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¥ Establishing whether the BEH mechanism and its boson is 
SM-like will be of outmost importance for the run of the LHC.

Higgs physics at LHC
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¥ Establishing whether the BEH mechanism and its boson is 
SM-like will be of outmost importance for the run of the LHC.

Higgs physics at LHC

¥ Higgs-boson production modes at the LHC:

Gluon fusion TTH   Higgs strahlung VBF

¥ Current status for the total cross section:

Same sign 
dimuons 

Signal strength 

@CMSexperiment @ICHEP2014 a.david@cern.ch 
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!  Grouped by production 
tag and dominant decay: 
! χ2/dof = 10.5/16 
! p-value = 0.84 

(asymptotic) 

!  ttH-tagged 2.0σ above 
SM. 
! Driven by one channel. 

[CMS-PAS-HIG-14-009] 
[A. David @ ICHEP 2014]
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!  Grouped by production 
tag and dominant decay: 
! χ2/dof = 10.5/16 
! p-value = 0.84 

(asymptotic) 

!  ttH-tagged 2.0σ above 
SM. 
! Driven by one channel. 

[CMS-PAS-HIG-14-009] 
[A. David @ ICHEP 2014]

! Theo. and exp. uncertainties are of the same order.!

! Need to improve our theory predictions!
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¥ The dominant Higgs production mechanism 
at the LHC is gluon fusion.

The gluon fusion cross section

! Loop-induced process.

¥ For a light Higgs boson, the dimension Þve operator 
describing a tree-level coupling of the gluons to the Higgs 
boson

L = LQCD,5 �
1
4v

C1 H Ga
µ⌫ Gµ⌫

a

¥ In the rest of the talk, I will only concentrate on the 
effective theory.

¥ Top-mass corrections known at NNLO.
[Harlander, Ozeren; Pak, Rogal, Steinhauser; Ball, Del Duca, 
Marzani, Forte, Vicini; Harlander, Mantler, Marzani, Ozeren]
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¥ The gluon fusion cross section is given in perturbation 
theory by

The gluon fusion cross section

¥ The (partonic) cross section depends up to an overall scale 
only on the ratio

! (p p ! H + X ) = "
!

ij

" 1

!
dz L ij (z) ö! ij (" /z )

z =
m2

ös
! =

m2

s

¥ The inclusive Higgs cross section is known to be ÔplaguedÕ 
by large perturbative corrections.

¥ The partonic cross section known at NLO and NNLO.

[Dawson; Djouadi, Spira, Zerwas; Harlander, Kilgore; Anastasiou, Melnikov; 
Ravindran, Smith, van Neerven]
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The gluon fusion cross sectionscalesµ = µR = µF simultaneously1. As it has already been realized in the literature,
smaller scales than the Higgs boson mass lead to a faster convergence of the perturbative
expansion [5,6].
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Figure 2: Scale variation of the gluon fusion cross-section at LO, NLO, and NNLO. The LO, NLO
and NNLO cross-sections at scaleµ !

! m H
4 , mH

"
are normalized to the NNLO cross-section at the

central scaleµ = m H
2 .

We estimate the theoretical uncertainty from uncalculated higher order corrections by
varying the renormalization and factorization scale in the interval µ !

! mH
4 , mH

"
. In Fig 2

we present the cross-section at LO, NLO and NNLO in this interval, normalized to the
NNLO cross-section at the central scaleµ = mH

2 . The NNLO and NLO bands overlap
largely, Corrections beyond NNLO would need to be atypical in order for our uncertainty
estimate to be inaccurate. The cross-section is known to be stable under threshold and
other corrections which can be resummed beyond NNLO [23Ð25].

3. Parton density function comparison

The Higgs boson cross-section requires parton distribution functions (pdf) as input. In
iHixs we employ all pdf sets that allow for NNLO evolution (MSTW08 [27], JR09 [28],NNPDF

1We use the central MSTW08 PDF set for all results in this secti on.

Ð 2 Ð

LO 9.6 pb ~ 25%

NLO 16.7 pb ~ 20%

N2LO 19.6 pb ~ 7 - 9%

N3LO ??? ~ 4 - 8%

! !"

[Fixed order only]

[Results for 8 TeV]

[Plot from Anastasiou, BŸhler, Herzog, Lazopoulos]
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¥ We need one more order in the perturbative expansion, N3LO.

The gluon fusion cross section

! How good are these approximations..?!
! Only full computation can tellÉ

! Scale variation at N3LO is known.
¥ So far no complete computation is available.

¥ Several approximate N3LO results exist.

[Moch, Vogt; Ball, Bonvini, Forte, Marzani, RidolÞ; BŸhler, Lazopoulos]

[Ball, Bonvini, Forte, Marzani, RidolÞ; de Florian, Mazzitelli, Moch, Vogt]
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¥ We need one more order in the perturbative expansion, N3LO.

The gluon fusion cross section

! How good are these approximations..?!
! Only full computation can tellÉ

! Uncharted territory!!

! New conceptual challenges.

! Scale variation at N3LO is known.
¥ So far no complete computation is available.

¥ Several approximate N3LO results exist.

¥                    Never has an N3LO computation been 
performed so far...
Challenge:

[Moch, Vogt; Ball, Bonvini, Forte, Marzani, RidolÞ; BŸhler, Lazopoulos]

[Ball, Bonvini, Forte, Marzani, RidolÞ; de Florian, Mazzitelli, Moch, Vogt]
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Outline

¥ Higgs production at N3LO

¥ The soft-virtual cross-section at N3LO.

¥ Going beyond the soft-virtual approximation.

¥ Approximate cross-sections at N3LO.
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The gluon fusion cross section

Virtual corrections (ÔloopsÕ) Real emission

[Dawson; Djouadi, Spira, Zerwas]
¥ At          , there are two contributions (~1991):NLO
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The gluon fusion cross section

Virtual corrections (ÔloopsÕ) Real emission

¥ Both contributions are individually divergent:

! UV divergences are handled by renormalization.

! IR divergences cancelled by PDF counterterms.

[Dawson; Djouadi, Spira, Zerwas]
¥ At          , there are two contributions (~1991):NLO
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The gluon fusion cross section

Double virtual Real-virtual

Double real

[Harlander, Kilgore; Anastasiou, Melnikov; Ravindran, Smith, van Neerven]
¥ At             , there are three contributions (2002):   NNLO



!

!

!

!

The gluon fusion cross section

Triple virtual

Double real 
virtual

Real-virtual 
squared

Double virtual 
real

Triple real

¥ At            , there are Þve contributions:  N3LO
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¥ The triple virtual corrections are directly related to the

Triple virtual corrections

¥ The QCD form factor is known
! at one loop.

[Baikov, Chetyrkin, Smirnov, Smirnov, Steinhauser; 
Gehrmann, Glover, Huber, Ikizlerli, Studerus]

! at two loops.
[Gonsalves; Kramer, Lampe; 
Gehrmann, Huber, Ma”tre]

! at three loops.

¥ It is not the loops that are the problem!

QCD form factor
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Unitarity

¥ Optical theorem:

! Discontinuities of loop amplitudes are phase space 
integrals.

=
!

d!Im

1
p2 ! m2 + i !

" "+ (p2 ! m2) = " (p2 ! m2) #(p0)

¥ These relations are at the heart of all the unitarity-based 
approaches to loop computations.

¥ Discontinuities of loop integrals are given by CutkoskyÕs 
rule:



!

!

!

!

Reverse-unitarity

¥ Optical theorem:

=
!

d!Im

¥ We can read the optical theorem ÔbackwardsÕ and write 
inclusive phase space integrals as unitarity cuts of loop 
integrals.

! Rather than computing phase-space integrals, we can 
compute loop integrals with cuts!

[Anastasiou, Melnikov; Anastasiou, Dixon, Melnikov, Petriello]

! Makes inclusive phase space integrals accessible to all the 
technology developed for multi-loop computations!
‣ Integration-by-parts & differential equations.
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Reverse-unitarity @ N3LO

LO

NLO

NNLO

N3LO

1 diagram

Growth in complexity for real emission

1 integral
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Reverse-unitarity @ N3LO

LO

NLO

NNLO

N3LO

1 diagram

Growth in complexity for real emission

1 integral

10 diagrams 1 integral

381 diagrams 18 integrals

26565 diagrams ~500 integrals
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¥ ~ 500 master integrals only for triple real
double real NNLO).!

! Tough nut to crack!

The threshold expansion



!

!

!

!

¥ ~ 500 master integrals only for triple real
double real NNLO).!

! Tough nut to crack!

¥ The gluon fusion cross section depends on one single 
parameter:

z =
m2

s
øz = 1 ! z

¥ Close to threshold (          ), we can approximate the triple 
real cross section by a power series:

z ! 1

The threshold expansion

ö! (z) = ! ! 1 + ! 0 + (1 ! z) ! 1 + O(1 ! z)2

¥           Compute cross section as a series around threshold!Goal:
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The soft-virtual!
cross section at N3LO
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¥ The 

¥ The soft-virtual term receives contributions from a ÔpoleÕ 
at           :z ! 1

¥ Plus-distribution terms already known.

The soft-virtual approximation

(1� z)�1+n✏
=

�(1� z)

n ✏
+


1

1� z

�

+

+ n✏


log(1� z)

1� z

�

+

+O(✏2)

ö! (z) = ! ! 1 + ! 0 + (1 ! z) ! 1 + O(1 ! z)2

[Moch, Vogt; Laenen, Magnea

¥ Complete three-loop corrections are contained the delta 
function term.

! The soft-virtual term contains the complete three-loop 
corrections plus the correction from the emission of up to 
three soft gluons.
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¥ At NLO and NNLO, the soft-virtual term reads (                      )

The soft-virtual approximation

2

an e! ective theory where the top quark has been inte-
grated out, and the Higgs boson couples directly to the
gluons via the e! ective operator

L e! = !
1
4v

C(µ2) H Ga
µ! Gµ!

a , (2)

where v " 246 GeV is the vacuum expectation value of
the Higgs Þeld andC(µ2) is the Wilson coe" cient, given
as a perturbative expansion in the MS-renormalized
strong coupling constant ! s # ! s(µ2) evaluated at the
scaleµ2. Up to three loops, we have [11]

C(µ2) = !
! s

3"

!

1 +
11
4

! s

"
(3)

+
" ! s

"

#2
$

19
16

L t +
2777
288

+ NF

%
1
3

L t !
67
96

& '

+
" ! s

"

#3
$

897943
9216

#3 +
209
64

L 2
t +

1733
288

L t !
2892659
41472

+ NF

%
!

110779
13824

#3 +
23
32

L 2
t +

55
54

L t +
40291
20736

&

+ N 2
F

%
!

