [(µ11µ22 + µ22µ33 + µ33µ11) + 4( µ2
12 ! 4µ11µ22)]

+ t I 6;12! 34[(Ds ! 2)(µ11 + µ22)µ12s + ( Ds ! 2)2µ11µ22((k1 + k2)2 + s)/s ]
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µ = Ds
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Wi, úa = (÷µ úa, ÷" úa) =
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'

(
(
)

x1 = s12, x2 = #23$#14$
#12$#34$, x2 = #34$#15$

#13$#45$, x4 = s23
s12

, x5 = s45
s12no square roots

5 point kinematics 
contains one Gram 

matrix relation

x1 = s12

x2 = !23"! 14"
!12"! 34"

x2 = !34"! 15"
!13"! 45"

x4 = s23
s12

x5 = s45
s12

! s

R3/ 2 =
d! pp ! 3j

dpT

d! pp ! 2j

dpT

!12" = 1 [12] = # s

s12, s23, s34, s45, s15

tr 5(1, 2, 3, 4)2 =
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!
!
!G
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p1 p2 p3 p4

p1 p2 p2 p4

# !
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!
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!12"! 34"

x2 = !34"! 15"
!13"! 45"

x4 = s23
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x5 = s45
s12

! s
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dpT
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dpT
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x5 = s45
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!
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dpT
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Aside: Momentum twistors at 
higher multiplicity 

We can Þnd an (invertible) 
representation for arbitrary 
number of massless particles

Simon Badger, October 14, 2014

n-point kinematics

Z =

!

"
"
#

1 0 f 1 f 2 f 3 . . . f n! 3 f n! 2

0 1 1 1 1 . . . 1 1
0 0 0 xn ! 1

x2
xn . . . x2n! 6 1

0 0 1 1 x2n! 5 . . . x3n! 11 1 ! x3n ! 10
xn ! 1

$

%
%
&

f i =
i'

k=1

1
k!

l =1
x l

xi =

(
))))))))))))*

))))))))))))+

s12 i = 1

! "i i +1 #"i +2 1 #
"1 i #"i +1 i +2 # i = 2 , . . . , n ! 2

! n,4 + (1 ! ! n,4) s23
s12

i = n ! 1

! [2|P2,i ! n +4 |i ! n+5 #
[21]"1| i ! n+5 # i = n, . . . , 2n ! 6

"1|P23 P2,i ! 2n +9 |i ! 2n+10 #
s23 "1| i ! 2n+10 # i = 2n ! 5, . . . , 3n ! 11

s123
s12

i = 3n ! 10

where Pa,b = pa + á á á+ pb.
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Aside: Momentum twistors at 
higher multiplicity 

Massive particles can easily be 
incorporated using projections

Though we have completely removed the redundancy, the 
problem of efÞcient multi-variate factorisation remains

A[P ]
5 (1+ , 2+ , 3+ ; 4+ , 5+ ) =

i
!12"! 23"! 34"! 45"! 51"

!
c431I 431[F1]

+ cT
431I 431
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#
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#
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H + '" p!

H
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i

k[! 2"]
i ák[! 2"]

j = &µij

A[P ]
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1 1
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-

6pt ~ 8 params

2 extra constraints
6 functions of original kinematics

e.g. H+4 partons 5pt ~ 5 params + mH2



Back to the Þve gluon amplitude

D-dimensional integrand reduction

Feynman diagrams 6D spinor/helicity trees
numericalanalytic incl. scalars

simplify with Mom. twistors

Check integrated amplitude numerically
Schwinger parameters to expand dim. shifted integrals 



where

c431 = !
s12s23s34s2

45s15

tr 5
, cT

431 = !
s12s23s45 tr + (1345)

tr 5
,

c331;M 1 = !
s34s2

45 tr + (1235)
tr 5

, c331;M 2 = !
s15s2

45 tr ! (1234)
tr 5

,

c331;5L =
s12s23s34s45s15

tr 5
, c430 = !

s12 tr + (1345)
2s13s45

,

c330;M 1 = !
(s45 ! s12) tr + (1345)

2s13s45
, c330;M 2 = !

(s45 ! s23) tr + (1345)
2s13s45

,

cb
330;5L =

tr + (1235)
2s35s12

, cc
330;5L =

tr + (1345)
2s13s45

,

ca
330;5L = !

1
2

!
tr + (1245) !

tr + (1235) tr+ (1345)
s13s35

"
,

cd
330;5L = ca

330;5L
s12 + s45

s12s45
! s12cb

330;5L ! s45cc
330;5L ! s15 ,

(4.6)

and
F1 = ( Ds ! 2)(µ11µ22 + µ11µ33 + µ22µ33) + 4( µ2

12 ! 4µ11µ22),

F3 = ( Ds ! 2)2µ11µ22,

N1(k1, k2, 1, 2, 3, 4, 5) =
1

s12s45
(4(k1 áp3)(k2 áp3) + s12s45) ,

N2(k1, k2, 1, 2, 3, 4, 5) =
2

s45
(k1 áp3) (s35s45 ! (s12 ! s45)2(k2 áp5)) .