1
18

L 2
t +

77
1728

L t !
6865
31104

& '

+ O(! 4
s )

(

,

with L t = log( µ2/m 2
t ) and NF the number of active

ßavours.
The partonic cross-section itself admits the perturba-

tive expansion

ö$ij (m2
H , ös) =

" C(µ2)2

v2 V 2

!)

k=0

" ! s

"

#k
%(k)

ij (z) , (4)

with z # m2
H / ös and V = N 2 ! 1, where N denotes the

number of colours. The coe" cients %(k)
ij (z) are known

explicitly through NNLO in perturbative QCD [13].
If all the partons emitted in the Þnal state are soft,

we can approximate the partonic cross-sections by their
threshold expansion,

%(k)
ij (z) = &ig &jg ö%(k) (z) + O(1 ! z)0 . (5)

Note that the Þrst term in the threshold expansion, the
so-called soft-virtual term, only receives contributions
from the gluon initial state. Soft-virtual terms are linear

combinations of a& function and plus-distributions,

* 1

0
dz

+
g(z)
1 ! z

,

+
f (z) #

* 1

0
dz

g(z)
1 ! z

[f (z) ! f (1)] . (6)

Through NNLO, we have [13, 14]

ö%(0) (z) = &(1 ! z) , (7)

ö%(1) (z) = 2 CA #2 &(1 ! z) + 4 CA

+
log(1 ! z)

1 ! z

,

+
, (8)

ö%(2) (z) = &(1 ! z)

!

C2
A

%
67
18

#2 !
55
12
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1
8

#4 +
93
16

&

+ NF

+
CF

%
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67
48

&
! CA

%
5
9
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1
6

#3 +
5
3

&, (

+
+

1
1 ! z

,

+

$

C2
A

%
11
3

#2 +
39
2
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101
27

&
(9)

+ NF CA

%
14
27

!
2
3

#2

& '

+
+

log(1 ! z)
1 ! z

,

+

$

C2
A

%
67
9

! 10#2

&
!

10
9

CA NF

'

+
+

log2(1 ! z)
1 ! z

,

+

%
2
3

CA NF !
11
3

C2
A

&

+
+

log3(1 ! z)
1 ! z

,

+
8C2

A .

In this expression #n denotes RiemannÕs zeta function,
and CA = N and CF = N 2 " 1

2N are the Casimirs of the
adjoint and fundamental representations ofSU(N ). For
simplicity we have set the renormalization and factorisa-
tion scales equal to the Higgs mass,µR = µF = mH .

The main result of this Letter is the next term in the
perturbative expansion, N3LO, of the cross-section for
the threshold production of a Higgs boson. Indeed, all the
ingredients necessary to compute ö%(3) (z) have recently
become available. Individually, each of these contribu-
tions is divergent. Adding up all the contributions, and
including the counterterms necessary to remove the ul-
traviolet and infrared divergences, all the poles in the
dimensional regulator ' cancel. The Þnite term in the
Laurent expansion, however, does not cancel, and for
µR = µF = mH the Þnite remainder is given by,

ö%(3) (z) = &(1 ! z)

!

C3
A

%
!

2003
48
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6

#2
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7579
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5184
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N3LO status: soft-virtual

Triple virtual

Double real 
virtual

Real-virtual 
squared

Double virtual 
real

Triple real

✓ +

✓a ✓a ✓a

✓a ✓a
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¥ The computation of the Þrst term has been completed!

The soft-virtual approximation

! 22 three-loop.!

! 3 double-virtual-real.!

! 7 real-virtual-squared.!

! 10 double-real-virtual.!

! 8 triple real.
! three-loop splitting functions.!

! three-loop beta function.!

! three-loop Wilson coefÞcient.

¥ Many different contributions are needed:

[Anastasiou, CD, Dulat, Furlan, Gehrmann, Herzog, Mistlberger]

[Baikov, Chetyrkin, Smirnov, Smirnov, Steinhauser; 
Gehrmann, Glover, Huber, Ikizlerli, Studerus]

[CD Gehrmann, Li, Zhu]
[Anastasiou, CD, Dulat, Herzog, Mistlberger; 

Kilgore]
[Anastasiou, CD, Dulat, Furlan, Herzog, Mistlberger; 

Li, von Manteuffel, Schabinger, Zhu]

[Anastasiou, CD, Dulat, Mistlberger]

[Moch, Vermaseren, Vogt]

[Tarasov, Vladimirov, Zharkov; 
Larin, Vermaseren]

[Chetyrkin, Kniehl, Steinhauser; Schroeder, 
Steinhauser; Chetyrkin, Kuhn, Sturm]
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The integrals
leading-order cross sections forH plus Þve partons. More details about the construction of
the amplitude in this limit will be given in Section 7. Here it su! ces to say that we have
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We have normalized all the integrals to the soft phase space volume for H + 3g deÞned
in eq. (3.16). In the remainder of this section we give the dimensional recurrence relations
satisÞed by the master integrals and present the analytic results for each master integral
as a Laurent expansion in the dimensional regulator! . Technical details about how to
compute the master integrals analytically will be given in Section 8.

6.2 Dimensional recurrence relations

Using the technique described in Section 4, we can derive dimensional recurrence relations
for all the master integrals deÞned in the previous section.The knowledge of these recur-
rence relations provides us with a strong check on our results. In addition, it turns out
that the master integral F9(D ) is easier to compute inD = 6 ! 2! dimensions, where it is
Þnite, and the dimensional recurrence relations allow us torelate the six-dimensional and
four-dimensional results in an easy way.

The recurrence relation for the soft phase space volume is trivial to obtain from the
recurrence relation for the " function,

! S
4 (D + 2) =

(D ! 4)(D ! 3)(D ! 2)3

72(D ! 1)(3D ! 5)(3D ! 4)(3D ! 2)(3D ! 1)
" (D ! 4)

64" 3" (D ! 1)
! S

4 (D ) . (6.11)

As we have deÞned all our master integrals relative to the phase space volume! S
4 , we can

simplify their recurrence relations by factoring out the above result. We therefore deÞne
the ratio

R =
N D

3

N D +2
3

! S
4 (D + 2)
! S

4 (D )
=

(D ! 4)(D ! 3)(D ! 2)3

72(D ! 1)(3D ! 5)(3D ! 4)(3D ! 2)(3D ! 1)
, (6.12)

where N was deÞned in eq. (4.4). We give the results for the remainingmaster integrals
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remaining pieces of the latter two integrals were subsequently obtained in [41]. In [40], it
was pointed out that for each of these three integrals one canÞnd an integral from the same
topology with an irreducible scalar product, which has homogeneous transcendentality.
These integrals were namedA9,1n , A9,2n and A9,4n , and are deÞned in [40]. Compared
to [40] we increased the numerical precision of the remaining coe! cients, both for A9,2 and
A9,4, by means of conventional packages likeMB.m[56]. We reproduce thirteen signiÞcant
digits of the analytic result of [41] in the case ofA9,2, and fourteen in the case ofA9,4.
We also converted our numerical results for these two integrals into the corresponding
integrals of homogeneous transcendentality,A9,2n and A9,4n . On the coe! cients of these
integrals, a PSLQ [57] determination was attempted. For thepole coe! cients, the PSLQ
algorithm converged to a unique solution in agreement with [41]. For the Þnite coe! cients,
the numerical precision that we obtained is yet insu! cient for PSLQ to yield a unique
solution.

An analytic result for A9,2 and A9,4, derived by purely analytic steps and without
Þtting rational coe! cients to numerical values, is still a desirable task, and remains to be
investigated in the future. This goal is deÞnitely within reach in the case ofA9,4, whereas
the situation is less clear forA9,2.

Expansions of all master integrals to the order in! where transcendentality six Þrst
appears are listed in the Appendix.
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topology with an irreducible scalar product, which has homogeneous transcendentality.
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An analytic result for A9,2 and A9,4, derived by purely analytic steps and without
Þtting rational coe! cients to numerical values, is still a desirable task, and remains to be
investigated in the future. This goal is deÞnitely within reach in the case ofA9,4, whereas
the situation is less clear forA9,2.

Expansions of all master integrals to the order in! where transcendentality six Þrst
appears are listed in the Appendix.

Ð 13 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

A5,1 A5,2 A6,1 A6,2

A6,3 A7,1 A7,2

A7,3 A7,4 A7,5

A8,1 A9,1

A9,2 A9,4

Figure 3: Three-point integrals listed in Refs. [38Ð40].

5. Three-loop form factors

The unrenormalised three-loop form factors can be decomposed into di! erent colour struc-

Ð 14 Ð

JH
E

P
12(2013)088

master integrals. We would like to remark that such expansions can also be performed at
the integrand of loop-amplitudes before any reduction to master integrals has taken place.
Combined with the method of reverse-unitarity [9] we have a powerful algebraic technique
for the simultaneous threshold expansion of integrals overloop and external momenta.

4.2 Reverse unitarity and di ! erential equations

In this section we evaluate the real-virtual squared cross-sections using the reverse-unitarity
approach [12Ð15]. Reverse unitarity establishes a duality between phase-space integrals and
loop integrals. SpeciÞcally, on-shell and other phase-space constraints are dual to ÒcutÓ
propagators
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A cut-propagator can be di! erentiated similarly to an ordinary propagator with respect to
its momenta. It is therefore possible to derive integration-by-parts (IBP) identities [ 55, 56]
for phase-space integrals in the same way as for loop integrals. The only di! erence is an
additional simplifying constraint that a cut-propagator r aised to a negative power vanishes:
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In this approach, we are not obliged to perform a strictly sequential evaluation of the loop
integrals in the amplitude followed by the nested phase-space integrals. Rather, we combine
the two types of integrals into a single multiloop-like type of integration by introducing cut-
propagators and then derive and solve IBP identities for thecombined integrals. We solve
the large system of IBP identities which are relevant for our calculation with the Gauss
elimination algorithm of Laporta [ 47]. We have made an independent implementation of
the algorithm in C++ using also the GiNaC library [ 57]. In comparison to AIR [48],
which is a second reduction program used in this work, theC++ implementation is faster
and more powerful, storing all identities in virtual memory rather than in the Þle system.
All integrals that appear in the real-virtual squared cross section are reduced to linear
combinations of 19 master integrals, which we choose as follows:
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Single solid lines represent scalar massless propagators.The phase-space integration
is represented by the dashed line and the cut-propagators are the lines cut by the dashed
line. The cut propagator of the Higgs boson is depicted by thedouble-line. Every master
integral has a one-loop integral on the left- and a complex-conjugated one-loop integral
on the right-hand side of the cut. In each side of the cut, we Þnd scalar bubble, box or
triangle integrals, where the latter is deÞned by
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Tri( p2
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(4.38)
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FIG. 6: Master integrals encountered in the computation. Eikonalapproximations are
taken on the directionsp1 and p2.

diagrams in Fig. 4. After the evaluation of color factor and kinematical factor, the resulting
loop integrals are reduced to three master integrals in Fig. 6. To that end, we use the tech-
niques of Integration-By-Parts (IBP) [55, 56], implemented in theMATHEMATICA package
FIRE [57] using the Laporta algorithm [58]. The reduction to master integrals has also been
cross checked using a di! erent MATHEMATICA package LiteRed [59]. The results after
the IBP reduction procedure can be written as
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The parameter Ds selects the particular variant of dimensional regularization. ForDs =
4 " 2! the scheme is the conventional dimensional regularization scheme,while for Ds = 4
it is the four-dimensional helicity scheme (FDH) [60, 61].
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it is the four-dimensional helicity scheme (FDH) [60, 61].
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What goes in there..?