(4.7)

For performing the integrals over the higher-dimensionalµ-parameters, we use the Schwinger
parametrization technique described in [37]. DeÞning

#
dµ =

#
d! 2! k[! 2! ]

1

(2! )! 2!

#
d! 2! k[! 2! ]

2

(2! )! 2! , (4.8)

to be the higher-dimensional part of the integral, the result for the speciÞc insertions is
that #

dµ
$
µ2

12 ! 4µ11µ22
%
I [4! 2! ]

A = ! 2"(2" ! 1)I [6! 2! ]
A ,

#
dµ

$
µ11µ22 + µ11µ33 + µ22µ33

%
I [4! 2! ]

A = 3 "2I [6! 2! ]
A + 2 "(" ! 1)

&

i,j " P (A)

i+ j + I [8! 2! ]
A ,

#
dµ µ11µ22I [4! 2! ]

B = "2I [6! 2! ]
B , (4.9)

#
dµ (µ11 + µ22)µ12I [4! 2! ]

B = 0 ,

whereA = { (431), (331;M 1), (331;M 2), (331; 5L)} and B = { (430), (330;M 1), (330;M 2), (330; 5L)} .
The last identity has already been applied in eq. (4.5). The set P(A) includes all possible
ways to increase the power of any two propagators along a given branch (k1, k2, or k1+ k2)
of a topology A. Explicitly we can write the sum as,

&

i,j " P (n1n2n12 ;x)

=
n1&

i =1

n1&

j = i

+
n1+ n2&

i = n1+1

n1+ n2&

j = i

+
n1+ n2+ n12&

i = n1+ n2+1

n1+ n2+ n12&

j = i

, (4.10)

Ð 20 Ð

only ! 6 propagator topologies

Five gluon integrand 
representation

+ spurious terms
choice of basis important to Þnd simplest form

double-box type topologies are N=4 x 
! "! "! "! "

!

⇤[(µ11µ22 + µ22µ33 + µ33µ11) + 4(µ2
12 # 4µ11µ22)]



Choices of integrand basis
! I

! 330;5L (1+, 2+ ,3+ ,4+ ,5+ ) = "
i

#12$#23$#34$#45$#51$
%

!
1
2

"
tr + (1245)"

tr + (1345)tr+ (1235)
s13s35

# "
2(Ds " 2)(µ11 + µ22)µ12

+ ( Ds " 2)2µ11µ22
4(k1áp3)(k2áp3) + ( k1 + k2)2(s12 + s45) + s12s45

s12s45

#

+ ( Ds " 2)2µ11µ22

$
(k1 + k2)2s15

+ tr + (1235)
"

(k1 + k2)2

2s35
"

k1áp3

s12

"
1 +

2(k2á! 453)
s35

+
s12 " s45

s35s45
(k2 " p5)2

##

+ tr + (1345)
"

(k1 + k2)2

2s13
"

k2áp3

s45

"
1 +

2(k1á! 123)
s13

+
s45 " s12

s12s13
(k1 " p1)2

## %&

.

important to identify spurious 
direction for each loop integral

these are reducible but with this 
choice Þve propagator cuts vanish

Q: how to Þnd the best basis? chiral numerators?



Full result
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B = 0 ,

whereA = { (431), (331;M 1), (331;M 2), (331; 5L)} and B = { (430), (330;M 1), (330;M 2), (330; 5L)} .
The last identity has already been applied in eq. (4.5). The set P(A) includes all possible
ways to increase the power of any two propagators along a given branch (k1, k2, or k1+ k2)
of a topology A. Explicitly we can write the sum as,
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i,j " P (n1n2n12 ;x)

=
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dµ (µ11 + µ22)µ12I [4! 2! ]

B = 0 ,

whereA = { (431), (331;M 1), (331;M 2), (331; 5L)} and B = { (430), (330;M 1), (330;M 2), (330; 5L)} .
The last identity has already been applied in eq. (4.5). The set P(A) includes all possible
ways to increase the power of any two propagators along a given branch (k1, k2, or k1+ k2)
of a topology A. Explicitly we can write the sum as,

&

i,j " P (n1n2n12 ;x)

=
n1&

i =1

n1&

j = i

+
n1+ n2&

i = n1+1

n1+ n2&

j = i

+
n1+ n2+ n12&

i = n1+ n2+1

n1+ n2+ n12&

j = i

, (4.10)
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A[P ]
5 (1+ , 2+ , 3+ ; 4+ , 5+ ) =

i
!12"! 23"! 34"! 45"! 51"

!
c431I 431[F1]

+ cT
431I 431

"
F1 (k1 + p5)2

#
+ c331;M 1 I 331;M 1 [F1] + c331;M 2 I 331;M 2 [F1] + c331;5L I 331;5L [F1]

+ c430
$
s23I 430

"
F3 ((k1 + k2)2 + s45)

#
+ I 430

"
F3 ((k1 + k2)2 + s45) 2(k1 á! 123)

#%

+ c330;M 1 I 330;M 1

"
F3 ((k1 + k2)2 + s45)

#
+ c330;M 2 I 330;M 2

"
F3 ((k1 + k2)2 + s45)

#

+ ca
330;5L I 330;5L [F3 N1(k1, k2, 1, 2, 3, 4, 5)] + cb

330;5L I 330;5L [F3 N2(k1, k2, 1, 2, 3, 4, 5)]

+ cc
330;5L I 330;5L [F3 N2(k2, k1, 5, 4, 3, 2, 1)] + cd

330;5L I 330;5L
"
F3 (k1 + k2)2

#&



Numerical evaluation

Check universal IR pole 
structure numerically

Pentagon-box integrals and Þve-leg double box unknown*

summing over the Þve cyclic permutations, all such poles vanish in the partial amplitude
A(2)

5 (1+ , 2+ , 3+ , 4+ , 5+ ). The Þnite remainder is

A (2)
5 butterßy =

i (Ds ! 2)2

"12#"23#"34#"45#"51#
! 1

72 s12s23s34s45s15

!

cyclic

X (1, 2, 3, 4, 5), (4.13)

where X can be written as

X (1, 2, 3, 4, 5) = s2
12

"
s23

#
s12s15s23s34 + s15s2

23s34 ! 2s15s23s2
34 ! 2s12s15s23s45 + s12s2

23s45

+ s15s2
23s45 + s12s23s34s45 + 12s15s23s34s45 ! 2s2

23s34s45 + 2s15s2
34s45

! 2s23s2
34s45 + 2s23s34s2

45 + 2s2
34s2

45

$
!

#
s2

23s45 + s15s34s45

+ s23s34s45 ! s15s23s34 ! s15s23s45
$

tr 5

%
. (4.14)

5 Numerical evaluation

Three of the integrals appearing in the amplitude in eq. (??) have Þve scales and are yet
unknown analytically. We therefore opt for a numerical evaluation in order to check the
universal infra-red pole structure:

A(2)
5 (1+, 2+, 3+, 4+, 5+ ) = !

&
1
! 2

5!

i =1

'
µ2

R

! si i +1

(
✏

+
11
6!

)

A(1)
5 (1+, 2+, 3+, 4+, 5+ ) + O(! ), (5.1)

where the D-dimensional one-loop amplitude is given by [64, 65],

A(1)
5 (1+, 2+, 3+, 4+, 5+ ) =

! i ! (1 ! ! )
"12#"23#"34#"45#"51#

"
s12s23I 8�2✏

4;1234[1] + s23s34I 8�2✏
4;2345[1]

+ s34s45I 8�2✏
4;3451[1] + s45s15I 8�2✏

4;4512[1] + s15s12I 8�2✏
4;5123[1] + 2(2 ! ! ) tr 5 I 10�2✏

5;12345[1]
%

. (5.2)

We use two techniques for the numerical integration. Firstly we use the Mellin-Barnes ap-
proach with the help ofAMBRE [66]1, M. CzakonÕsMB.m[67], A. V. SmirnovÕsMBresolve.m
[68] and D. A. KosowerÕsbarnesroutines.m . The second approach uses sector decomposi-
tion via the FIESTA Mathematica package [69, 70]. The results of the numerical evaluation
are shown in table1 using the phase-space point:

p1 = (8 / 3, 1/ 2, i/ 2, 8/ 3) ,

p2 = (0 , 1/ 2, ! i/ 2, 0) ,

p3 = ( ! 1, 1, 2i, 2) ,

p4 = (61 .23163693, ! 59.08662701, 76.08662701i, 77.76412206),

p5 = ( ! 62.89830359, 57.08662701, ! 78.08662701i, ! 82.43078872).

(5.3)

Though the conÞguration is complex, it has been constructed so that the exact kinematics
can be obtained using the following values of the invariants:

s12 = ! 1, s23 = ! 3, s34 = ! 11, s45 = ! 19, s15 = ! 31, tr 5 = !
$

154429. (5.4)
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[Fiesta Smirnov, Smirnov, Tentyukov]

! ! 2 ! ! 1 ! 0

A[P ]
5 (1, 2, 3; 4, 5) ! 145.03± 0.01 473.37± 0.10 ! 1643.16± 0.60

A[P ]
5 (2, 3, 4; 5, 1) ! 23.00± 0.00 86.54± 0.02 ! 229.22± 0.09

A[P ]
5 (3, 4, 5; 1, 2) ! 70.65± 0.00 118.03± 0.02 3279.84± 0.10

A[P ]
5 (4, 5, 1; 2, 3) 5.19± 0.00 ! 15.11± 0.00 45.91± 0.01

A[P ]
5 (5, 1, 2; 3, 4) ! 159.87± 0.01 625.73± 0.10 ! 794.94± 0.90

A(2) ,bare
5 (1, 2, 3, 4, 5) ! 393.36± 0.02 1288.56± 0.20 658.43± 1.00

I (1) ,bare
5 A(1)

5 (1, 2, 3, 4, 5) ! 393.35± 0.02 1288.50± 0.08 ! 2627.61± 0.20

Table 1 : Numerical values for the poles and Þnite part of the amplitude at the exam-
ple phase-space point in eq. (5.3). The loop integrals have been evaluated with a pre-
factor of ! (4" )! D e! 2!" E removed. We have also stripped out the overall helicity factor
i/ ("12#"23#"34#"45#"51#). The Þnal entry corresponds to the right hand side of eq. (5.1)
but with UV pole of 11

3! removed. Though we quote the sector decomposition numerical
errors on the 1

! 2 poles these results have also been computed analytically.