¥ The soft-virtual real-emission has two types of contributions:
! Every Þnal-state parton is soft.!

! Every virtual parton can be hard or soft.

¥ Technically, we enter the realm of expansion by regions.
[Beneke, Smirnov]
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¥ Physically: QCD soft current:
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The soft current describes the factorization behavior of quantum chromodynamics (QCD) scat-
tering amplitudes in the limit of vanishing energy of one of the external partons. It is process-
independent and can be expanded in a perturbative series in the coupling constant. To all orders in
the dimensional regularization parameter, we compute the two-loop correction to the soft current
for processes involving two hard partons.

PACS numbers: 12.38.Bx

In the limit where one or more massless partons are
unresolved, amplitudes in quantum field theory factor-
ize into lower-point amplitudes with the unresolved par-
tons removed, times a universal function that is indepen-
dent of the details of the hard interaction and describes
the emission of the unresolved particles. This factoriza-
tion property has multiple implications both for the for-
mal study of scattering in quantum field theory and for
the phenomenology of scattering processes at high-energy
particle colliders. On the formal side, several conjectures
on the high-order behavior of perturbation theory and on
the all-order structure of the scattering matrix are formu-
lated based on insights gained from the limiting behavior
in unresolved limits. In precision applications of pertur-
bation theory to collider phenomenology, systematic ex-
pansions around unresolved limits allow to approximate
or reconstruct higher-order coefficients in an elegant and
computationally efficient manner.
In particular, the emission of a soft gluon is entirely

described by the so-called soft current, an operator in
color space that encapsulates all the information on the
soft emission. In this letter we report on the computation
of the two-loop soft current in QCD for the emission of
a single soft gluon from an amplitude involving two hard
colored particles.
Let us consider the amplitude |M(q, p1, . . . , pn)⟩ (as

vector in color space) for a gluon with momentum q in
association with n colored particles with momenta pi, i =
1, . . . , n, transforming in some irreducible representation
of SU(N). The amplitude may depend furthermore on an
arbitrary number of colorless particles. In the soft limit
where the energy of the gluon vanishes, the amplitude
factorizes according to

⟨a|M(q, p1, . . . , pn)⟩ ≃ εµ(q)Ja
µ(q) |M(p1, . . . , pn)⟩ , (1)

where a denotes the adjoint color index of the soft gluon
and εµ(q) its polarization vector, and the ‘≃’ sign indi-
cates that the equality only holds up to the leading term

in the expansion in the soft gluon momentum. Equa-
tion (1) defines the (unrenormalized) soft current Ja

µ(q),
which describes the emission of a soft gluon. Both the
soft current and the amplitude admit a perturbative ex-
pansion,

|M(p1, . . . , pn)⟩ =
∞
∑

ℓ=0

|M(ℓ)(p1, . . . , pn)⟩ ,

Ja
µ(q) = gS µϵ

∞
∑

ℓ=0

(gS µϵ)2ℓ Ja(ℓ)
µ (q) .

(2)

We work in D = 4 − 2ϵ dimensions and gS denotes the
bare QCD coupling constant and µ is the scale introduced
by dimensional regularization. The tree-level soft current
is given by the well-known eikonal factor,

Ja(0)
µ (q) =

n
∑

i=1

T a
i

piµ
pi · q

, (3)

where T a
i denote the generators of SU(N) of the repre-

sentation of parton i. The one-loop correction was com-
puted in ref. [1],

Ja(1)
µ (q) = −

Sϵ

16π2

1

ϵ2
Γ(1 − ϵ)Γ(1 + ϵ) ifabc

×
∑

i̸=j

T b
i T

c
j

(

piµ
pi · q

−
pjµ
pj · q

) [

(−sij)

(−siq)(−sqj)

]ϵ

,
(4)

with sij = 2pi · pj + i0 and

Sϵ = (4π)ϵ
Γ(1 + ϵ)Γ(1− ϵ)2

Γ(1− 2ϵ)
. (5)

We emphasize that the soft current is not a scalar quan-
tity, but an operator in color space, i.e., it acts non-
trivially on the color indices of the hard amplitude. While
at tree and one-loop level, all color operators involve at
most two hard partons, starting from two loops new color



!

!

!

!

What goes in there..?

¥ The soft-virtual real-emission has two types of contributions:
! Every Þnal-state parton is soft.!

! Every virtual parton can be hard or soft.

¥ Technically, we enter the realm of expansion by regions.
[Beneke, Smirnov]

¥ Hard region is trivial:

! Cross section factors into a tree-level soft current, 
multiplying the corresponding loop order for H + 0jets.

¥ Physically: QCD soft current:
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The soft current describes the factorization behavior of quantum chromodynamics (QCD) scat-
tering amplitudes in the limit of vanishing energy of one of the external partons. It is process-
independent and can be expanded in a perturbative series in the coupling constant. To all orders in
the dimensional regularization parameter, we compute the two-loop correction to the soft current
for processes involving two hard partons.
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In the limit where one or more massless partons are
unresolved, amplitudes in quantum field theory factor-
ize into lower-point amplitudes with the unresolved par-
tons removed, times a universal function that is indepen-
dent of the details of the hard interaction and describes
the emission of the unresolved particles. This factoriza-
tion property has multiple implications both for the for-
mal study of scattering in quantum field theory and for
the phenomenology of scattering processes at high-energy
particle colliders. On the formal side, several conjectures
on the high-order behavior of perturbation theory and on
the all-order structure of the scattering matrix are formu-
lated based on insights gained from the limiting behavior
in unresolved limits. In precision applications of pertur-
bation theory to collider phenomenology, systematic ex-
pansions around unresolved limits allow to approximate
or reconstruct higher-order coefficients in an elegant and
computationally efficient manner.
In particular, the emission of a soft gluon is entirely

described by the so-called soft current, an operator in
color space that encapsulates all the information on the
soft emission. In this letter we report on the computation
of the two-loop soft current in QCD for the emission of
a single soft gluon from an amplitude involving two hard
colored particles.
Let us consider the amplitude |M(q, p1, . . . , pn)⟩ (as

vector in color space) for a gluon with momentum q in
association with n colored particles with momenta pi, i =
1, . . . , n, transforming in some irreducible representation
of SU(N). The amplitude may depend furthermore on an
arbitrary number of colorless particles. In the soft limit
where the energy of the gluon vanishes, the amplitude
factorizes according to

⟨a|M(q, p1, . . . , pn)⟩ ≃ εµ(q)Ja
µ(q) |M(p1, . . . , pn)⟩ , (1)

where a denotes the adjoint color index of the soft gluon
and εµ(q) its polarization vector, and the ‘≃’ sign indi-
cates that the equality only holds up to the leading term

in the expansion in the soft gluon momentum. Equa-
tion (1) defines the (unrenormalized) soft current Ja

µ(q),
which describes the emission of a soft gluon. Both the
soft current and the amplitude admit a perturbative ex-
pansion,

|M(p1, . . . , pn)⟩ =
∞
∑

ℓ=0

|M(ℓ)(p1, . . . , pn)⟩ ,

Ja
µ(q) = gS µϵ

∞
∑

ℓ=0

(gS µϵ)2ℓ Ja(ℓ)
µ (q) .

(2)

We work in D = 4 − 2ϵ dimensions and gS denotes the
bare QCD coupling constant and µ is the scale introduced
by dimensional regularization. The tree-level soft current
is given by the well-known eikonal factor,

Ja(0)
µ (q) =

n
∑

i=1

T a
i

piµ
pi · q

, (3)

where T a
i denote the generators of SU(N) of the repre-

sentation of parton i. The one-loop correction was com-
puted in ref. [1],

Ja(1)
µ (q) = −

Sϵ

16π2

1

ϵ2
Γ(1 − ϵ)Γ(1 + ϵ) ifabc

×
∑

i̸=j

T b
i T

c
j

(

piµ
pi · q

−
pjµ
pj · q

) [

(−sij)

(−siq)(−sqj)

]ϵ

,
(4)

with sij = 2pi · pj + i0 and

Sϵ = (4π)ϵ
Γ(1 + ϵ)Γ(1− ϵ)2

Γ(1− 2ϵ)
. (5)

We emphasize that the soft current is not a scalar quan-
tity, but an operator in color space, i.e., it acts non-
trivially on the color indices of the hard amplitude. While
at tree and one-loop level, all color operators involve at
most two hard partons, starting from two loops new color
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¥ The coefÞcients of the Taylor series can themselves be 
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! The coefÞcients of the expansion are themselves 
accessible to Ôloop technologyÕ.

! Can try to Þnd IBP identities among the coefÞcients.

¥ For purely real emission, we can simply expand int he soft 
parton momenta.
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Soft real emissions

¥ The coefÞcients of the Taylor series can themselves be 
reinterpreted as loop integrals!

! The coefÞcients of the expansion are themselves 
accessible to Ôloop technologyÕ.

¥ For NNLO double real:

! Can try to Þnd IBP identities among the coefÞcients.

! There are 18 master integrals.

! After expansion, they all collapse to only 

¥ For purely real emission, we can simply expand int he soft 
parton momenta.
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NNLO example

phase space measure of eq. (2.16). In addition, the invariants appearing in the integrands
of the soft integrals are deÞned with respect to the rescaledmomenta deÞned in eq. (2.6),

sij = ( ! i pi + ! j pj )2 , ! i =

!
! 1, if i = 1 , 2,
+1 , if i = 3 . . . N .

(3.7)

Our method does not only allow us to compute the leading soft behavior, but we can
consistently expand around the soft limit øz = 0. In the following we show that we can
correctly reproduce the Þrst few terms in the soft expansionof double and triple emission
phase space volumes, as well as for the NNLO master integralX 18 of refs. [55,67,68].