We can see from the values in table1 that the two-loop amplitude is in agreement with
the IR pole structure within the numerical integration errors.

6 Conclusions

In this paper we have described howD-dimensional integrand reduction and generalized
unitarity cuts are e! cient methods for two-loop amplitude computations.

The methods presented provide a general algorithm for the reduction of any loop
amplitude. Though the procedure does not change a lot from the four-dimensional case
already presented [43, 49Ð51], we Þnd that the D-dimensional case resolves some di! culties
that can occur otherwise. We have shown that all ideals deÞned by the propagators are
radical ideals. The Þrst consequence of this is that all ideals areprime ideals and that each
set of propagators admits only a single branch of the solution to the on-shell constraints.
We have also shown that the dimension of each ideal is 11! P for a P propagator system,
a condition which is not always satisÞed in four dimensions.

As a non-trivial application of the method, we have computed the Þrst Þve-point two-
loop amplitude in QCD: the planar all-plus helicity amplitude. The Þnal result obtained has
a remarkably simple and compact form. We learned important lessons about the beneÞts
of choosing a good basis of ISPs for the integrand: Firstly, we required the four dimensional
limit of the integrand basis to be manifest, a condition which is not satisÞed when using a
standard ordering for the polynomial division. Secondly, we found that correctly identifying
spurious directions in the bow-tie topologies led to signiÞcant simpliÞcation in the Þnal
coe! cients. Following these guidelines we were able to Þnd an integrand representation
with only six or higher propagator topologies with all remaining cuts evaluating to zero.

1We thank Tristan Dennen for providing a copy of his private implementation based on the AMBRE
algorithm.
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Mellin-Barnes and Sector decomposition

[SecDec Borowka, Carter, Heinrich]

[*Gehrmann, Henn, (w.i.p.)][Papadopoulos et al. (w.i.p)] 
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Non-planar corrections
Simon Badger, October 31, 2013

Non-planar cuts for the two-loop Þve-gluon all-plus amplitude

1 The non-planar double dox I: (3, 3, 2)

p1

p2p3

p4

p5

Figure 1: The non-planar double box topology (332).

The on-shell solutions to the 8 propagator conÞguration shown in Figure 1 can be
written in terms of 3 free variables:

økµ
1 = pµ

1 + ! 1
[13]
2[23]

!1|" µ |2] + ! 2
!13"
2!23"

!2|" µ |1] (1)

økµ
2 = pµ

4 + ! 3
!14"
2!13"

!3|" µ |4] + #
!13"
2!14"

!4|" µ |3] (2)

where

# =
s14

tr ! (1354)

!
s15 + s45 +

1
s23

(! 1 tr ! (1523) + ! 2 tr + (1523)) +
1

s13
tr ! (1453)

"
(3)

The integrand parametrization, using a basis ofB = { p1, p2, p3, p4} to span the loop
momenta, is found to have 6 irreducible scalar products,

{ k1 áp3, k2 áp2, k2 áp1, µ11, µ12, µ22} (4)

and after applying the contraints from the propagators has a total of 83 independent
terms. The linear system constructed after substitution of the on-shell solution in eq.
(2) has dimensions 84# 83.

For the Þve-gluon amplitude there are four diagrams needed to compute the integrand
in Ds dimensions shown in Figure 2. For the all-plus helicity conÞguration solving
the linear system is made easier since numerical evaluation indicates there are only 4
independent coe! cients and an overall factor of,

F1(Ds, µ11, µ12, µ22) = ( Ds $ 2) (µ11µ22 + µ22µ33 + µ33µ11) + 4
#
µ2

12 $ 4µ11µ22
$

(5)

1

Simon Badger, October 31, 2013

p1

p2

p3

p4 p5

Figure 3: The non-planar double box topology (422).

2 The non-planar double dox II: (4, 2, 2)

The topology (422) is shown in Þgure 3. Using the following parametrization of the
on-shell equations,

økµ
1 = pµ

1 + ! 1
!23"
2!13"

!1|" µ |2] + (1 # ! 1)
[23]
2[13]

!2|" µ |1] (15)

økµ
2 = #pµ

4 + ! 2
[15]
2[14]

!4|" µ |5] + ! 3
[15]
2[14]

!5|" µ |4] (16)

where

# = #
1

s45s13
(s13s15 + ! 1 tr ! (1523) + (1 # ! 1) tr + (1523)) (17)

it is possible to obtain a 76$ 65 linear system for the integrand coe! cients. As in the
planar topology (430) it is necessary to modify the basis obtained by polynomial division
to obtain a parametrization with a smooth D % 4 limit.