Let us start with the phase space volume forH + 2 partons in the limit where the two
partons are soft. On the one hand, from eq. (3.2) we immediately see that ! 3 admits the
expansion

! 3(øz; ") = øz3! 4! ! S
3 (")

""

n=0

(1 ! ")n (2 ! 2")n

(4 ! 4")n
øzn

= øz3! 4! ! S
3 (")

#
1 +

1 ! "
2

øz +
(1 ! ")(2 ! ")(3 ! 2")

4(5 ! 4")
øz2 + O(øz3)

$
.

(3.8)

On the other hand, using eq. (2.13) we obtain the diagrammatic expansion

! 3(øz; ") = øz3! 4!

%

! øz + øz2 + O(øz3)

&

, (3.9)

where the dashed lines indicate numerator factors and dots represent additional powers
of the propagators or the numerators. The diagrams appearing in eq. (3.9) are in one-to-
one correspondence with the terms in the expansion (3.8). Indeed, IBP reduction of the
integrals in eq. (3.9) reveals

= !
1 ! "

2
, (3.10)

=
(1 ! ")(2 ! ")(3 ! 2")

4(5 ! 4")
, (3.11)

in perfect agreement with eq. (3.8). We checked explicitly that our method reproduces
correctly the Þrst ten terms of the soft expansion of the phase space volume forH + 2
partons.

As a second example we derive the subleading terms in the softexpansion of the
double real emission master integralX 18. Unlike for the phase space volume, no result is
known for X 18 valid to all orders in " in general kinematics, but the integral was evaluated
explicitly up to O(") in terms of harmonic polylogarithms [69] in ref. [55, 67, 68]. We can

Ð 8 Ð

¥ Consider the following NNLO integral:
!

d! 3

As there is only one master integral which is a monomial in øz, our method trivially gives
the correct answer at NLO.

At NNLO all double real emission phase space integral can be reduced in general
kinematics to a linear combination of 18 master integrals [55]. The leading contribution
of all master integrals in the soft limit to all orders in ! was computed in ref. [67], and it
was observed that in this limit 17 master integrals are proportional to the soft limit of the
phase space volume forH + 2 partons,

! 3(øz; ! ) =
1

2(4" )3! 2! øz3! 4! " (1 ! ! )2

" (4 ! 4! ) 2F1(1 ! ! , 2 ! 2! ; 4 ! 4! ; øz)

= øz3! 4! ! S
3 (! ) + O(øz4) ,

(3.2)

where we deÞned

! S
3 (! ) =

1
2(4" )3! 2!

" (1 ! ! )2

" (4 ! 4! )
. (3.3)

More precisely, it was shown in ref. [67] that if X S
i (øz; ! ) denotes the leading term in the

soft limit of the double real emission master integrals, then we can write4

X S
i (øz; ! ) = Si (øz; ! ) ! S

3 (! ) , 1 " i " 17,

X S
18(øz; ! ) = ! 4 øz! 1! 4! (1 ! 2! )(3 ! 4! )(1 ! 4! )

! 3 3F2(1, 1, ! ! ; 1 ! ! , 1 ! 2! ; 1) ! S
3 (! ) ,

(3.4)

where Si (øz; ! ) are monomials in øz and rational functions of ! . Using the method described
in the previous section, we can easily explain the structureof eq. (3.4). Indeed, we observe
that in the soft limit all the double real emission phase space integrals can be reduced
to only two master integrals. In particular, the IBP identit ies in the soft limit allow us
to express all but one of theX S

i in terms of the phase space volume, and the coe# cients
appearing in the reduction are precisely the functionsSi . In other words, in the soft limit
all double real emission phase space integrals can be reduced to linear combinations of the
following two soft master integrals

1
2

1
2 =

!
d! S

3 , (3.5)

1

2

1
2

=
!

d! S
3

s14s23s34
. (3.6)

Our method thus provides the correct leading soft behavior of the double real emission
contribution at NNLO. We emphasize that all the diagrams in t his paper represent soft
phase space integrals, i.e., all the diagrams represent integrals with respect to the soft

4Note that the normalization di ! ers slightly from the normal ization of ref. [67].
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¥ We can reproduce this expansion in our approach:

phase space measure of eq. (2.16). In addition, the invariants appearing in the integrands
of the soft integrals are deÞned with respect to the rescaledmomenta deÞned in eq. (2.6),

sij = ( ! i pi + ! j pj )2 , ! i =

!
! 1, if i = 1 , 2,
+1 , if i = 3 . . . N .

(3.7)

Our method does not only allow us to compute the leading soft behavior, but we can
consistently expand around the soft limit øz = 0. In the following we show that we can
correctly reproduce the Þrst few terms in the soft expansionof double and triple emission
phase space volumes, as well as for the NNLO master integralX 18 of refs. [55,67,68].

Let us start with the phase space volume forH + 2 partons in the limit where the two
partons are soft. On the one hand, from eq. (3.2) we immediately see that ! 3 admits the
expansion
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(1 ! ")n (2 ! 2")n

(4 ! 4")n
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3 (")

#
1 +

1 ! "
2

øz +
(1 ! ")(2 ! ")(3 ! 2")

4(5 ! 4")
øz2 + O(øz3)

$
.

(3.8)

On the other hand, using eq. (2.13) we obtain the diagrammatic expansion

! 3(øz; ") = øz3! 4!

%

! øz + øz2 + O(øz3)

&

, (3.9)

where the dashed lines indicate numerator factors and dots represent additional powers
of the propagators or the numerators. The diagrams appearing in eq. (3.9) are in one-to-
one correspondence with the terms in the expansion (3.8). Indeed, IBP reduction of the
integrals in eq. (3.9) reveals

= !
1 ! "

2
, (3.10)

=
(1 ! ")(2 ! ")(3 ! 2")

4(5 ! 4")
, (3.11)

in perfect agreement with eq. (3.8). We checked explicitly that our method reproduces
correctly the Þrst ten terms of the soft expansion of the phase space volume forH + 2
partons.

As a second example we derive the subleading terms in the softexpansion of the
double real emission master integralX 18. Unlike for the phase space volume, no result is
known for X 18 valid to all orders in " in general kinematics, but the integral was evaluated
explicitly up to O(") in terms of harmonic polylogarithms [69] in ref. [55, 67, 68]. We can

Ð 8 Ð

!
d! 3
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Our method does not only allow us to compute the leading soft behavior, but we can
consistently expand around the soft limit øz = 0. In the following we show that we can
correctly reproduce the Þrst few terms in the soft expansionof double and triple emission
phase space volumes, as well as for the NNLO master integralX 18 of refs. [55,67,68].

Let us start with the phase space volume forH + 2 partons in the limit where the two
partons are soft. On the one hand, from eq. (3.2) we immediately see that ! 3 admits the
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On the other hand, using eq. (2.13) we obtain the diagrammatic expansion
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where the dashed lines indicate numerator factors and dots represent additional powers
of the propagators or the numerators. The diagrams appearing in eq. (3.9) are in one-to-
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integrals in eq. (3.9) reveals
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in perfect agreement with eq. (3.8). We checked explicitly that our method reproduces
correctly the Þrst ten terms of the soft expansion of the phase space volume forH + 2
partons.

As a second example we derive the subleading terms in the softexpansion of the
double real emission master integralX 18. Unlike for the phase space volume, no result is
known for X 18 valid to all orders in " in general kinematics, but the integral was evaluated
explicitly up to O(") in terms of harmonic polylogarithms [69] in ref. [55, 67, 68]. We can
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¥ Consider the following NNLO integral:
!

d! 3

As there is only one master integral which is a monomial in øz, our method trivially gives
the correct answer at NLO.

At NNLO all double real emission phase space integral can be reduced in general
kinematics to a linear combination of 18 master integrals [55]. The leading contribution
of all master integrals in the soft limit to all orders in ! was computed in ref. [67], and it
was observed that in this limit 17 master integrals are proportional to the soft limit of the
phase space volume forH + 2 partons,

! 3(øz; ! ) =
1

2(4" )3! 2! øz3! 4! " (1 ! ! )2

" (4 ! 4! ) 2F1(1 ! ! , 2 ! 2! ; 4 ! 4! ; øz)

= øz3! 4! ! S
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(3.2)

where we deÞned

! S
3 (! ) =

1
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" (4 ! 4! )
. (3.3)

More precisely, it was shown in ref. [67] that if X S
i (øz; ! ) denotes the leading term in the

soft limit of the double real emission master integrals, then we can write4

X S
i (øz; ! ) = Si (øz; ! ) ! S

3 (! ) , 1 " i " 17,

X S
18(øz; ! ) = ! 4 øz! 1! 4! (1 ! 2! )(3 ! 4! )(1 ! 4! )

! 3 3F2(1, 1, ! ! ; 1 ! ! , 1 ! 2! ; 1) ! S
3 (! ) ,

(3.4)

where Si (øz; ! ) are monomials in øz and rational functions of ! . Using the method described
in the previous section, we can easily explain the structureof eq. (3.4). Indeed, we observe
that in the soft limit all the double real emission phase space integrals can be reduced
to only two master integrals. In particular, the IBP identit ies in the soft limit allow us
to express all but one of theX S

i in terms of the phase space volume, and the coe# cients
appearing in the reduction are precisely the functionsSi . In other words, in the soft limit
all double real emission phase space integrals can be reduced to linear combinations of the
following two soft master integrals

1
2

1
2 =

!
d! S

3 , (3.5)

1

2

1
2

=
!

d! S
3

s14s23s34
. (3.6)

Our method thus provides the correct leading soft behavior of the double real emission
contribution at NNLO. We emphasize that all the diagrams in t his paper represent soft
phase space integrals, i.e., all the diagrams represent integrals with respect to the soft

4Note that the normalization di ! ers slightly from the normal ization of ref. [67].
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¥ We can reproduce this expansion in our approach:

! The coefÞcients themselves have a loop 
interpretation.

phase space measure of eq. (2.16). In addition, the invariants appearing in the integrands
of the soft integrals are deÞned with respect to the rescaledmomenta deÞned in eq. (2.6),

sij = ( ! i pi + ! j pj )2 , ! i =

!
! 1, if i = 1 , 2,
+1 , if i = 3 . . . N .

(3.7)

Our method does not only allow us to compute the leading soft behavior, but we can
consistently expand around the soft limit øz = 0. In the following we show that we can
correctly reproduce the Þrst few terms in the soft expansionof double and triple emission
phase space volumes, as well as for the NNLO master integralX 18 of refs. [55,67,68].

Let us start with the phase space volume forH + 2 partons in the limit where the two
partons are soft. On the one hand, from eq. (3.2) we immediately see that ! 3 admits the
expansion

! 3(øz; ") = øz3! 4! ! S
3 (")

""

n=0

(1 ! ")n (2 ! 2")n

(4 ! 4")n
øzn

= øz3! 4! ! S
3 (")

#
1 +

1 ! "
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(1 ! ")(2 ! ")(3 ! 2")

4(5 ! 4")
øz2 + O(øz3)

$
.

(3.8)

On the other hand, using eq. (2.13) we obtain the diagrammatic expansion

! 3(øz; ") = øz3! 4!

%

! øz + øz2 + O(øz3)

&

, (3.9)

where the dashed lines indicate numerator factors and dots represent additional powers
of the propagators or the numerators. The diagrams appearing in eq. (3.9) are in one-to-
one correspondence with the terms in the expansion (3.8). Indeed, IBP reduction of the
integrals in eq. (3.9) reveals

= !
1 ! "

2
, (3.10)

=
(1 ! ")(2 ! ")(3 ! 2")

4(5 ! 4")
, (3.11)

in perfect agreement with eq. (3.8). We checked explicitly that our method reproduces
correctly the Þrst ten terms of the soft expansion of the phase space volume forH + 2
partons.

As a second example we derive the subleading terms in the softexpansion of the
double real emission master integralX 18. Unlike for the phase space volume, no result is
known for X 18 valid to all orders in " in general kinematics, but the integral was evaluated
explicitly up to O(") in terms of harmonic polylogarithms [69] in ref. [55, 67, 68]. We can
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Our method does not only allow us to compute the leading soft behavior, but we can
consistently expand around the soft limit øz = 0. In the following we show that we can
correctly reproduce the Þrst few terms in the soft expansionof double and triple emission
phase space volumes, as well as for the NNLO master integralX 18 of refs. [55,67,68].
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partons are soft. On the one hand, from eq. (3.2) we immediately see that ! 3 admits the
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On the other hand, using eq. (2.13) we obtain the diagrammatic expansion
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where the dashed lines indicate numerator factors and dots represent additional powers
of the propagators or the numerators. The diagrams appearing in eq. (3.9) are in one-to-
one correspondence with the terms in the expansion (3.8). Indeed, IBP reduction of the
integrals in eq. (3.9) reveals
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correctly the Þrst ten terms of the soft expansion of the phase space volume forH + 2
partons.

As a second example we derive the subleading terms in the softexpansion of the
double real emission master integralX 18. Unlike for the phase space volume, no result is
known for X 18 valid to all orders in " in general kinematics, but the integral was evaluated
explicitly up to O(") in terms of harmonic polylogarithms [69] in ref. [55, 67, 68]. We can
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¥ Using IBP identities:

phase space measure of eq. (2.16). In addition, the invariants appearing in the integrands
of the soft integrals are deÞned with respect to the rescaledmomenta deÞned in eq. (2.6),
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Our method does not only allow us to compute the leading soft behavior, but we can
consistently expand around the soft limit øz = 0. In the following we show that we can
correctly reproduce the Þrst few terms in the soft expansionof double and triple emission
phase space volumes, as well as for the NNLO master integralX 18 of refs. [55,67,68].

Let us start with the phase space volume forH + 2 partons in the limit where the two
partons are soft. On the one hand, from eq. (3.2) we immediately see that ! 3 admits the
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On the other hand, using eq. (2.13) we obtain the diagrammatic expansion
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where the dashed lines indicate numerator factors and dots represent additional powers
of the propagators or the numerators. The diagrams appearing in eq. (3.9) are in one-to-
one correspondence with the terms in the expansion (3.8). Indeed, IBP reduction of the
integrals in eq. (3.9) reveals
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, (3.11)

in perfect agreement with eq. (3.8). We checked explicitly that our method reproduces
correctly the Þrst ten terms of the soft expansion of the phase space volume forH + 2
partons.

As a second example we derive the subleading terms in the softexpansion of the
double real emission master integralX 18. Unlike for the phase space volume, no result is
known for X 18 valid to all orders in " in general kinematics, but the integral was evaluated
explicitly up to O(") in terms of harmonic polylogarithms [69] in ref. [55, 67, 68]. We can
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Soft regions beyond tree level

¥ The soft region of the real-virtual squared is entirely 
determined by the one loop soft current.

¥ The soft region of Higgs+jet @ 2 loops requires the two-loop 
soft current, to higher orders in dimensional regularisation.

[Catani, Grazzini]

[Badger, Glover; CD, Gehrmann; Zhu, Li]

¥ The soft region for Higgs + 2 jets: similar to purely real, but 
need soft regions for one-loop master integrals.

! Previously only known up to Þnite terms.
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The two-loop soft current

¥ The two-loop soft current was recently computed to all order 
in dimensional regularization. [CD, Gehrmann; Li, Zhu]

3

To obtain the two-loop coe! cient r (2)
sof t to all orders in

! , we return to the di" erential equations (15) and con-
struct for each master integral a power series solution in
y and z close to the origin (y, z) = (0 , 0) in the (y, z)
plane. The di" erential equations may, however, have
poles whenevery or z vanish, translating into branch-
ing points for the master integrals starting from points
where one of the two expansion parameters is zero. In
other words, the solutions to eq. (15) are not meromor-
phic in a neighborhood of the origin of the (y, z) plane,
and so we cannot make a simple Laurent series ansatz in
y and z for the master integrals. The correct ansatz for
each master integral rather takes the form

Fi (y, z; ! ) =
2!

m,n =0

y! m ! z! n ! f i,mn (y, z; ! ) , (16)

where the f i,mn (y, z; ! ) are meromorphic in a neighbor-
hood of the origin. As such they admit a Laurent series
expansion,

f i,mn (y, z; ! ) =
"!

k= r y

"!

l = r z

ckl
i,mn (! ) yk zl , (17)

where the ckl
i,mn (! ) are meromorphic functions of ! and

ry , r z ! Z. Inserting the ans¬atze (16) and (17) into the
di" erential equations (15) and expanding the functions
Ak

ij (y, z; ! ) into a Laurent series around the origin, we
obtain a linear system for the coe! cients ckl

i,mn (! ). The
solution to the linear system then provides us with the
desired (truncated) Laurent series solution close to the
origin. Since we did not expand in ! at any stage, the
solutions for the coe! cients are exact in! .

Since eq. (15) is a system of Þrst-order di" erential
equations, one coe! cient per master integral is related
to boundary conditions, and thus not Þxed by solving
the linear system. In many cases the boundary condition

can either be inferred because the homogeneous solution
does not take the form (16) or by requiring consistency
when solving the linear system. In the remaining cases,
an explicit integral representation for the leading term in
the soft expansion of the integral can be derived using
the technique of expansion by regions[9], which allows
one to compute asymptotic expansions of Feynman in-
tegrals when some of the external parameters are small.
The initial condition for a given master integral can then
be Þxed by requiring the leading term of the general so-
lution to the di " erential equation to agree with the result
obtained from expansion by regions.

We have applied this strategy to obtain the Þrst few
terms in the expansion of all the master integrals in a
neighborhood of the origin. We have checked that in all
cases our results agree, after expanding the coe! cients
ckl

i,mn (! ) in ! , with the soft expansion of the known results
for the master integrals [8] in terms of two-dimensional
harmonic polylogarithms.

Having obtained the expansions of all master integrals
in the soft limit, we can immediately extract the function
r (2)

sof t from the two-loop matrix element for " # " Q øQ g.
After inserting the expansions of the master integrals in
the soft limit, we see that the leading term of the expan-
sion takes the form

#M (0)
3 |M (2)

3 $ %
2!

k=0

Ak (! ) y! 1! k ! z! 1! k ! , (18)

in agreement with eq. (12). Comparing eq. (18) to
eq. (12), we can read o" the result for the two-loop co-
e! cient r (2)

sof t . Amazingly, we observe that only planar

master integrals contribute to r (2)
sof t . We obtain,

r (2)
sof t = N N f R1(! ) + N 2 R2(! ) , (19)

with

R1(! ) =
2#(&2! )

(1 + ! ) #(4 & 2! )
#(1 & 2! )2 #(1 + 2 ! )2
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"
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&
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%

, (20)
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&

(1 + 4 ! ) 4F3(1, 1, 1 & ! , &4! ; 2, 1 & 3! , 1 & 2! ; 1) (21)

& 6!
'
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Equation (10) is the main result of this Letter. While the
terms proportional to plus-distributions were previously
known [4], we complete the computation of ö" (3) (z) by the
term proportional to #(1! z), which includes in particular
all the three-loop virtual corrections.

Before discussing some of the numerical implications
of Eq. (10), we have to make a comment about the va-
lidity of the threshold approximation. As we will see
shortly, the plus-distribution terms show a complicated
pattern of strong cancelations at LHC energies; the for-
mally most singular terms cancel against sums of less sin-
gular ones. Therefore, exploiting the formal singularity
hierarchy of the terms in the partonic cross-section does
not guarantee to furnish a fast converging expansion for
the hadronic cross-section. Furthermore, the deÞnition of
threshold corrections in the integral of Eq. (1) is also am-
biguous, because the limit of the partonic cross-section
at threshold is not a! ected if we multiply the integrand
by a function g such that lim z! 1 g(z) = 1, i.e., we are
formally allowed to modify the integrand of Eq. (1) by
multiplying the parton luminosity,

)
dx1 dx2 [f i (x1) f j (x2)g(z)] ö$ij (s, z)|threshold . (11)

It is obvious that eq. (11) has the same formal accuracy in
the threshold expansion, provided that limz! 1 g(z) = 1.
As we will see in the following, this ambiguity has a sub-
stantial numerical implication, and thus presents an ob-
stacle for obtaining precise predictions. We note however

that by including in the future further corrections in the
threshold expansion, the ambiguity will be reduced.

Bearing this warning in mind, we present some of the
numerical implications of our result. For N = 3 and
NF = 5, the coe" cients of the distributions in eq. (10)
take the numerical values
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In parentheses we indicate the corrections that each term
induces to the hadronic cross-section normalized to the
leading order cross-section at a center of mass energy of
14 TeV. The ratio is evaluated with the same parton den-
sities [15] and%s at scalesµR = µF = mH in the numer-
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Equation (10) is the main result of this Letter. While the
terms proportional to plus-distributions were previously
known [4], we complete the computation of öη(3)(z) by the
term proportional to δ(1−z), which includes in particular
all the three-loop virtual corrections.

Before discussing some of the numerical implications of
Eq. (10), we have to make a comment about the validity
of the threshold approximation. As we will see shortly,
the plus-distribution terms show a complicated pattern
of strong cancelations at LHC energies; the formally most
singular terms cancel against sums of less singular ones.
Therefore, exploiting the formal singularity hierarchy of
the terms in the partonic cross-section does not guaran-
tee a fastly converging expansion for the hadronic cross-
section. Furthermore, the deÞnition of threshold correc-
tions in the integral of Eq. (1) is also ambiguous, because
the limit of the partonic cross-section at threshold is not
affected if we multiply the integrand by a function g such
that lim z→1 g(z) = 1, i.e., we are formally allowed to
modify the integrand of Eq. (1) by modifying the parton
luminosity,

)
dx1 dx2 [fi (x1) fj (x2)zg(z)]

&
öσij (s, z)
zg(z)

'

threshold

.