The are only two independent coe! cients for the integrand of the all-plus amplitude:

" 8;422 =
iF 1 s12s23s45

!12"! 23"! 34"! 45"! 51" tr 5
(a0 + 2a1k2 áp5) (18)

a0 = s15s34s45 (19)

a1 = # tr + (1345) (20)
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p1

p2

p3

p4 p5

Figure 3: The non-planar double box topology (422).

2 The non-planar double dox II: (4, 2, 2)

The topology (422) is shown in Þgure 3. Using the following parametrization of the
on-shell equations,

økµ
1 = pµ

1 + ⌧1
h23i
2h13ih1|�

µ |2] + (1 � ⌧1)
[23]
2[13]

h2|�µ |1] (15)

økµ
2 = �pµ

4 + ⌧2
[15]
2[14]

h4|�µ |5] + ⌧3
[15]
2[14]

h5|�µ |4] (16)

where

� = � 1
s45s13

(s13s15 + ⌧1 tr ! (1523) + (1 � ⌧1) tr +(1523)) (17)

it is possible to obtain a 76⇥ 65 linear system for the integrand coe! cients. As in the
planar topology (430) it is necessary to modify the basis obtained by polynomial division
to obtain a parametrization with a smooth D ! 4 limit.

The are only two independent coe! cients for the integrand of the all-plus amplitude:

" 8;422 =
iF1 s12s23s45

h12ih23ih34ih45ih51i tr 5
(a0 + 2a1k2 · p5) (18)

a0 = s15s34s45 (19)

a1 = � tr +(1345) (20)

3
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Figure 2: Feynman diagrams contributing to the (332) topology of the Þve gluon ampli-
tude including ghosts.

whereµ33 = µ11 + µ22 + µ12, just as in the planar case. The analytic formula for the full
integrand can be written simply as:

! 8;332 =
iF 1 s12s34

!12"! 23"! 34"! 45"! 51" tr 5
(a0 + 2a1k1 áp3 + 2a2k2 áp2 + 2a3k1 áp1) (6)

a0 = s15s23s34s45 + s12s15 tr ! (2345)# s34s45 tr + (1235) (7)

a1 = s15 tr ! (2345) (8)

a2 = s45(s15s23 # tr + (1235)) (9)

a3 = s15s45s23. (10)

Looking at the result made me think the basis{ 1, 2, 3, 4} wasnÕt such a good choice
after all. In fact the result looks much nicer using the { 1, 2, 4, 5} basis:

! 8;332 =
2iF 1 s12s34

!12"! 23"! 34"! 45"! 51" tr 5
(b1k1 áp4 + b2k2 áp1 + b3k1 áp5) (11)

b1 = # s15 tr ! (2345) (12)

b2 = s45 tr ! (2351) (13)

b3 = s23s45s15 # s15 tr ! (2345)# s45 tr ! (2351). (14)

2

no problems applying the same method



Non-planar corrections
Symmetry of the integrand parametrization is 

an important additional constraint

symmetry at the hepta-cut level not guaranteed - must impose on octa-cuts Þrst



Primitive decompositions

What are primitive amplitudes 
beyond one-loop? 

!
! ++++

12! 34! =
2(Ds ! 2)st2

"12#"23#"34#"41#
I 12! 34! [µ2

11] + O(! )
!

! "" ++
12! 34! =

"12#3

"23#"34#"41#

"
2(Ds ! 2)t I 12! 34! [µ2

11] + 4st I 12! 34! [µ11] ! s2t I 12! 34! [1]
#

+ O(! )
!

! " +++
12! 34! =

1
[12]"23#"34#[41]"13#2

$
(Ds ! 2)

$
2s2tu I 12! 34!

%
µ2

11

&

+
1
2

s3 I 12! 34!
%
µ11t2 + 8

"
µ11x2

13 + µ11x21x13
#

+ 4 ( µ12 + µ22) x2
13

&

+ 2s2t I 12! 34!
%
! µ11x13 (s + 2x13 + 4x21) + 4 µ11x2

13 + 8µ11x21x13
&

+ 4st2 I 12! 34!
%
µ11x2

13

&'

+ s3 (Ds ! 6) I 12! 34!
%
µ22 (t ! 2x13) 2

&
+ 8s2(s + 2t) I 12! 34! [µ12x13x21]

'
+ O(! )

A[P ]
5 (1+ , 2+ , 3+ ; 4+ , 5+ ) =

i
"12#"23#"34#"45#"51#

$
c431I 431[F1]

+ cT
431I 431

%
F1 (k1 + p5)2

&
+ c331;M 1 I 331;M 1 [F1] + c331;M 2 I 331;M 2 [F1] + c331;5L I 331;5L [F1]

+ c430
"
s23I 430

%
F3 ((k1 + k2)2 + s45)