(11)
It is obvious that eq. (11) has the same formal accuracy in
the threshold expansion, provided that limz→1 g(z) = 1.
As we will see in the following, this ambiguity has a sub-
stantial numerical implication, and thus presents an ob-

stacle for obtaining precise predictions. We note however
that by including in the future further corrections in the
threshold expansion, this ambiguity will be reduced.

Bearing this warning in mind, we present some of the
numerical implications of our result. For N = 3 and
NF = 5, the coefficients of the distributions in eq. (10)
take the numerical values
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In parentheses we indicate the corrections that each term
induces to the hadronic cross-section normalized to the
leading order cross-section at a center of mass energy of
14 TeV. The ratio is evaluated with the same parton den-

improvement via the calculation of sub-leading terms or even the full, unexpanded cross-section.
In this proceedings we study this uncertainty in the case of the gluon fusion Higgs production
cross-section at N3LO. We consider lower orders in perturbative QCD to study the convergence
behaviour of the expansion for the Higgs cross-section and inspect the impact of the ambigu-
ity due to the truncation of the threshold expansion. Furthermore, we demonstrate that the
ambiguity for the SV approximation at N 3LO is large.

2 Threshold Expansion for the Higgs boson cross-section

The probability distribution of a gluon occurring in a proto n is steeply falling with its energy
and suggests the possibility of performing a fast converging threshold expansion of the gluon
fusion Higgs cross-section. Already at NNLO a threshold expansion was performed7 and was
shown to be rapidly converging towards the full result6.

Here we study the strong coupling expansion of the heavy top e! ective theory. In this note
we are interested in the e! ect complementing existing lower order calculations with a threshold
expansion at NnLO. The threshold approximations and expansions which we will discuss will
always contain the full (non-expanded) dependence on termswhich enter the result at lower
orders in the strong coupling expansion. We will also include the full NnLO dependence on
renormalisation and factorisation scales as well as the full dependence on those Nn LO corrections
which are generated from higher order corrections to the Wilson coe" cient.

Parametrising the expansion with the variable z = m2
H

x1x2s leads to a series of the partonic
cross-section in (1! z).

[ö! ij (s, z)]threshold = ! SV
ij + (1 ! z)0! (0)

ij + (1 ! z)! (1)
ij + . . . . (2)

If a series expansion is truncated at a given Þnite order an unavoidable ambiguity is introduced
due to missing higher order terms. To study the impact of truncating the threshold expansion
of the Higgs boson cross-section we spuriously insert a function g(z) satisfying lim

z! 1
g(z) " 1 into

eq. 1 such that

! =
!

i,j

"
dx1 dx2 [f i (x1) f j (x2)zg(z)]

#
ö! ij (s, z)
zg(z)

$

threshold
. (3)

For all choices ofg(z) the expansion truncated at O ((1 ! z)n ) thus leads to formally equivalent
results up to O

%
(1 ! z)n+1 &
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Figure 1 Ð Threshold approximation for the Higgs boson cross-section at 13 TeV at the LHC
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Figure 3 – The gluon-fusion cross-section at 13 TeV at the LHC as a function of µ = µR = µF up to LO (black),
NLO (red), NNLO (green) and soft-virtual N3LO (blue). The N3LO SV approximation is modified with different
functions g(z).

to sub-leading terms at N3LO. Given the experience at lower orders we expect that only a few
sub-leading terms in the threshold expansion are required to obtain a significant improvement
to an approximation of the N3LO cross-section and consequently to the predictions for LHC
observables.

3 Conclusion

The rapidly increasing experimental precision of Higgs cross-section measurements raises an
urgent demand for the improvement of the theoretical prediction for the inclusive Higgs boson
cross-section at the LHC. With the recent publication of the first term in the threshold expansion
of the N3LO gluon-fusion QCD cross-section an important step in this direction was taken. In
this proceedings we have analysed the quality of the threshold expansion. We find that the
expansion is converging fast at lower orders in QCD perturbation theory and expect to find
similar behaviour at N3LO. We studied the uncertainty introduced due to the truncation of
the threshold expansion at NLO, NNLO and N3LO and conclude that at least several terms in
the expansion are necessary in order to infer reliable predictions for LHC measurements and
improve upon the current status. We conclude that the calculation of further terms in the
threshold expansion and even the full Higgs boson cross-section at N3LO is highly desirable.
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¥ Can we go beyond the soft-virtual approximation..?

¥ Can we improve the soft-virtual result and do phenomenology..?

Going beyond soft-virtual

! More terms in the expansion..?!

! Result in full kinematics..?

! Recent approximate N3LO results..?

! How good are these approximations..?

[Ball, Bonvini, Forte, Marzani, RidolÞ; de Florian, Mazzitelli, Moch, Vogt]
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!

¥ Ball, Bonvini, Forte, Marzani, RidolÞ:

Approximate N3LO results

! Soft-virtual term at N3LO.!

! High-energy behaviour, including top-mass effects 
at N3LO.!

! Analyticity.

!

¥ Recently, approximate results at N3LO have been presented 
that include terms beyond the soft-virtual approximation   
(gluons only).

!

¥ de Florian, Mazzitelli, Moch, Vogt:
! Soft-virtual term at N3LO.!

! First three logarithms from the next term in the 
expansion, + numerical guesses for the missing 
logarithms.
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Mellin-space vs. z-space
!

ö! (N ) =
! 1

0
dz zN ! 1 ö! (z) ö! (z) =

! c+ i !

c" i !

dN
2"i

z" N ö! (N )

!

¥ Experience from lower orders: numerical convergence of soft 
expansion better in Mellin-space.

Soft / threshold limit: 

High-energy limit:

Mellin-spacez-space

!

¥ Mellin-space is the natural language for resummation.

z ! 1

z ! 0

N ! "

ÔsmallÕN
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The high-energy limit

! In the inÞnite top-mass limit.!

! Including Þnite top-mass effects.

¥ The leading behaviour of the cross section at small N is known 
at N3LO.

¥ InÞnite top-mass not compatible with the high-energy limit

! Tension between              and           .  s ! 1mt ! 1

[Hautmann]

[Ball, Del Duca, Forte, 
Marzani, Vicini]

[Ball, Bonvini, Forte, Marzani, RidolÞ]
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!

The high-energy limit

! In the inÞnite top-mass limit.!

! Including Þnite top-mass effects.

¥ The leading behaviour of the cross section at small N is known 
at N3LO.

¥ InÞnite top-mass not compatible with the high-energy limit

! Tension between              and           .  s ! 1mt ! 1

! To be compared to ~6% from expanding resummation to 
N3LO.

¥ If one includes the correct high-energy limit (and requires the 
correct analytic behaviour in z-space), we Þnd ~16% increase 
compared to NNLO (8 TeV,                 , gluons only).µR = mH

[Hautmann]

[Ball, Del Duca, Forte, 
Marzani, Vicini]

[Ball, Bonvini, Forte, Marzani, RidolÞ]
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Subleading soft terms
¥ Recently, the Þrst three next-to-soft terms were published:

! !

!"#$%&#'()'*+#,-."'
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56%&&$"76-*32%&$368%2+

@5ABB'@5ABB'

ö! (z) = ! ! 1 + ! 0 + (1 ! z) ! 1 + O(1 ! z)2

! (3)
H ! 300 [de Florian, Mazzitelli, Moch, Vogt]
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Subleading soft terms
¥ Recently, the Þrst three next-to-soft terms were published:

! !
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ö! (z) = ! ! 1 + ! 0 + (1 ! z) ! 1 + O(1 ! z)2

¥ In Mellin-space:

LO NLO NNLO N3LO

constant 100 77.4 32.2 8.04
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lnN 14.8 12.0 5.14
ln2N 7.16 7.56 4.04
ln3N 1.07 1.09
ln4N 0.18 0.27
ln5N 0.025
ln6N 0.002

SV 100 99.4 53.0 18.6

C2(m2
H) 100 19.6 2.05 0.12

Table 1: The individual contributions of the lnkN terms in theN-space coefÞcient functionsc(n! 3)
gg at

µR = µF = mH to the Higgs production cross section formH = 125 GeV,Ecm = 14 TeV, and the central
gluon density and Þve-ßavour! s of Ref. [53]. All results are given as percentages of the LO contribution.
Also shown, in the same manner, is the expansion of the prefactor function[C(µ2

R = m2
H]2), calculated in the

on-shell scheme for the top mass withm2
t = 3.00á104 GeV2.

This situation is, in fact, expected from related studies ofthe DY process [24] and Higgs-
exchange DIS [25]. It is particularly interesting to consider the latter case as the coefÞcient func-
tions are completely known to N3LO. Thus, in order to estimate the size of theN" 1 logarithms
not determined in Eq. (2.15), we compare with Ref. [25] and expand the gluon coefÞcient function
c(n)

DIS(N) of Higgs-exchange DIS up toO(N" 1) at both NNLO and N3LO. We Þnd

c(2)
DIS

!
!
!
N" 1 lnk N

" ln3N + 5.732 ln2N + 8.244 lnN " 3.275,

c(3)
DIS

!
!
!
N" 1 lnk N

" ln5N + 12.65 ln4N + 52.56 ln3N + 92.01 ln2N + 18.13 lnN " 24.30 (3.1)

for CA = 3,CF = 4/ 3 andnf = 5, where we have normalized the expressions such that the coefÞ-
cient of the leading logarithm is equal to 1. The analogous expressions for Higgs production are

c(2)
gg

!
!
!
N" 1 lnk N

" ln3N + 2.926 ln2N + 5.970 lnN + 2.007,

c(3)
gg

!
!
!
N" 1 lnk N

" ln5N + 5.701 ln4N +
"

17.86+ 0.00333#(3)
H

#
ln3N + O(ln2N) . (3.2)

Comparing Eqs. (3.1) and (3.2) an interesting pattern emerges: the size of the coefÞcients of the
non-leading logarithms for Higgs production is always smaller than that of their analogues for
Higgs-exchange DIS; the ratio is a factor of about 1/2 or (much) less except for the ln1N terms.
Thus we suggest as a conservative estimate of the completeN" 1 contribution

c(3)
gg

!
!
!
estimate

N" 1 lnk N
" ln5N + 5.701 ln4N + 18.9 ln3N + 46 ln2N + 18 lnN + 9 , (3.3)

where we have used#(3)
H = 300 as roughly indicated by the physical-kernel coefÞcients in Ref. [24].
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Estimated/guessed from DY

¥ Leads to an increase of ~10-13% (14TeV,                 , gluons 
only). 

µR = mH

! (3)
H ! 300 [de Florian, Mazzitelli, Moch, Vogt]
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Validity of approximation
¥ Ò É approximation works well at lower ordersÉÓ
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[Plots from de Florian, Mazzitelli, Moch, Vogt]
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soft-virtual 
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State of the art at N3LO
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Soft-virtual [Moch, Vogt; Laenen, Magnea; Anastasiou, CD, 
Dulat, Furlan, Gehrmann, Herzog, Mistlberger]
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Towards full kinematics

¥ We have the full contribution from
! Emission of one parton at one loop, all channels.

! UV and PDF counterterms, all channels.

! Emission of one parton at two loops, all channels.
[Anastasiou, CD, Dulat, Herzog, Mistlberger; Kilgore]

[Dulat, Mistlberger; CD, Gehrmann]

[Hšschele, Hoff, Pak, Steinhauser, Ueda; BŸhler, Lazopoulos]
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[CD, Gehrmann, Jaquier]

! Spin-off: Two-loop splitting amplitudes to          in CDR.O(! )
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Next-To-Soft Contribution 

¥ Double-real-virtual was the blocker for some time:

! Hard region is trivial.!

! Soft region similar to soft-virtual.!

! Collinear regions technically more complicated.

¥ Technical complication:

! IBP reduction less straightforward, because there is a 
preferred direction.

! Was solved by some partial fractioning.

! In the end, master integrals only contain bubble 
integrals!
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Next-To-Soft Contribution (gg)
malization group and DGLAP evolution. We Þnd:
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[Anastasiou, CD, Dulat, Furlan, Gehrmann, Herzog, Mistlberger]
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Next-To-Soft Contribution

¥ We can compute the full contribution to the second term in 
the threshold expansion

! Receives contribution from both gg and gq channels.

ö! (z) = ! ! 1 + ! 0 + (1 ! z) ! 1 + O(1 ! z)2

¥ Needed some rethinking of our technology for double-real 
emission at one loop.
! There are now contributions from collinear virtual 

gluons.

¥ We Þnd full agreement with known results for leading 
logarithms.

! In particular 

[Almasy, Lo Presti, Vogt; de Florian, Mazzitelli, Moch, Vogt]

! (3)
H =

896
3

! 298.666. . .
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Ambiguity in z-space
¥ Ambiguity:the hadronic cross-section in the form:

! = " 1+ α
∑

ij

(

f (α)
i ! f (α)

j !
ö! ij (z)
z1+ α

)

(" ) (3.4)

where

f (α)
i (x) "

f i (x)
xα

. (3.5)

! is independent of the arbitrary parameter # as long as the partonic cross-section is known
exactly. If only a Þnite number of terms in the threshold expansion for are known,

ö! ij (z)
z1+ α

# ö! ij (z)|(1! z)! 1 + ö! ij (z)|(1! z)0 + #(1 $ z) ö! ij (z)|(1! z)! 1 + O(1 $ z)1

then the convolution integral is still sensitive to varying #. Historically, di ! erent but equally
legitimate choices have been made for# at NNLO [] corresponding to expanding around
threshold an 1/z ßux-factor with the partonic cross-section or evaluating it unexpended
together with the partonic luminosity. These lead to import ant numerical di! erences in
the corresponding predictions for the hadronic cross-section. A similar ambiguity appears
to be responsible [] for the bulk of the di! erence in the numerical predictions for the Higgs
cross-section in various approaches and implementations of threshold resummation [].

4. Results in Mellin-space

It is often preferred in the literature to perform a soft expansion in Mellin-space. The
Mellin transform of a function f (x) is deÞnen as:

M [f ](w) =
∫ 1

0
dxxw! 1f (x). (4.1)

For example,

M
[

xa(1 $ x)b
]

(w) =
" (w + a)" (1 + b)
" (1 + a + b+ w)

. (4.2)

The inverse Mellin-transform is deÞned as:

M ! 1 [g] (x) =
1

2$i

∫ c+ i "

c! i "
dwg(w)x! w, (4.3)

where the real part ofc is chosen such that the poles ofg(N ) lie to the left of the integration
contour.

5. Coe! cients of Logs in Full Kinematic

We obtain the partonic cross-section of eq. (2.3) by summingover all required partonic
sub-channels with di! erent numbers of patrons in the Þnal state, %partonic , and combining
them with the required ultra-violet and infra-red counter t erms &ct.

' (z) = &ct(z, () + %partonic (z, (). (5.1)

Ð 6 Ð

the hadronic cross-section in the form:

σ = τ1+ α
∑

ij

(

f (α)
i ⊗ f (α)

j ⊗
öσij(z)
z1+ α

)

(τ ) (3.4)

where

f (α)
i (x) ≡

fi(x)
xα

. (3.5)

σ is independent of the arbitrary parameterα as long as the partonic cross-section is known
exactly. If only a Þnite number of terms in the threshold expansion for are known,

öσij(z)
z1+ α

≃ öσij(z)|(1! z)! 1 + öσij(z)|(1! z)0 + α(1 − z) öσij(z)|(1! z)! 1 + O(1 − z)1

then the convolution integral is still sensitive to varying α. Historically, di fferent but equally
legitimate choices have been made forα at NNLO [] corresponding to expanding around
threshold an 1/z ßux-factor with the partonic cross-section or evaluating it unexpended
together with the partonic luminosity. These lead to import ant numerical differences in
the corresponding predictions for the hadronic cross-section. A similar ambiguity appears
to be responsible [] for the bulk of the difference in the numerical predictions for the Higgs
cross-section in various approaches and implementations of threshold resummation [].

4. Results in Mellin-space

It is often preferred in the literature to perform a soft expansion in Mellin-space. The
Mellin transform of a function f (x) is deÞnen as:

M [f ](w) =
∫ 1

0
dxxw! 1f (x). (4.1)

For example,

M
[

xa(1 − x)b
]

(w) =
Γ(w + a)Γ(1 + b)
Γ(1 + a + b + w)

. (4.2)

The inverse Mellin-transform is deÞned as:

M ! 1 [g] (x) =
1

2πi

∫ c+ i"

c! i"
dwg(w)x! w, (4.3)

where the real part ofc is chosen such that the poles ofg(N ) lie to the left of the integration
contour.

5. Coe! cients of Logs in Full Kinematic

We obtain the partonic cross-section of eq. (2.3) by summingover all required partonic
sub-channels with different numbers of patrons in the Þnal state, χpartonic, and combining
them with the required ultra-violet and infra-red counter t erms δct.

η(z) = δct(z, ϵ) + χpartonic(z, ϵ). (5.1)

Ð 6 Ð

! Full hadronic cross section cross section is independent 
order-by-order of    .↵
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Ambiguity in z-space
¥ Ambiguity:

¥ Is this ambiguity also present in Mellin-space..?

the hadronic cross-section in the form:

! = " 1+ α
∑

ij

(

f (α)
i ! f (α)

j !
ö! ij (z)
z1+ α

)

(" ) (3.4)

where

f (α)
i (x) "

f i (x)
xα

. (3.5)

! is independent of the arbitrary parameter # as long as the partonic cross-section is known
exactly. If only a Þnite number of terms in the threshold expansion for are known,

ö! ij (z)
z1+ α

# ö! ij (z)|(1! z)! 1 + ö! ij (z)|(1! z)0 + #(1 $ z) ö! ij (z)|(1! z)! 1 + O(1 $ z)1

then the convolution integral is still sensitive to varying #. Historically, di ! erent but equally
legitimate choices have been made for# at NNLO [] corresponding to expanding around
threshold an 1/z ßux-factor with the partonic cross-section or evaluating it unexpended
together with the partonic luminosity. These lead to import ant numerical di! erences in
the corresponding predictions for the hadronic cross-section. A similar ambiguity appears
to be responsible [] for the bulk of the di! erence in the numerical predictions for the Higgs
cross-section in various approaches and implementations of threshold resummation [].

4. Results in Mellin-space

It is often preferred in the literature to perform a soft expansion in Mellin-space. The
Mellin transform of a function f (x) is deÞnen as:

M [f ](w) =
∫ 1

0
dxxw! 1f (x). (4.1)

For example,

M
[

xa(1 $ x)b
]

(w) =
" (w + a)" (1 + b)
" (1 + a + b+ w)

. (4.2)

The inverse Mellin-transform is deÞned as:

M ! 1 [g] (x) =
1

2$i

∫ c+ i "

c! i "
dwg(w)x! w, (4.3)

where the real part ofc is chosen such that the poles ofg(N ) lie to the left of the integration
contour.

5. Coe! cients of Logs in Full Kinematic

We obtain the partonic cross-section of eq. (2.3) by summingover all required partonic
sub-channels with di! erent numbers of patrons in the Þnal state, %partonic , and combining
them with the required ultra-violet and infra-red counter t erms &ct.

' (z) = &ct(z, () + %partonic (z, (). (5.1)
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the hadronic cross-section in the form:

σ = τ1+ α
∑

ij

(

f (α)
i ⊗ f (α)

j ⊗
öσij(z)
z1+ α

)

(τ ) (3.4)

where

f (α)
i (x) ≡

fi(x)
xα

. (3.5)

σ is independent of the arbitrary parameterα as long as the partonic cross-section is known
exactly. If only a Þnite number of terms in the threshold expansion for are known,

öσij(z)
z1+ α

≃ öσij(z)|(1! z)! 1 + öσij(z)|(1! z)0 + α(1 − z) öσij(z)|(1! z)! 1 + O(1 − z)1

then the convolution integral is still sensitive to varying α. Historically, di fferent but equally
legitimate choices have been made forα at NNLO [] corresponding to expanding around
threshold an 1/z ßux-factor with the partonic cross-section or evaluating it unexpended
together with the partonic luminosity. These lead to import ant numerical differences in
the corresponding predictions for the hadronic cross-section. A similar ambiguity appears
to be responsible [] for the bulk of the difference in the numerical predictions for the Higgs
cross-section in various approaches and implementations of threshold resummation [].

4. Results in Mellin-space

It is often preferred in the literature to perform a soft expansion in Mellin-space. The
Mellin transform of a function f (x) is deÞnen as:

M [f ](w) =
∫ 1

0
dxxw! 1f (x). (4.1)

For example,

M
[

xa(1 − x)b
]

(w) =
Γ(w + a)Γ(1 + b)
Γ(1 + a + b + w)

. (4.2)

The inverse Mellin-transform is deÞned as:

M ! 1 [g] (x) =
1

2πi

∫ c+ i"

c! i"
dwg(w)x! w, (4.3)

where the real part ofc is chosen such that the poles ofg(N ) lie to the left of the integration
contour.