&
+ I 430

%
F3 ((k1 + k2)2 + s45) 2(k1 á" 123)

&#

+ c330;M 1 I 330;M 1

%
F3 ((k1 + k2)2 + s45)

&
+ c330;M 2 I 330;M 2

%
F3 ((k1 + k2)2 + s45)

&

+ ca
330;5L I 330;5L [F3 N1(k1, k2, 1, 2, 3, 4, 5)] + cb

330;5L I 330;5L [F3 N2(k1, k2, 1, 2, 3, 4, 5)]

+ cc
330;5L I 330;5L [F3 N2(k2, k1, 5, 4, 3, 2, 1)] + cd

330;5L I 330;5L
%
F3 (k1 + k2)2

&'

{ p1, p2, p3, p4, pH } $ { p1, p2, p3, p4, p!
H , (#}

pH = p!
H + (# p!

H
2 = (#2 = 0

(# % p2 & " 2(##= [2 (#] = 0

ki = øki + k[" 2"]
i

k[! 2! ]
i ák[! 2! ]

j = ! µij

Z =

!

"
"
#

1 0 1
x1

1
x1

+ 1
x1x2

1
x1

+ 1
x1x2

+ 1
x1x2x3

0
0 1 1 1 1 1
0 0 0 x5

x2
1 1

0 0 1 1 x7 1 ! x8
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$

%
%
&
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!

"
"
#

0 s t 0
s 0 u 0
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0 0 0 stu

$

%
%
&

'
d4k

(
! (+) (Di ) =

)

s
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*
*

" Di
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*
*
*
*

! 1

=
)

s

+,
,
-

*
*
*
*
*

" Di
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" Dj

" k(s)
µ

*
*
*
*
*

! 1

'
d4k

(
! (+) (Di ) =

1
st

'
d4k

(
! (+) (Di )(k áö#)2 = 1

'
d4k

(
! (+) (Di )(st + 4( k áö#)2) = I 6! 2!

4 [1]

A (2) =
)

i

Ci

.
)

p

cpPp +
1

N 2
c

)

p!

cp! Pp!

/

k[! 2! ]
i ák[! 2! ]

j = ! µij
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"
"
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1
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1
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0
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*
*
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*
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'
d4k

(
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1
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'
d4k

(
! (+) (Di )(k áö#)2 = 1

'
d4k

(
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A (2) =
)

i

Ci

.
)

p

cpPp +
1

N 2
c

)

p!

cp! Pp!

/

6(

i =1

A(0)
i !

! 431(k1, k2)
(k1 ! p123)2

!
! 341(k1, k2)
(k2 ! p345)2

$ ! 331;5L (k1, k2)

using minimal gauge invariant building blocks 
reduce complexity of multi-leg computations

of these kinematic objects will have a further expansion inNc (here we use a standard
notation for the permutations, see for example [1]):

A 5 = g7
s

!

! ! S5

N 2
c tr ( Ta! (1) Ta! (2) Ta! (3) Ta! (4) Ta! (5) )

"
A(2)

5;1;1 +
1

N 2
c

A(2)
5;1;2

#

+
!

! ! S5/S 5;3

Nc tr ( Ta! (1) Ta! (2) ) tr ( Ta! (3) Ta! (4) Ta! (5) ) A(2)
5;3, (4.1)

where Ta are the generators ofSU(Nc) and gs is the strong coupling constant. The
decomposition of the full colour amplitude into primitive amplitudes is beyond the scope
of this work since A5;1;2 and A5;3 will recieve contributions from planar and non-planar
primitives. The decomposition for the leading colour piece is as follows:

A 5(1+ , 2+ , 3+ , 4+ , 5+ )|leading colour =

g7
sN 2

c

!

! ! S5

tr ( Ta! (1) Ta! (2) Ta! (3) Ta! (4) Ta! (5) ) A(2)
5

$
! (1)+, ! (2)+, ! (3)+, ! (4)+, ! (5)+ %

, (4.2)

where we have chosen to abbreviate the leading colour partial amplitude toA(2)
5 = A(2)

5;1;1.
Its decomposition into primitive amplitudes is:

A(2)
5 (1+ , 2+ , 3+ , 4+ , 5+ ) = A(2) ,bare

5 (1+ , 2+ , 3+ , 4+ , 5+ ) !
11
3"

A(1)
5 (1+ , 2+ , 3+ , 4+ , 5+ ), (4.3)

A(2) ,bare
5 (1+ , 2+ , 3+ , 4+ , 5+ ) =

5!

i =1

A[P ]
5 (1+ , 2+ , 3+ ; 4+ , 5+ ), (4.4)

where we have included the appropriate UV counter-term. The primitive amplitude A[P ]
5

can be written in terms of the eight integral families for which the coe! cients can be
determined from the cuts of the previous section.

After eliminating spurious terms which integrate to zero, the Þnal result is

A[P ]
5 (1+ , 2+ , 3+ ; 4+ , 5+ ) =

i
"12#"23#"34#"45#"51#

&
c431I 431 [F1]

+ cT
431I 431

'
F1 (k1 + p5)2(

+ c331;M 1 I 331;M 1 [F1] + c331;M 2 I 331;M 2 [F1] + c331;5L I 331;5L [F1]

+ c430
$
s23I 430

'
F3 ((k1 + k2)2 + s45)

(
+ I 430

'
F3 ((k1 + k2)2 + s45) 2(k1 á#123)

( %

+ c330;M 1 I 330;M 1

'
F3 ((k1 + k2)2 + s45)

(
+ c330;M 2 I 330;M 2

'
F3 ((k1 + k2)2 + s45)

(

+ ca
330;5L I 330;5L [F3 N1(k1, k2, 1, 2, 3, 4, 5)] + cb

330;5L I 330;5L [F3 N2(k1, k2, 1, 2, 3, 4, 5)]

+ cc
330;5L I 330;5L [F3 N2(k2, k1, 5, 4, 3, 2, 1)] + cd

330;5L I 330;5L
'
F3 (k1 + k2)2( )

, (4.5)
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Open problems/work in progress
¥ BCJ representation of the 5g all-plus? 

¥ non-planar corrections from planar sector

¥ Minimal missing information from IBPs?

¥ Can we Þnd criteria for a basis of simple integrals?

¥ perhaps lessons to be learned from N=4 integrands here (chiral numerators etc.)

¥ Doubled propagators for graphs with bubble insertions

¥ Primitive colour decompositions (minimal gauge invariant building blocks)

work in progress with 
Mogull, OÕConnell, Ochirov

[S¿gaard, Zhang 1403.2463]



Conclusions

¥ Integrand level reduction method for multi-loop amplitudes

¥ Þnd integrand parametrizations using polynomial division

¥ valid in D dimensions

¥ analytic expressions using momentum twistors

¥ First non-trivial application

¥ planar two-loop Þve gluon amplitude in self-dual Yang-Mills
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Figure 3 . Leading-jet transverse momentum (left) and total transverse energy (right): Nlo 4!
(green dashed) andNlo 4! + 1 j (green dotted) results are compared to an inclusiveMc@Nlo 4!
simulation (blue) and to Meps@Nlo 4! + 0 , 1j predictions (red). Uncertainty bands describe com-
bined QCD- and resummation-scale uncertainties (added in quadrature).

Sudakov logarithms are relatively mild in this region (cf. Fig. 3.a), and parton-shower ef-
fects are dominated by subleading logarithms associated with the running of" s in the
" s(pT ) ln( pT )/p T terms. Double logarithms become dominant at much smaller transverse
momenta, and we checked that they drive theNlo cross sections into the negative range
only at pmax

T ! 2 GeV. For pmax
T " 25Ð30 GeV, which corresponds to the jet-veto values in

the H # WW ! analyses at the LHC, Þxed-order and matched/merged results deviate by less
than 5%. This represents the net e! ect of Sudakov logarithms beyond NLO, and its small-
ness is due to the moderate size of the logarithmic terms but also to cancellations between
leading and subleading logarithms. The uncertainty due to subleading Sudakov logarithms
that are not included in the Mc@Nlo and Meps@Nlo approximations are quantiÞed via
resummation-scale variations, which are reßected in the respective scale-variation bands,
and turn out to be at the percent level.

As shown in Fig. 4.b, in the inclusive 1-jet bin the discrepancies between the various
approximations become more sizable. The inclusiveMc@Nlo simulation underestimates
the 1-jet cross section by 20Ð30% for30 GeV < p min

T < 100GeV. For transverse-momentum
thresholds up to 50 GeV, the Þxed-order4! + 1 j cross section is in quite good agreement
with the Meps@Nlo prediction as expected. However, as already observed in Fig.3.a,
the Nlo cross section develops a signiÞcant excess in the tail. The uncertainties of the
Meps@Nlo and Mc@Nlo cross sections in the 1-jet bin are rather independent of the
pT -threshold and amount to about 5% and 10%, respectively.

4.2 Squared quark-loop contributions

Detailed results for the squared quark-loop cross sections in the inclusive analysis and
requiring one or more jets with pT > 30 GeV are presented in Table3. Fixed-order cal-
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Figure 3. Invariant mass distributions of the tøt-pairs for tøtH
and tøtHj at NLO relative to the tøtHj at LO for µ = 2 ×GAT .

Eq. (1) in a non-exceptional phase-space point are col-
lected in the Appendix.

In view of the later comparison between the processes
pp → tøtH and pp → tøtHj at NLO QCD accuracy,
we also used theGoSam/ Ninja+ Sherpa framework
to compute the cross section fortøtH production. We
found excellent agreement with the results presented in
Refs. [7, 48].