5. Coe! cients of Logs in Full Kinematic

We obtain the partonic cross-section of eq. (2.3) by summingover all required partonic
sub-channels with different numbers of patrons in the Þnal state, χpartonic, and combining
them with the required ultra-violet and infra-red counter t erms δct.

η(z) = δct(z, ϵ) + χpartonic(z, ϵ). (5.1)

Ð 6 Ð

• Truncating the soft expansion introduces a dependence 
on    :↵

the hadronic cross-section in the form:

σ = τ1+ !
!

ij

"
f (! )

i ! f (! )
j !

σ̂ij (z)
z1+ !

#
(τ) (3.4)

where

f (! )
i (x) "

f i (x)
x! . (3.5)

σ is independent of the arbitrary parameter α as long as the partonic cross-section is known

exactly. If only a finite number of terms in the threshold expansion for are known,

σ̂ij (z)
z1+ ! # σ̂ij (z)|(1! z)! 1 + σ̂ij (z)|(1! z)0 + α(1 $ z) σ̂ij (z)|(1! z)! 1 + O(1 $ z)1

then the convolution integral is still sensitive to varying α. Historically, di! erent but equally
legitimate choices have been made for α at NNLO [] corresponding to expanding around

threshold an 1/z flux-factor with the partonic cross-section or evaluating it unexpended

together with the partonic luminosity. These lead to important numerical di! erences in

the corresponding predictions for the hadronic cross-section. A similar ambiguity appears

to be responsible [] for the bulk of the di! erence in the numerical predictions for the Higgs

cross-section in various approaches and implementations of threshold resummation [].

4. Results in Mellin-space

It is often preferred in the literature to perform a soft expansion in Mellin-space. The

Mellin transform of a function f (x) is definen as:

M [f ](w) =

$ 1

0
dxxw! 1f (x). (4.1)

For example,

M
%
xa(1 $ x)b

&
(w) =

" (w + a)" (1 + b)
" (1 + a + b+ w)

. (4.2)

The inverse Mellin-transform is defined as:

M ! 1 [g] (x) =
1

2πi

$ c+ i "

c! i "
dwg(w)x! w, (4.3)

where the real part of c is chosen such that the poles of g(N ) lie to the left of the integration

contour.

5. Coe! cients of Logs in Full Kinematic

We obtain the partonic cross-section of eq. (2.3) by summing over all required partonic

sub-channels with di! erent numbers of patrons in the final state, χpartonic , and combining

them with the required ultra-violet and infra-red counter terms δct .

η(z) = δct(z, ϵ) + χpartonic (z, ϵ). (5.1)

– 6 –

! Full hadronic cross section cross section is independent 
order-by-order of    .↵

! Soft-expansion introduces an ambiguity, which can have 
numerical impact.
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Ambiguity in Mellin-space

• Multiplying by      in  z-space corresponds to shifting                   !

                   in Mellin-space.

z↵

N ! N + ↵

ö! (N ) =
! 1

0
dz zN ! 1 ö! (z)

¥ The threshold limit               is obviously insensitive to this!N ! "

¥ In order to quantify the validity of approximate cross 
sections via threshold expansion, we study the dependence 
of the  result on    .!
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Soft-virtual NNLO

improvement via the calculation of sub-leading terms or even the full, unexpanded cross-section.
In this proceedings we study this uncertainty in the case of the gluon fusion Higgs production
cross-section at N3LO. We consider lower orders in perturbative QCD to study the convergence
behaviour of the expansion for the Higgs cross-section and inspect the impact of the ambigu-
ity due to the truncation of the threshold expansion. Furthermore, we demonstrate that the
ambiguity for the SV approximation at N 3LO is large.

2 Threshold Expansion for the Higgs boson cross-section

The probability distribution of a gluon occurring in a proto n is steeply falling with its energy
and suggests the possibility of performing a fast converging threshold expansion of the gluon
fusion Higgs cross-section. Already at NNLO a threshold expansion was performed7 and was
shown to be rapidly converging towards the full result6.

Here we study the strong coupling expansion of the heavy top e! ective theory. In this note
we are interested in the e! ect complementing existing lower order calculations with a threshold
expansion at NnLO. The threshold approximations and expansions which we will discuss will
always contain the full (non-expanded) dependence on termswhich enter the result at lower
orders in the strong coupling expansion. We will also include the full NnLO dependence on
renormalisation and factorisation scales as well as the full dependence on those Nn LO corrections
which are generated from higher order corrections to the Wilson coe" cient.

Parametrising the expansion with the variable z = m2
H

x1x2s leads to a series of the partonic
cross-section in (1! z).

[ö! ij (s, z)]threshold = ! SV
ij + (1 ! z)0! (0)

ij + (1 ! z)! (1)
ij + . . . . (2)

If a series expansion is truncated at a given Þnite order an unavoidable ambiguity is introduced
due to missing higher order terms. To study the impact of truncating the threshold expansion
of the Higgs boson cross-section we spuriously insert a function g(z) satisfying lim

z! 1
g(z) " 1 into

eq. 1 such that

! =
!

i,j

"
dx1 dx2 [f i (x1) f j (x2)zg(z)]

#
ö! ij (s, z)
zg(z)

$

threshold
. (3)

For all choices ofg(z) the expansion truncated at O ((1 ! z)n ) thus leads to formally equivalent
results up to O

%
(1 ! z)n+1 &

.
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Figure 1 Ð Threshold approximation for the Higgs boson cross-section at 13 TeV at the LHC

[Herzog, Mistlberger]
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Figure 3 – The gluon-fusion cross-section at 13 TeV at the LHC as a function of µ = µR = µF up to LO (black),
NLO (red), NNLO (green) and soft-virtual N3LO (blue). The N3LO SV approximation is modified with different
functions g(z).

to sub-leading terms at N3LO. Given the experience at lower orders we expect that only a few
sub-leading terms in the threshold expansion are required to obtain a significant improvement
to an approximation of the N3LO cross-section and consequently to the predictions for LHC
observables.

3 Conclusion

The rapidly increasing experimental precision of Higgs cross-section measurements raises an
urgent demand for the improvement of the theoretical prediction for the inclusive Higgs boson
cross-section at the LHC. With the recent publication of the first term in the threshold expansion
of the N3LO gluon-fusion QCD cross-section an important step in this direction was taken. In
this proceedings we have analysed the quality of the threshold expansion. We find that the
expansion is converging fast at lower orders in QCD perturbation theory and expect to find
similar behaviour at N3LO. We studied the uncertainty introduced due to the truncation of
the threshold expansion at NLO, NNLO and N3LO and conclude that at least several terms in
the expansion are necessary in order to infer reliable predictions for LHC measurements and
improve upon the current status. We conclude that the calculation of further terms in the
threshold expansion and even the full Higgs boson cross-section at N3LO is highly desirable.
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Dependence on the truncation
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Figure 2: Soft-virtual and next-to-soft corrections at NLO, NNLO and N3LO normalised to the
Born cross-section in Mellin space as a function of the artificial parameter n in eq. (3.12)

NLO NNLO N3LO

z ! space 63.42% 376.5% ! 1106.5%
Mellin ! space 14.02% 32.71% 59.78%

Table 1: The ratio of the next-to-soft and the soft-virtual contribution in Mellin and z! space for
n = 0 at NLO, NNLO and N3LO.

empirical arguments based on the experience from the behavior of the NLO and NNLO

corrections. The level of precision which must be achieved with empirical estimations

should be better than the " ± 4% N3LO scale variation [24] which corresponds to ± 12%

of the Born (the normalization of our plots). We do not believe that empirical arguments

should replace proper convergence criteria. However, if we entertain the idea that a guess

can be made by comparing the soft terms with the full result at NLO and NNLO, we see

that the next-to-soft approximation for n # [! 1, 3] is close to the full result at NLO (110%

of the Born) and NNLO (60% of the Born) in both z! space and Mellin space, with an

envelope of predictions ranging from 109% to 140% of the Born at NLO and from 52%

to 73% of the Born at NNLO. At N3LO, the variation of the cross-section in both spaces

for the same range of n is from ! 22% to 33% of the Born, which is larger than the target

precision at that order.

3.2 Results for the log5,4,3(1 ! z) terms in full kinematics

It is clear from the above that a reliable estimate of the N3LO correction of the Higgs cross-

section requires even more terms in the threshold expansion. As explained in Sections 2,

we have been able to obtain the coe! cients of the log5,4,3(1 ! z) terms in a closed form,

– 17 –
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Figure 4: The hadronic cross-section at N3LO where the log5,4,3(1 ! z) and ! (1 ! z) contributions
are computed in full kinematics while the remaining log2,1,0(1 ! z) terms are computed in the
soft-virtual and next-to-soft approximation in Mellin space as a function of the artiÞcial parameter
n in Eq. 3.12. The cross-section is normalized to the Born cross-section and only the dominant
gg-channel is included.

reßected in the results after the integration over the parton densities. However, this is not
the case and it is therefore equally justiÞed (or unjustiÞed) to include the full kinematic
dependence of the coe! cients of the ÔleadingÕ logarithms. We present in Fig. 3 the corre-
sponding gluon-channel contribution to the hadronic cross-section normalised to the Born
cross-section, as a function of the artiÞcial exponentn. As expected from the comparison
of the results of Table 2 in full kinematics and the results ofeqs. (2.12) in the threshold
expansion for the log5,4,3(1 ! z) terms, the inclusion of the full leading logarithms low-
ers the value of the N3LO correction. The shape as a function ofn, however, does not
substantially change. This indicates that the bulk of the n dependence is carried by the
coe! cients of the yet-unknown log2,1,0(1 ! z) terms, and including the exact coe! cients of
log5,4,3(1 ! z) does not substantially improve the convergence of the threshold expansion.
It is unclear whether the inclusion of the yet unknown full coe! cients for the log2,1,0(1 ! z)
terms in the future will further reduce or increase the cross-section. In Fig. 4, we include
the full log5,4,3(1 ! z) terms exactly and compute the remaining known N3LO terms as
a threshold expansion in Mellin space. The reduction of the cross-section is even more
pronounced in this case. For example, settingn = 0, the pure next-to-soft approximation
in Mellin space yields a positive contribution of about +29.5% of the Born, while including

Ð 19 Ð
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Conclusion

¥ The computation of the Higgs cross section at N3LO moves 
forward at a steady pace!

! Soft-virtual contribution known.!

! Next-to-soft contribution known (both gg & gQ).!

! First three logs known exactly for all channels.!

! Contribution form single-real emission fully known.

¥ Approximate results should be taken with a grain of salt!

! Only full result for N3LO cross section will be the 
Þnal judge!

¥ Stay tuned!