NUMERICAL RESULTS

In the following, we present results for the integrated
cross section for a center-of-mass energy of 8 TeV. The
mass of the Higgs boson is set tomH = 126 GeV
and the top quark mass is set tomt = 172.5 GeV.
The parameters of the electroweak sector are Þxed by
setting MW = 80 .419 GeV, MZ = 91 .1876 GeV and
! −1

EW = 132.50698.
To cluster the jets we use theantikt-algorithm imple-

mented in FastJet [49Ð51] with radiusR = 0 .5, a mini-
mum transverse momentum ofpT,jet > 15 GeV and pseu-
dorapidity |" | < 4.0. The LO cross sections are computed
with the LO parton-distribution functions cteq6L1 [52],
whereas at NLO we use CT10 [53].

In order to study the scale dependence of the total cross
section, we employ two di! erent choices of the renormal-
ization and factorization scalesµR = µF = µ0, namely
µ0 = HT and µ0 = 2 × GAT with

HT =
!

final
states f

|pT,f | , (2)

GAT = 3
√
mT,H mT,t mT, t̄ +

!

jets j

|pT,j | . (3)

Figure 4. Transverse momentum distribution of the Higgs
boson at LO and NLO for µ = HT .

Figure 5. Pseudorapidity ! of the Higgs boson at LO and
NLO accuracy for µ = HT .

Within this setup, for the two scale choices, we obtain
the total LO and NLO cross sections reported in Table I.

Central Scale " LO [fb] " NLO [fb]

2×GAT 80.03+35 .64
! 23.02 100.6+0 .00

! 9.43

HT 88.93+41 .41
! 26.13 102.3+0 .00

! 15.82

Table I. Total cross section for tøtHj for di ! erent choices of
the central scale at LO and NLO.

The scale dependence of the total cross section, de-
picted in Fig. 2, is strongly reduced by the inclusion of

mostly numerical

general interfaces 
to MC generators

2! 5/6 processes 
now possible 



Chiral numerators
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c.f. Schouten polynomials [Remiddi, Tancredi]
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sketch proof that D-dimensional 
propagator ideals are radical

In this paper we focus on two-loopD-dimensional integrand reduction. SpeciÞcally
we will be using the four-dimensional helicity scheme (FDH) which consists of leaving the
external particles and all polarizations in four dimensions, but shifting the loop-momenta
to (D = 4 ! 2! ) dimensions [63].

We will handle the D-dimensional loop-momenta by splitting them into four-dimensional
and higher dimensional components:

ki = øki + k[! 2! ]
i , i = 1 , 2. (2.11)

By the symmetry of the higher-dimensional space, the amplitudes can depend onk[! 2! ]
i

only through the three scalar products,

µ11 = ! (k[! 2! ]
1 ák[! 2! ]

1 ) , µ22 = ! (k[! 2! ]
2 ák[! 2! ]

2 ) , µ12 = ! 2(k[! 2! ]
1 ák[! 2! ]

2 ) . (2.12)

The D-dimensional integrand reduction has several good properties:

¥ The ideal I is radical, so all coe! cients in the integrand basis can be Þxed. This can
be proved as follows: At two loop order there are two types of ISPs, namelym ISPs
{ x1, . . . xm } of the form ki ápj or ki á" j , and the remaining three µ11, µ12, and µ22.
For a diagram with a (k1 + k2) internal leg and P propagators, cut equations can
be rewritten as the three quadratic equationsk2

1 = k2
2 = ( k1 + k2)2 = 0 and P ! 3

linear equations. These linear equations determine (P ! 3) reducible scalar products
(RSPs), which always have the formki ápj . So m = 8 ! (P ! 3) = 11 ! P. After
eliminating these RSPs, we get the ideal of cut equations:

I = "µ11 ! f 1(x1, . . . xm ), µ12 ! f 2(x1, . . . xm ), µ22 ! f 3(x1, . . . xm )#. (2.13)

We then have the following map,

# : C[x1, . . . xn , µ11, µ12, µ22]/I $ C[x1, . . . xn ], (2.14)

with µ11 %$f 1(x1, . . . xm ), µ12 $ f 2(x1, . . . xm ) and µ22 $ f 3(x1, . . . xm ). It is
clear that # is an isomorphism, and sinceC[x1, . . . xn ] is a domain, I is a prime
ideal. A prime ideal must be radical, which proves the proposition. Similarly, for a
butterßy diagram without any ( k1 + k2) internal leg, I = "µ11 ! f 1(x1, . . . xm ), µ22 !
f 3(x1, . . . xm )#, m = 10 ! P and the proof is similar.

¥ Since I is prime, the primary decomposition is trivial and there is only one branch
of the unitarity cut.

¥ The unitary cut solution always has 11! P degrees of freedom. For a diagram with
a (k1 + k2) internal leg and P propagators, m = 11 ! P, so by the isomorphism#,

dim Z (I ) = dim C[x1, . . . xm , µ11, µ12, µ22]/I = dim C[x1, . . . xm ] = 11 ! P, (2.15)

where Z (I ) is the zero locus of I [62]. Similarly, for a butterßy diagram with P
propagators, m = 10 ! P, so

dim Z (I ) = dim C[x1, . . . xm , µ12] = m + 1 = 11 ! P. (2.16)
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